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PREFACE. 


An  experience  of  more  than  fifteen  years,  in  teaching 
large  Classes  in  the  U.  S.  Military  Academy,  has  afforded 
the  Author  of  the  following  pages  unusual  opportunities  to 
become  familiar  with  the  difficulties  encountered  by  most 
pupils,  in  the  study  of  the  Differential  and  Integral  Calcu- 
lus. The  results  of  previous  endeavours  to  remove  these 
difficulties  were  given  to  the  Public  in  a  former  edition. 
The  favour  with  which  that  edition  has  been  received,  in- 
duces him  to  offer  a  new  one,  containing,  not  only  such 
modifications  as  have  been  suggested  by  a  thorough  trial 
in  the  recitation  room,  but,  in  addition,  an  elementary  trea- 
tise on  the  Calculus  of  Variations.  That  he  has,  in  some 
degree,  realized  the  hope  of  advancing  a  more  general  and 
thorough  study  of  one  of  the  most  important  auxiliaries  to 
scientific  research,  is  an  ample  reward  for  the  labour 
which  he  has  bestowed  upon  the  work. 

The  Author  has  in  preparation,  and  expects  soon  to 
publish,  an  Elementary  Treatise  on  Analytical  Geometry. 

U.  S.  Military  Academy, 
West  Point,  N.  Y.,  Augtist  1,  1850. 
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PART   I. 


DIFFERENTIAL    CALCULUS. 


FIRST     PRINCIPLES. 

1.  In  the  branch  of  Mathematics  here  treated,  as  in  Analytical 
Geometry,  two  kinds  of  quantities  are  considered,  viz.  variables  and 
constants  ;  the  former  admitting  of  an  infinite  number  of  values  in 
the  same  algebraic  expression,  while  the  latter  admit  of  but  one. 
The  variables  are  generally  designated  by  the  last,  and  the  con- 
stants by  the  first  letters  of  the  alphabet. 

2.  One  variable  quantity  is  a  function  of  another,  when  it  is  so 
connected  with  it,  that  any  change  of  value  in  the  latter  necessa- 
rily produces  a  corresponding  change  in  the  former.  Thus  in  the 
expressions 

u  =  hx  au^  =  C3? 

u  is  a  function  of  ar,  and  x  is  also  a  function  of  u.  One  of  these 
variables  is  usually  called  the  function,  and  the  other  the  indepen- 
dent variable,  or  simply  the  variable ;  since  to  one,  any  arbitrary 
values  may  be  assigned,  and  from  the  connection  between  the 
two,  the  corresponding  values  of  the  other  deduced. 
1 
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This  relation  is  expressed  generally  thus, 

«=/(x)    '    u  =  <p{x)        or        /(«,x)  =  0, 

/«.d?  being  mere  symbols,  indicating  that  u  is  a  function  of  x. 
The  first  two  expressions  are  read,  «  a  function  of  x,  or  u  equal  to 
a  function  of  * ;  and  the  third,  a  function  of  «  and  x  equal  to  zero. 

3.  Functions  are  Increasing  and  Decreasing : 

Increasing,  when  they  are  increased  if  the  variable  be  increased, 
or  decreased  if  the  variable  be  decreased:  Decreasing  when  they 
are  decreased  if  the  variable  be  increased,  or  increased  if  the  va- 
riable be  decreased.    In  the  expressions 

u  =  aa^  u={x  +  a)^ 

M  is  an  increasing  function  of  x.    In  the  expressions 

X 

y  is  a  decreasing  function  of  x.     In  the  expression 

g  =  {a-yy 

f  is  a  decreasing  function  for  all  values  of  y  less  than  a,  but  in- 
creasing for  all  values  greater  than  a. 


4.  Functions  are  also  Explicit  and  Implicit : 

Explicit,  when  the  value  of  the  function  is  directly  expressed  in 
tenitt  of  the  variable :  Implicit,  ^hen  this  value  is  not  directly 
oiprcMfid     In  the  examples 


«  =  (o  —  *)*  y  =  -/a"  —  ** 

M  and  y  arc  explicit  functions  of  x.    In  the  oxam[>lcs 
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aw'  +  bx  ^=  cx'  y*  ^  a^  —  a? 

or 

au*  ■{-  bx  —  C3?  =^  0  y  +  x'  —  a'  =  0, 

they  are  implicit  functions  of  a;. 

The  relation  between  an  implicit  function  and  its  variable  may 
be  expressed,  either  by  a  single  equation,  as  above,  or  by  two  or 
more  equations,  as 

u=  af  y^  —  bx, 

in  which  «  is  an  implicit  function  of  x.  The  first  relation  is  indi- 
cated generally  by 

/(M,a;)  =  0, 

and  the  other  thus, 

^=f{y)  y  =  'p(^)- 

6.  Functions  are  also  Algebraic  and  Transcendental : 
Algebraic,  when  the  relation  between  the  function  and  variable 
can  be  expressed  by  the  ordinary  operations  of  Algebra,  that  is, 
by  addition,  subtraction,  multiplication,  division,  the  formation  of 
powers  denoted  by  constant  exponents,  and  the  extraction  of  roots 
indicated  by  constant  indices :  Transcendental,  when  this  relation 
cannot  be  so  expressed.     In  the  examples 

u  =  log  X         «  =  sin  (a  —  x)         u  =  a* 

«  is  a  transcendental  function  of  x.  If  the  variable  enter  any  of 
the  exponents,  the  function  is  called  Exponential.  If  the  lo- 
garithm of  a  variable  enter,  the  function  is  Logarithmic.  In  the 
expressions 

1 

tt  =  sm  X        u  =  cos  X         u  =  tang  - 
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tt  is  said  to  be  a  Circular  function. 

6.  A  quantity  may  be  a  function  of  two  or  more  variables,  as 
in  the  examples 

11  =  oa*  +  Jy  z  =  axy^  —  vx* 

denoted  in  general  thus, 

v=f{x,y)  z  =  F{x,y,u). 

If  in  a  function  of  a  single  variable,  the  latter  be  made  equal  to 
zero,  the  function  reduces  to  a  constant,  as  in  the  examples 

tt  =  ay*  tt  =  c  +  Jx^ ; 

if  y  =  0,  we  have  tt  =  0 ;     if  x  =  0,     u  =  c. 

If  in  a  function  of  two  variables,  one  be  made  equal  to  zero,  the 
function,  in  general,  reduces  to  a  function  of  the  other.  So  in  a 
function  of  three  variables,  if  one  be  made  equal  to  zero,  the  result 
wll  be  a  function  of  the  other  two :  If  all  be  zero,  the  function 
reduces  to  a  constant ;  as  in  the  example 

u  =  ax  +  by^  -\-  C3^  +  dy 

X  =  0  gives 

u  =  ax  +  hy''\-d  =/(x,  y)  ; 

X  =  0  and  y  =  0  give 

u  —  ax  +  d  =/(x); 

g  =5  0,  y  =  0,  and  X  =:  0,  give 

«  =  <i  =  a  constant 

Tf  then  in  a  function  of  ono  or  more  variables,  a  variable  be 
ni»le  equal  to  ■wo,  the  result  will  be  entirely  independent  of  thatl 
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variable.  If  however  in  a  function  of  several  variables,  one  be  a 
factor  of  all  the  terms  containing  any  of  the  others ;  when  this 
variable  is  0,  the  function  reduces  to  a  constant,  as  in  the  examj)le 

u  =  c  +  a^y  -{-bzy*  =  f  (r,  y, z), 

y  =  0  gives 

w  =  c. 


V.  To  explain  what  is  meant  by  the  differential  of  a  quantity  or 
function,  let  us  take  the  simple  expression 


(1) 


in  which  «  is  a  function  of  x.  Suppose  a;  to  be  increased  by 
another  variable  h ;  the  original  function  then  becomes  a  (ar  -f-  tif ; 
calling  this  new  state  of  the  fimction  m',  we  have 

u'  =  a{x  +  Kf  =  oj?  -{■  2axh  +  oA*. 

From  this,  subtracting  equation  (1),  member  from  member,  we 
have 

u'  —  u—  2axh  +  ah^ (2). 

The  second  member  of  this  equation  is  the  diflference  between 
the  primitive  and  new  state  of  the  function  aa^,  while  h  is  the  dif- 
ference between  the  two  corresponding  states  of  the  independent 
variable  x.  As  the  variable  h  is  entirely  arbitrary,  an  infinite 
number  of  values  may  be  assigned  to  it.  Let  one  of  these  values, 
tohich  is  to  remain  the  same  throughout  the  Calculus,  be  denoted 
by  dx,  and  called  differential  of  x,  to  distinguish  it  from  all  other 
values  of  h.  This  particular  value  being  substituted  in  equation 
(2),  gives  for  the  corresponding  difference  between  the  two  states 
of  M,  or  ou^, 
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tt'  —  a  =  ^azjix  +  o  {dxf. 

Now,  the  fir$t  term  of  this  particular  difference  is  called  tlie 
differential  of  «,  and  is  written 

du  =  2axxlx. 

The  coefficient  (2ojr)  of  the  differential  of  x,  in  this  expression,  is 
called,  the  differential  coefficient  of  the  function  u,  and  is  endently 
obtained  by  dividing  the  differential  of  the  function  by  the  diffe- 
rential of  the  variable  ;  and  is  in  general  written 

-=-  =  2ax. 
dx 

Resiuuing  the  expression 

tt'  —  u  =  2axh  +  ah\ 

and  dividing  by  A,  we  have 

u'  —  « 

— r —  ^  2aj;  -f-  ah. 
h 

In  the  first  member  of  this  equation,  the  denominator  is  the 
variable  increment  of  the  variable  x,  and  the  numerator  the  cor- 
resiK)nding  increment  of  the  function  u ;  the  second  member  is 
then  the  value  of  the  ratio  of  these  two  increments.  As  A  is 
diminished,  thi«  value  diminishes  and  becomes  nearer  and  nearer 
equal  to  2ax,  and  finally  when  A  =  0,  it  becomes  equal  to  2ax. 
From  this  we  see,  that  as  these  increments  decrease,  their  ratio 
approarhe*  nearer  and  nearer  to  the  expression  2ax,  and  that  by 
fpving  to  h  very  small  values,  this  ratio  may  be  made  to  differ 
from  24ue,  by  m  small  a  quantity  as  we  please.  This  expression 
'»  then  properly,  the  limit  of  this  ratio,  and  is  at  once  obtained 
from  the  value  of  the  ratio,  by  making  the  increment  A  =  0.  It 
will  abo  be  teen,  that  this  Umit  is  precisely  the  same  expression  as 
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the  one  which  we  have  called  the  differential  coeflScient  of  the 
function  u. 

What  appears  in  this  particular  example  is  general,  for  let 

u=f{x), 

u  being  any  function  of  x,  and  let  x  be  increased  by  A,  then 

u'=f{x-\-h). 

Suppose  f  (x  -\-  K)  to  be  developed,  and  arranged  according  to  the 
ascending  powers  of  A,  and  u  to  be  subtracted  from  both  members, 
we  then  have 

u>  —  u  =  Th  +  QOi^  +  YLh?  +  (fee (3) 

P,  Q,  R,  <kc.,  being  functions  of  x,  and  every  term  of  the  second 
member  containing  A,  because  u'  —  u  must  reduce  to  0  when 
A  =  0.  Substituting  for  h  the  particular  value  (ir,  and  taking  the 
first  term  for  the  differential  of  m,  we  have 

du  =  Tdx,     and     —  =  P. 
dx 

Binding  both  members  of  equation  (3)  by  h,  we  have 

^'~"  =  P  +  QA  -f-  RA'  +  <fec (4). 

A 

Obtaining  the  limit  of  this  ratio  by  making  A  =  0,  and  denoting 
it  by  L,  we  have 

L  =  P, 

the  same  value  found  above  for  — ;  hence,  the  differential  coeffi.- 

dx 

cient  of  a  function  is  alioays  equal  to  the  limit  of  the  ratio  of  the 

increment  of  the  variable,  to  the  corresponding  increment  of  the 

function. 
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8.  The  differential  of  a  function  of  a  single  variable  may  then 
bo  thus  defined.  If  the  variable  be  increased  by  a  constant  quanti- 
ty, calUd  the  differential  of  tlie  variable,  and  the  difference  between 
the  new  and  primitive  states  of  the  fmiction  be  developed  accord- 
ing to  the  ascending  powers  of  the  increment ;  tJiat  term  of  this 
differe}ice  tpfUch  contains  the  first  power  of  the  increment  is  tlie  dif- 
ferential of  the  function. 

It  will  in  general  be  found  most  convement  to  obtain  first,  the 
differential  coefficient,  for  which  we  have  the  following  rule : 

Give  to  the  variable  a  variable  increment,  find  the  correspond- 
ing state  of  the  function,  from  which  subtract  the  primitive  state, 
divide  the  remainder  by  the  increment,  obtain  the  limit  of  this  ratio 
by  making  the  increment  equal  to  zero,  the  result  wiU  be  the  dif- 
ferential coefficient:  This,  multiplied  by  the  differential  of  the 
variable,  will  give  the  differential  of  the  fimction. 

The  object  of  the  Differential  Calculus  is,  to  explmn  the  mode 
of  obtaining  and  applying  the  differentials  of  functions. 

0.  Let  the  preceding  principles  be  illustrated  by  the  followino- 

Examples. 

1.  Let  u  =  //i3 
For  X  put  X  +  fc,  then, 

K'  =  J  (x  +  hf  =  br'  -\-  Sbx'h  +  3JxA'  +  hh^ 
ti'  —  tt  =  3Jx-A  -\-  abxh^  4-  hh^ 

^'j—  =  36r'  -f-  3bxh  +  b¥ ; 


JMHaing  to  the  limit,  and  denoting  it  by  L,  we  have 

dx^ 


L  =  3Jx'  =  i" 
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whence 

du  ■=■  Sbx^dx. 

2.  Let 

u  =  aiP  —  ex. 
Putting  X  +  A  for  x,  and  subtracting,  we  have 
u'  —  u  =  2axh  +  ah^  —  ch 
u'  —  u 


h 
making  A  =  0,  we  have 


=  2ax  +  ah  —  c] 


whence 


3.  Let 


T  r,  <^" 

L  =  2ax  —  c  =  — , 
dx 


du  =  2axdx  —  cdx. 


a 
tt  =  -, 

X 


then 


w  —  u  = 


u'  =  - 

X 

a 

+  A 

a 

a 

X 

x^ 

-  ah 

X  +  h 

+  xh 

u' 

—  u 

—  a 

h  Hi'  +  xh 


and 
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whence 


a        du 
X*       dx 


adx 
'^^  =  -  '^' 


4.  K 

tt  =  Sax'  -  mx*  dtt  =  (Oac*  —  4mx')  rfa?. 

10.  Equation  (4)  article  (7)  may  be  put  under  the  form 

"'  7"  =  P  +  A  (Q  +  Rft  +  &c.), 
n 

and  if  the  expression  Q  +  RA  +  &c.,  (which  is  a  function  ot  x 
and  A,)  be  represented  by  P',  this  becomes 

?i^  =  P  +  FA (1); 

A 

whence 

u'  =  u  +  'Ph  +  ¥T; 

that  is,  the  new  state  of  the  function  is  equal  to  its  primitive  state, 
jdut  the  differential  coefficient  of  the  function  into  the  first  power 
of  the  increment  of  the  variable,  plus  a  function  of  the  variable  and 
its  increment,  into  the  second  power  of  the  increment.  This  expres- 
sion for  the  new  state  of  the  function  being  an  important  one 
•hould  be  carefully  remembered. 


11.  If  we  resume  equation  (3)  Art.  (7),  divide  by  h  and  trans- 
pot*  P ;  w«  have 
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"'  ~  "  —  P  =  QA  +  RA'  +  &C. 

since  when  h  =  0,  the  expression  for  the  ratio —  reduces  to 

h 

P,  Art.  (7)  ;  we  can  plainly  assign  a  value  to  A  so  small  that 

»11ZJ^<2P         or  !f^:i_"_P<P; 

h  h 

whence 

Q/t  +  R/i^  +  &c.  <  P, 
and  multiplying  by  h 

which  condition  will  be  fulfilled  by  any  value  of  h  which  will 

make •<  2P.     That  is;  in  a  series  arranged  according  to 

h 

the  ascending  powers  of  a  variable,  it  is  always  possible  to  assign 
to  the  variable,  a  value  so  small  as  to  make  the  first  term  numeri- 
cally greater  than  the  sum  of  all  the  others. 

12.  If  u  be  an  increasing  function  of  x,  its  new  state  u'  will  be 
greater  than  «,  and 

"'~"  =  P  +  V'h Art.  (10) 

h 

will  be  positive  for  all  values  of  h. 

If  M  be  a  decreasing  function,  the  reverse  will  be  the  case,  and 
the  ratio  be  negative  for  all  values  of  h. 

But  we  see  by  the  preceding  article,  that  when  h  is  sufficiently 
small,  the  sum  of  all  the  terms  that  follow  P,  in  the  above  equa- 
tion, will  be  less  than  P,  and  therefore  the  sign  of  P  will  be  the 
same  as  that  of  the  ratio ;  that  is,  positive  when  «  is  an  increasing 
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and  negative  when  u  is  a  decreasing  function.  But  P  is  the  diffe- 
rential coefficient  of  u,  Art.  (7).  Hence,  the  differential  coejjicient 
of  OM  ineretuing  function  is  always  positive  ;  and  of  a  decreasing 
function,  negative. 

It  should  be  observed,  that  the  signs  of  the  differential  and  dif- 
ferential coefficient  are  always  the  same. 

13.  Let 


v  and  t  being  functions  of  the  variable  x,  which  are  equal  to  each 
other  for  every  value  of  x.  If  x  be  increased  by  A,  and  u'  and  v' 
be  the  new  states  of  u  and  o,  we  have 

u'  =■  v'  u'  —  u  =  v'  ~  V, 

or  placing  for  u'  and  v'  their  values  as  expressed  in  Art.  (10)  ; 

PA  +  FA*  =  QA  -f  Q'A', 

or 

P  +  P'A  =  Q  +  Q'A, 

and  since  P  and  Q  are  entirely  independent  of  A,  when  A  =  0 
there  results 

P  =  Q  or  Pdx  =  Qix. 

But  P  is  the  differential  coefficient  of  u,  and  Q  the  differential 
coefficient  of  v,  Art  (10),  therefore 

du  =  do, 

that  i« ;  if  two  functions  of  the  same  variable  are  equal,  their  dif- 
ferential* will  alto  be  equal. 


14.    But  if 


tt  =  »  ±  C, 


■Irph 
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and  V  being  functions  of  x,  and  C  a  constant ;  and  x  be  iu- 
ed  by  h,  we  have 


u'  =  r'  ±  C, 
placing  for  v'   its  value, 

u'  —  u 


h 
and  passing  to  the  limit, 


=  Q+Q'h, 


ax 
whence 

du  =  Qdx. 

Q  being  the  differential  coefficient  of  t?,  Qdx  is  its  differential, 
therefore 

du  =  d[v  dz  C)  =  dv, 

that  is  ;  if  two  differentials  are  equal,  it  does  not  follow  that  the  ex- 
pressions from  which  they  were  derived,  are  equal.  We  see  also, 
ji  that  a  constant  connected  by  the  sign  ±  with  a  variable,  disap- 
pears by  differentiation.  In  fact,  the  differential  of  a  constant  is 
zero  ;  since,  as  it  admits  of  no  increase,  there  is  no  difference  be- 
tween two  states,  and  of  course  no  differential,  Art.  (8). 

15.  Let  u  =  AtJ, 

then 

u'  =  Av'  =T  A{v  +  Qh+Q'h') Ait.  (10), 

^!—Z±  =  A{Q+Q'h) 
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L  =  AQ  =  ^ ;        whence    du  =  AQdx. 
dx 

But  Qdx  is  the  differential  of  r  ;  therefore 

du  =  d  (Ar)  =  Adv, 

that  is,  the  differential  of  the  product  of  a  constant  by  a  variable 
function,  is  equal  to  the  constant  multiplied  by  the  differential  of 
the  function. 

16.  When  two  variable  quantities  are  so  connected  that  one  is 
a  function  of  the  other ;  either  may  be  regarded  as  the  function, 
and  the  other  as  the  independent  variable.  Thus  from  the  expres- 
sion u  =  ai?,  we  readily  obtain  x  =  \/  " ;  in  which  x  may  be 

^   a 

considered  a  function  of  the  variable  u. 
In  general,  let 

"=/(^) (1); 

then  by  deducing  the  value  of  x, 

'=/'(«) (2). 

In  this  last  expression,  let  the  variable  u  be  increased  by  any 
variable  increment  u'  —  u  =  k,  x  will  receive  the  corresponding 
increment  x'  —  x,  and  the  ratio  of  these  increments  will  be 

^■■•- (')• 

If  the  increment  x'  —  x  be  denoted  by  h,  and  we  substitute! 
X  +  A  for  X,  in  equation  (1),  we  shall  obtain 

u'  -  tt  =  PA  -I-  P'A«  =  it, 

and  subeUtuUng  these  values  of  x'  -  x  and  k  in  expression  (3)J 
we  have 
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X'  —  X  h  1 


k  PA  +  y'K'        P  +  I'h 

'assing  to  the  limit  by  making  k,  the  increment  of  m,  equal  to  0, 
in  which  case  A  =  0,  we  have 

■J-  _  1  _  cte 
^P~"  du 

But  P  =  — ,  hence 
ax 

dx  _  ]_ 

du       du 

dx 

that  is,  the  differential  coefficient  of  x  regarded  as  a  function  of  u, 
is  the  reciprocal  of  the  differential  coefficient  of  u  regarded  as  a 
function  of  x. 
To  illustrate,  take  the  example 

u  =  aa^; 
I  whence 


▼    /I 


iln  article  (7)  we  have  found  —  =  2ar,  then 

dx 

dx       1  1  1 


du      du       2ax  /y.      i'\/~au 

dx  2a  V- 


r,     11.  Let  tt  be  an  implicit  function  of  x  of  the  second  kind, 
•  Art.  (4),  as 

«  =f{y) (1)       y  =  9  (^) (2). 
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If  X  be  increa;eJ  by  h,  y\y\\\  receive  an  increment  y'  -  y,  whioh 
we  denote  by  k ;  and  these  increased  values  of  y  and  x  in  the  se- 
cond members  of  (1)  and  (2)  wiU  give 

K'  =  u  +  Qi  +  Q'it''       y'  =  y  +  P/*  +  P'A^ 
whence 

k  n, 

and  by  multiplication, 

"'-"  X  y""^  =  QP  +  Q'Pi  +  QP'A  +  &c 
it  A 

or  since  yf  —  y  =  k 

*'~"  =  QP  +  Q'Pifc  +  QP'A  +  &c. 

A 

Passing  to  the  limit  by  making  A  =  0,  which  gives  fc  =  0,  we 
have 

L  =  QP  =  ^'. 
dx 


But 


whence 


Q  =  ^«  and  P  =  ^; 

ay  dx 


du      du      dy 
dx      dy      dx 

that  is,  the  differential  coefficient  of  u  regarded  cw  a  function  of  «, 
u  t^ual  to  tht  differential  coefficient  of  u  regarded  as  a  function  q^ 
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tf,  multiplied  hy  the  differential  coefficient  of  y  regarded  as  a  func- 
tion of  X. 

If 

u=f{x) (3)         and        v  =  cp  {x) (4); 

in  which  case  u  is  evidently  an  implicit  function  of  v ;  we  find 
from  equation  (4) 

x  =  <?'{v) (5), 

and  appljing  the  preceding  principles  to  equations  (3)  and  (5), 
we  have 

du du       dx  ,^^ 

dv       dx        dv 

But 

-  =  1 Art.  (16), 

dv       dv 

dx 
which  value  in  (6)  gives 

du 

du  dx, 

dv         dv 
dx 


DIFFERENTIATION    OF    ALGEBRAIC    FUNCTIONS. 

18.  Let 

«  =  t)  dr  to  ±  z, 

in  which  v  w  and  z  are  functions  of  x.     Increase  x  by  h,  then 
3 
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«'  =  «'  ±  w'  ±  z' 

u'  —  u  =  {v'  —  v)  ±  (w'  —  it)  ±  (z^  —  z), 

from  which,  after  substituting  for  (r'  -  c),  (lo'  -  w),  &c.,  their 
values  as  in  article  (10),  and  dividing  by  h,  we  have 


u'  —  tt 


=  (Q  +Q'h)  ±  (R  +R'/»)  ±  (S  +S'A). 


Passing  to  the  Umit 

L  =  Q±R±S=f*; 
ox 

whence 

du  =  Qdx  ±  B.dx  ±  Sdx] 

or  since, 

Qdi  =  dv,      Rdx  =  dxr,      Sdx  =  dz .Art  (8), 

du  :=  dv  ±  dw  di  dz, 

that  is  ;  the  differential  of  the  sum  or  difference  of  any  number  of 
functions  of  the  same  variable  is  equal  to  the  sum  or  difference  of 
their  differentials  taken  separately.     Thus,  if 

u  =  aJ  —  hx^ 
du  =  d  (ai»)  —  d  (Ji»)  =  2axdx  —  Sbx'dx Arts.  (T  &  9) 

19.  Let  uv  be  the  product  of  any  two  functions  of  x,  then,  if  i 
be  increased  by  A,  u'v'  will  be  the  new  state  of  the  product. 
But 

u' =  u +Vh -\-V'h%  t' =  r +QA+Q'/»', 

and  by  mulUplication, 
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u>v'  =  vv  +  vYh  +    uQh  +  PQA"  +  &c., 
thence 

tt  W       ^"^    7/?? 

. =  rP  -|-  «Q  -}-  terms  containing  A. 

h  , 

Passing  to  the  limit  we  have 

L  =  rP+uQ  =  iM; 

^  whence 

duv  =  vFdx  +  uQdx  =  vdu  +  wdu, 

that  is ;  The  differential  of  the  product  of  two  functions  of  the 
same  variable,  is  equal  to  the  sum  of  the  products  obtained  by 
multiplying  each  function  by  the  differential  of  the  other. 

20.  Let  uvs  be  the  product  of  three  functions.     Place 
uv  =  r,  then  uvs  =:  r*, 

and 

d(ut>6')  =  d(rs)  =^rds  +  sdr (1). 

But  since 

r  =  uv,  dr  =  udv  +  vdu\ 

hence  by  substitution  in  equation  (1) 

d{uvs)  =  uvds  +  sudv  +  svdu. 

If  we  have  the  product  of  four  functions  itvsw,  we  may  place 
no  =■  r,  and  by  a  process  precisely  similar  to  the  above,  obtain 

diuvsw)  =  uvsdw  +  uvwds  -j-  uiosdv  +  vwsdu (2), 

and  we  readily  see,  that  by  increasing  the  number  of  functions, 
we  may  in  the  same  way  prove,  that  the  differential  of  the  pro- 


«1 
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duet  of  any  number  (^functions  of  the  same  variahle,  is  equal  ti 
the  turn  of  the  products  obtained  by  multiplying  the  differential  oj 
tack  into  all  the  others. 


21.  If  we  divide  both  members  of  equation  (2)  of  the  preced 
ing  article  by  tirxto,  we  have 

diuvsw)        dw        ds       dv       du 
uvsw  W  S  V  u 

and  we  should  have  a  similar  result  for  any  number  of  functions 
whenoe  we  may  conclude  in  general,  that  the  differential  of  thi 
product  of  any  number  of  functions  divided  by  the  product^  ii 
tqual  to  the  sum  of  the  quotients  obtained  by  dividing  the  differen 
lial  of  tach  function  by  the  function  itself. 


22.  Let 


I'  =  c" 


•  bang  any  function  of  x,  and  m  any  number,  entire  or  fractional 
piMtiT«  or  negative.    Increase  c  by  A,  then 

n*  =s  t'-  =  (p  +  QA  -I-  qihy .Art  (10), 

or  pUdog  in  the  Iniiomial  formula 

(«  +  -)-  =  «-  +  max-'  +  '»("'-^)a^x-«  +  &C., 
»  for  X,        and        (QA  +  Q'A»)  for  a ; 


•^  -  [r  +  (QA  +  Q'A*)]-  =  r-  +  m(QA  +  Q'A')r"-'  +  &c 
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each  of  the  following  terms  containing  A  as  a  factor.     Then 

dx 

du  =  (£»'"  =  mv'^^Qd.x  =  mv'^^dv fl), 

since  Qdx  =  dv,  Art  (8).  That  is,  to  obtain  the  differential  o{ 
any  power  of  a  function  :  Diminish  the  exjxment  of  the  power  by 
unity^  and  then  multiply  by  the  primitive  exponent,  and  by  the  dif- 
ferential of  the  function. 


Examples, 

1.  If  «  =  ox*,  *^ 
then  Art.  (15) 

du  =  a.dx*  =  aA3?dx  =  4ax^dx. 

2.  K  u=  bxi 

du  =  -  bxii~^dx  =  -  bx-idx  =  — — -. 

3.  If  u  =  cx-^ 

du  z=L  —  2cx~*dx  = J-. 

X* 

4.  If  u  =  (ax  -  xy 

du  ■=  5{ax  —  x'')*  d  {ax  —  x') ; 
but 

d{ajc  —  «")  =  adx  —  2xdx Art  (18); 

bence 


du  =  5{ax  —  a^y  (a  —  2.t)  dx. 
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23.  H  in  equation  (1)  of  the  preceding  article  we  make 


m  =  -,   we  have 


or 


dv^  =  -0"     dv  =   -V  "  dv   =  —^ 


_  do 

dVv=  —. 


If  n  =  2,  we  have 

/-         dv 
d  yv  =  — 7= 
2Vv 

that  is,  the  differential  of  a  radical  of  the  second  degree  is  equal 
to,  the  differential  of  the  quantity  under  the  radical  sign,  divided 
by  twice  the  radical. 


If  N  =  3,  we  have 


3    -_       Al 

a  Vv  —     3  -:  1 


and  in  general  the  differential  of  a  radical  of  the  nth  degree  is 
equal  to,  ty  differential  of  the  quantity  under  the  radical  sign  di- 
vided by  n  timra  the  (n  —  \)th  power  of  the  'odical. 


Examples. 
1.  If  «  =  V^ 

du  =    ^^    =  3axV-x  _  3    /_ 


2.  If        u  =    {/j, x     du  = 
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—  dx 


3  V{h  -  xf 

3.  Let      u=    yj^         4.  Let  M  =    V2ax—  x'. 
24.  Let  u  =  -  =  «j~', 

V 

and  V  being  functions  of  the  same  variable,  then  Art.  (19) 
du  =  v~^ds  +  sdv~^=  v~^ds  —  sv~^dv, 


,    ds        sdv 


whence  by  reducing  to  a  common  denominator 

J         J  s       vds  —  sdv  /,  X 

du  =  d  -  = (1), 


lat  is,  the  differential  of  a  fraction  is  equal  to,  the  denominator 
ito  the  differential  of  the  numerator,  minus  the  numerator  into  the 
ifferential  of  the  denominator,  divided  hy  the  square  of  the  denomi- 
tttor. 

If  the  denominator  he  constant,  dv  =  0,  and  equation  (1)  becomes 

,  vds        ds 

if  V 

If  the  numerator  be  constant,  ds  =  0,  and  equation  (1)  becomes 

sdv 
du  =  —  — —• 

V 

In  this  last  case  it  is  evident  that  «  is  a  decreasing  function  of  v, 
id  that  its  differential  should  be  negative,  Art.  (12). 
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Examples. 

X 


I.  If  «»  = 


a  —  X 


*»  = (iZ^iy  {a-xf  (a-x) 


ax* 
2.  If  «=-^ 


dox*        4kai^dx 
du  = 


fc  6 


03? 


cdcu?  _         3c<it 


ft.  Bf  •  proper  tpplication  of  the  preceding  principles  everj 
%»l<iic  todioD  may  be  differentiated.     Let  them  be  applied  U 

Miscdlanemis  Examples. 
1.  If  M  =  (a  +  Jx")", 

4a  »  p(«  +  fcxT'^^a  +  **") -Art.  (22); 


^«  +  ix-)  =  nAx^'dx; 


Ai  »  »iip(a  +  6r-)'-'x*-'dx. 


IW  lohrtiM  of  lhi»  example  and  many  others  may  be  simpl 
"J  \*f  tf^lyiH  **»♦  "«>«  of  •rtkle  (17)  thus :  make 
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a  +  hxT  =  z,  then  a  =  z*", 

dz  T  —I  du  __i 

dx  dz 

I  whence 

dr       (2z        (Zx 

and 

du  =  hnp  {a  +  Jx")'^'  a:"-Vx. 

2.  K  u  =  (1  -  x^', 

dw  =  3(l-xyrf(l  —  x^  =  -  6  (1  -  ar^'xia:. 

8.  Let 


X  +  V  a  +  x^ 
riace 

y  =  X  +  VcTfA  ^^^^  "  ~  T' 

xrfx                          aytZx  —  axdy 
dy  :=  dx  +  — ,  du  =  5 » 

-hence 

aS{x  +  V^T^  <^  -  ^/''^*  +       ""^  -\  I 

,  I V  Va  +  x^JS 

du  =  ■     .     ;. — : 

(x  +  V^T^T 

or  after  reduction 

a*dx 


du  = 


(x  +  Va  +  x')    Va  +  x* 
4 
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4.  If        «  =  —y-^^       ^«  = '? 

1 

^  __  —x      (a    —  X  )  "     "■■*'• 


2 


6.      «  = 


Va-x«'  3 


7.      «=■ 


du  =  —, 1 


VIH^  (x  -  ■/l-ar')' 


x-VT-^ 

X 

8.  Let  u  =  (a  -  V17)'.    9.  Let    «  =  (Tf^' 

Vl  +a;+  Vl  —  a; 


10.  «•  = 


12.      «  = 


1-x* 


V?+T+i 


13.  M  = 


VT+x  —  Vl  — 


SUCCESSIVE    DIFFERENTIATION. 

S6.  It  b  really  seen  from  Tv^hat  precedes,  tbat  the  differential 
wBcignt  of  a  function  of  a  single  variable  is,  in  general,  a  funo- 
tfpa  of  th«  uune  variable.  It  may  then  be  differentiated,  and  its 
Mtnatial  ooeffident  obtained. 

Tliai  ia  the  eiample 


«==<u* 


dtt 

dx 


=  3ax« (1), 


l«i*  ia  a  Amotion  of  as,  different  fi-om  the  primitive  function. 
If  «•  dttmtiato  both  members  of  equation  (1),  we  have 


m- 


Qaxdx 
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But  since  dx  k  a,  constant,  Art.  (24), 

^fdti\  _  d{du)  _  d?u^ 
\dxj  dx  dx ' 

the  symbol  d^u,  (which  is  read  second  differential  of  u)  being  used 
M>  indicate  that  the  function  «  has  been  differentiated  twice,  or  that 
the  differential  of  the  differential  of  «,  has  been  taken.     Hence 

d^u        a     J                          <^"       a^ 
—  =:  oaxcte,         or         =  6ax, 

dx  dx^ 

in  which  dx'  represents  the  square  of  dx,  and  is  the  same  as  if 
tmtten  (dxy. 

The  expression,  6ax,  being  the  differential  coefficient  of  the  Jirst 
differential  coefficient,  is  called,  the  second  differential  coefficient. 

To  make  the  discussion  general,  let  u  =  f{x)  andp  be  its  dif- 
jarential  coefficient,  then 

T  =  P (2). 

dx 

Since  p  is  usually  a  function  of  x,  let  it  be  differentiated  and  its 
lifferential  coefficient  be  denoted  by  q,  then 

^  =  i (3). 

dx 

In  the  same  way  let  q  be  differentiated  and  its  differential  co- 
kflScient  be  r,  then 

^  =  r (4). 

dx 


By  differentiating  equation  (2),  we  have 

d[—]  =  dp,       or       ~—=dj 
\dx/  dx 

id  by  the  substitution  of  this  value  of  dp  in  (3), 
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3-=  ?.  O'-  d?=  1 (^)' 


which  is  the  second  differential  coefficient  of  the  function. 
By  differentiating  (5),  we  have 

and  by  the  substitution  of  this  value  of  dq  in  (4), 

_=r,        or  ^=r 

which  is  the  differential  coefficient  of  the  second  differential  coeffl 
dent,  and  is  called  the  third  differential  coefficient. 

In  the  same  way  the  fourth,  fifth,  <fec.  may  be  found,  each  fron 
the  preceding,  precisely  as  the  first  is  obtained  from  the  primitive 
function.  j 

From  the  differential  coefficients,  we  may  at  once  obtain  thi 
corresponding  differentials,  by  multiplying  by  that  power  of  da 
the  exponent  of  which  indicates  the  order  of  the  required  differ 
ential,  thus 


<f  u  =  __  daf        Ac 

ox" 


27.  Let 

n  =  ox", 
n  being  n  positive  whole  number,  then 


DIFFERENTIAL    CALCULUS  29 

—  =n(n-  1)  (n  -2)  ox""', 


—  =  n{n  -  1)  (n  -  2) 2.1.a. 

dx" 

Since  the  last  differential  coefficient  is  constant,  its  diflferential 
will  be  0,  and  we  have 

d"+'u  _ 
dx^'~^' 

By  examining  these  results  it  will  be  seen,  that  by  each  differ- 
entiation, the  exponent  of  the  variable  is  diminished  by  unity. 
When  this  exponent  is  entire  and  positive,  it  will  finally  be  re- 
duced to  0,  and  the  corresponding  differential  coefiicient  be  con- 
stant. The  next  in  order,  as  well  as  all  which  follow,  will  then 
Be  0,  and  there  will  be  a  limited  number  denoted  by  n.  If  n  be 
•fractional,  by  the  continued  subtraction  of  unity  the  result  can 
never  be  0,  but  will  finally,  if  the  differentiation  be  continued,  be- 
loome  negative ;  the  successive  differential  coefficients  will  then 
lalways  contain  x,  and  there  will  be  an  infinite  number.  Sp  also 
if  n  be  negative. 


maclaurin's  theorem. 

28.  The  object  of  this  theorem  is,  to  exj^lain  the  manner  of  de- 
veloping a  function  of  a  fdngle  variable,  into  a  series  arranged  ac- 
cording to  the  ascending  powers  of  the  variable  vnth  constant  coeffi- 
cients. 

Let                                 II  =  f  (x), 
and  let  us  assume  a  development  of  the  proposed  form, 
M  =  B  -1-  Car  -f  Dx"  -J-  Ejc^  +  &c (1), 


80 


DIFFEREXTIAL   CALCULUS. 


in  wliich  B,  C,  D  <fec  are  entirely  independent  of  x,  and  depend 
upon  the  constants  which  enter  into  the  given  function.  It  is  now 
re<:}uired  to  determine  such  values  for  the  constants,  B,  C  <fec.  as 
will  cause  the  assumed  development  to  be  a  true  one,  for  all 
values  of  x.  Since  these  constants  are  independent  of  a?,  they 
will  not  chanjore  when  we  make  x  ■=  0.  If  then  in  (1)  we  sup- 
pose X  =  0,  and  denote  by  A  whaty  {x)  or  u,  becomes  under  this 
supposition,  we  have 

A  =  B. 

Differentiating  (1),  and  diWding  by  dx,  we  have 

du 

^  =  C  +  2Dar  +  3Er^  4-  &c (2) ; 


making  z  =  0,  and  denoting  by  A'  what  ~  reduces   to  in   this! 

dx 

case,  we  have 

A'  =  C. 
Differentiating  (2)  and  dinding  by  dx^  we  have 

^=  2D  +  2.3Ea:  +  &c.; 

making  x  =  0  and  denoting  by  A"  what  ^  becomes,  we  have 

djF 


A"  =  2D; 


whence 


A" 

D  =  :2_ 

1.2 


In  the  same  way,  denoting  by  A'",  A""  Ac,  what  ^^kc 

dx*  dx* 
become  when  x  =  0,  we  shall  find 


E  = 


1.2.3. 


_  A"" 

1.2.3.4 


u» 


DIFFERENTIAL    CALCULUS.  31 

Substituting  these  values  iu  equation  (1),  we  have 

«t=/(x)  =  A  +  A'a:  +  A"  jj +'^'"UJZ^+^''-(^)^ 

in  which  the  general  term,  or  the  one  which  has  n  terms  before  it, 
Sf  what  the  nth  difterential  coefficient  of  the  function  to  be  deve- 
loped becomes  when  the  variable  is  made  equal  to  0,  multiplied  by 
iie  nth  power  of  the  variable,  and  di\'ided  by  the  product  of  the 
X)nsecutive  numbers  from  1  to  n  inclusive. 

Examples. 

1.  Let 

u  =  (a+  x)"'. 
This,  when  a;  =  0,  reduces  to  a" ;  hence  A  =  a". 
By  differentiation,  &c.  we  obtain 

-^  =  m{a^x)     ,         -^  =  w(m  -  1)  (a  +  x)^, 

-^  =  m{m-  1)  {m  —  2)  (a  +  a;)"-'  &c. 

Ifaking  a;  =  0  in  each  of  these  differential  coefficients,  we  have 
V  =  wux'*-',  A"=m{m—l)a'^\  A'"  =  m{m—l)  (wi— 2)a"'-',  &c. 
Jubstituting  these  values  in  the  formula  (3),  we  have 

(a  +  a;)"-  =  a"  +  ma'^'x  +  '"("^  -  l)a'"~V  ^  ^^ 

2.  Let 

u  =  =  a(b  —  x)~^  . 

0  —  X 

By  differentiation  &c.,  we  have 
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<?«        o,  „  /I         \_4          2.3.a  .  ^ 

Jl_  =  2.3a(&  —  ^)     =  T-, a *c. 

da?  ^       '       {p  —  xy 

Making  a;  =  0  in  the  original  function,  and  in  each  differential 
coefficient,  we  have  . 

A.f     A.=  |,     A"  =  - ^e. 

These  values  in  the  formula  (3)  give 

a  a        a  a  '^      „   . 

;■  =  T  +  IT^  +  w^  + T^  =^  + 


5_x  ~   i  "^  i^-^  "^  J»-^   "^■"     6'=+^ 


1  ^  1 

3.  Let  u  =  :: — ; —  4.  Let  m  = 


1  +x  '  Vl- 


J— ^  6.  «  =  (l+a;'^)='. 


"Whenever  the  function  to  be  developed  contains  the  second  o 
higher  power  of  the  variable,  the  work  will  be  much  abridged  b; 
substituting  for  this  power  a  single  variable,  then  making  the  de 
velopment,  and  in  the  result  resubstituting  the  power,  llius,  i] 
example  6,  by  putting  z  for  x'  we  have 

I 

ti  =  (1  +  a^)^  =  (1  +  z)^'  ' 

which  18  easily  developed  according  to  the  ascending  powers  of  z. 


29.    Functions  which  become  infinite,  when    the   variable 
which  they  depend  is  made  equal  to  0 ;  or  any  of  the  differenti 
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H'fficients  of  which  become  infinite,  under  the  same  supposition, 
nnot  be  developed  by  Maclaurin's  formula,  as  in  such  cases, 
•  her  the  first  or  some  succeeding  term  of  the  series  would  be  in- 
lite,  while  the  function  itself  would  not  necessarily  be  so. 

u  =  log  X        u  =  cotx         u  =  ax^ 

are  examples  of  such  functions.     In  the  fii-st  two  A,  and  in  the 
third  A',  would  be  infinite. 


TAYLOR  S    THEOREM. 

30.  A  quantity  is  a  function  of  the  sum  of  two  variables,  when 
ill  the  algebraic  expression  for  it,  a  single  variable  may  be  substi- 
tuted for  the  sum,  and  the  original  function  thus  reduced,  vnthout 
a  change  qf/orm,  to  a  function  of  the  single  variable.     Thus 

u'  =  a(x  +  y)" 

such  a  function,  for  if  in  the  place  of  a;  +  y  we  substitute  2:,  the 
111  action  becomes  u'  =  af,  a  function  of  2  of  the  same  form. 

log  (x  -  y) 

is  also  such  a  function  of  the  two  variables  x  and  —  y,  which, 
when  for  X  —  y  we  put  z,  becomes  log  z. 


31.  Let 

u'=f(T  +  y). 
For  X  +  y  place  z,  then 

«'=/(z)  and  ^=p (1), 


dz 


6 


i 
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p  the  differential  coefficient,  being  entirely  independent  of  dz.    If 
now  X  be  regarded  as  a  constant 

dz  =  d{x  +y)  =  dy, 


and  equation  (1)  becomes 


dy 


If  y  in  turn  be  now  regarded  as  constant 
dz  =  d{x  +  y)  =  dx, 

and  equation  (1)  becomes 

du'  _  du' 

dx  dy 

That  is,  if  a  function  of  the  sum  of  two  variables  be  differentiated 
as  though  one  of  the  variables  were  constant ;  and  then  the  same 
function  be  differentiated  as  though  the  other  variable  were  constant ; 
and  the  differential  coefficients  be  taken  ;  these  two  coefficients  will 
he  equal. 

To  illustrate,  let 

«'  =  (x  +  y)",    then     du'  =  n{x  +  y)**"'  d{x  +  y)> 
which  if  y  be  regarded  as  constant  becomes, 

du'  =  n(x  +  y)'^*dx;     whence     —  =  n{x  +  y)"~\ 

dx 

and  if  X  be  regarded  as  constant,  the  same  expression  becomes 

du' 
du'  =  n(z  +  y)*~'rfy;     whence    -—  =  n(x  +  y)**"'. 

dy 


82.  The  object  of  Taylor's  Theorem  is,  to  explain  the  manner 
of  developing  a  function  of  the  algebraic  sum  of  two  variable'!,  into 


DIFFERENTIAL   CALCULUS.  35 

a  series  arranged  according  to  the  ascending  powers  of  one  of  the 
variables,  with  coefficients  which  are  functions  of  the  otlier  and  de- 
pendent also  upon  the  constants  which  enter  the  given  function. 
Let  us  write  a  development  of  the  proposed  form, 

u'  =f(x  +y)  =  P  +  Qy  +  Rj/"  +  Sy'  +  &c (i), 

in  which  P,  Q,  R  <fec.  independent  of  y,  are  functions  of  x. 

It  is  required  to  determine  values  for  them,  which  substituted  in 
equation  (1)  will  make  it  true  for  all  values  of  x  and  y.  Kwe 
regaid  x  as  constant,  differentiate  both  members  of  equation  (1) 
with  respect  to  y  and  divide  by  dy,  we  obtain 

dy 

If  we  regard  y  as  a  constant,  differentiate  equation  (1)  with 
respect  to  x  and  divide  by  dx,  we  obtain 

du'       rfP      dQ  dR   ,  ,   . 

dx        dx       dx  dx 

du/        du! 

But  by  the  preceding  article  we  have  — -  =  —  ;  therefore 

dy         dx 

Q  +2Ry  +3Sy'  +  &c.  =  j?  +^3,  +  ^^  f  +&c. ; 
dx        dx  ^      dx 

and  since  the  coeflScients  of  the  like  powers  of  y  in  the  two  mem- 
bers must  be  equal, 

«  =  f t^)'  '^-'§ (•')•  '^-§ w- 

If  in  equation  (1)  we  make  y  =  0  ;  f(x  +  y)  will  reduce  to  a 
function  of  x,  Art.  (0),  which  we  denote  by  «.     Then 

M  =  P. 

Substituting  this  value  of  P  in  equation  (2),  we  have 
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«=^ 


This  value  of  Q  in  equation  (3),  gives 
fdu\ 


,/du\ 
\dx)       d'u 


R  =  -^ —  =  -^-5 ;  whence  R  =  - 


(JPu 


dx 


dx" 


1.2.rfx^' 


and  this  value  c^  R  in  (4)  ^ves 
(Pu 


d 
3S  = 


\\.2.dx')  _ 


dx 


;  whence  S  := 


1.2.rfi' 


1.2.3.dx^ 


By  the  substitution  of  these  values  of  P,  Q^  R  &c.  in  equation 
(1)  we  have  Taylor's  formula  ; 


ll'  =  fix  +  VI=U+  —  -4-  -^—  + 

J\'-ry}  ^dx\^djc'l.2  dsf  1.2.3.,. n 


+  .... 


By  an  examination  of  the  several  terms  of  this  formula,  we  see 
that  the  first  (u)  is  what  the  function  to  be  developed  becomes, 
when  the  variable,  according  to  the  ascending  powers  of  which 
the  series  is  to  be  arranged,  is  made  equal  to  0.     The  second 

(-—  ?|  is  the  first  differential  coefficient  of  the  first  term,  multi- 
dzl/ 

plied  by  the  first  power  of  this  variable ;  and  the  general  term  is 
the  nth  differential  coefficient  of  the  first  term,  multiphed  by  the  wth 
power  of  the  variable,  and  divided  by  the  product  of  the  consecu- 
tive numbers  from  1  to  n  inclusive. 

The  development  of/(x  —  y)  is  obtained  from  the  formula  by 
changing  +  y  into  —  y  \  thus 


fi  \  du         d^u  y*         dPu    1? 

/(x-,)  =  «__,+_i__X.+4,. 
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Examples. 

1.  Let  m'  =  (x  +  vY- 

Making  y  =  0  we  obtain  u  =  x",  and  thence  by  diflferentiation, 

— -  =  OTx"^  ,  -—  =  7n(m  —  l)x      , 

dx  dxr 

'^  =  m{m  -  1)  (m  -  2)x"^,  ^^  =m{m-l) {m-n  +  l)x^, 

rfi'  ax" 

These  values  being  substituted  in  the  formula  give 

u'  =  (x  -f-  y)™  =  X'"  -f  mxT-^  y  +  _i^ --1 ^  + 

m{m—\) (m  —  n  +  l)x'''~"y" 

1.2.3 .n  "^ 


If  it  were  required  to  develope  the  function  in  terms  of  the  as- 
leending  powers  of  x  we  should  make  x  =  0,  and  obtain  for  the 
first  term  y",  from  which  the  other  terms  are  derived  as  before. 


2.  Let  u'=      "' 


X  +y 


Making  y  =  0,  we  obtain,  «  =  -  for  the  first  term ;  thence 


du             a 

«Pu       2a 

dx  ~          3?^ 

■^-"^' 

(Pm 

2. 3  .a 

d"M        _^  2.3 na 

dx"  ~             x»+'      ■ 

d^ 

-           X*    ■ 

These  values  being  substituted  in  the  formula  give 

a  a        a  o.      „  ,      ^      ^ 

'''  =  ^^+-y  =  x--?y  +  -?  ^ ^  ^^- 


as 
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3 

Develope 

u' 

b 

..accordinf  to 

~(* 

-y)i 

4. 

u' 

a 

u 

{x-yf 


of  ar. 


33.  Since  in  the  formula  of  Taylor,  the  coefiBcients  of  the  different 
powers  of  one  variable  are  functions  of  the  other,  it  is  plain  that 
if  such  a  value  be  assigned  to  the  other,  as  to  reduce  any  of  these 
coeflScients  to  infinity,  the  second  member  will  become  infinite,  and 
the  formula  fail  to  give  a  development  for  this  particular  value  ; 
as,  in  this  case,  the  first  member  will  become  a  function  of  the 
first  variable,  which  function  is  not  necessarily  equal  to  infinity  for 
a  particular  value  of  the  second  variable,  on  which  it  in  no  way  de- 
pends.    Thus,  in  the  example 

u'  =  V  ci+  X  +y 

which,  when  developed  according  to  the  ascending  powers  of  y, 
gives 


u'  =y/  a  +  X  -\ ^  y  — 


2-/a  +  x  SV  (a  +7f     ' 

the  particular  value  x  =  —  a  reduces  the  coefiBcients  of  the 
powers  of  y  to  infinity,  while  the  original  function  is  reduced  to 
Vy :  We  should  thus  have  \/y  =  oo ,  which  cannot  be.  For 
every  other  value  of  a-,  however,  these  coefiBcients  will  be  finite 
and  the  development  true. 

The  difference  between  this  failing  case  and  that  of  Maclaurin's 
formula  is  marked.  In  this,  the  failure  is  only  for  a  particular 
value  of  that  variable  which  enters  the  coefiBcients,  all  other  values 
of  both  variables  giving  a  true  development ;  while  in  the  former 
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I,  if  the  formula  fails  to  develope  a  function  for  one  value  of 
variable,  it  fails  for  every  other  value. 


4.  K  u  =/(x), 

(and  X  be  increased  by  h,  we  have  for  the  second  state 
u'  =f{x  +  h), 
j  and  by  changing  y  into  h  in  Taylor's  formula,  we  obtain 

u'  =J\x  +  A)  =  MH h  A \-  &c. ; 

which  is  the  development  of  the  second  state  of  a  function. 
From  this  we  have 

,  du  I    ,   d/'u  A'    ,  d^u    h^       ,    . 

u'  —  u=  -—h  +  -—  —  +  -r^ +  <BC 

dx  dx^  1.2       da^  1.2.3 


If  we  now  put  for  h  the  particular  value  dx,  we  have 

,1  7        ,      d^u  C^U  m 

u'  —  *  =  OM  +  —  4-  +  dec 

1,2  T   1.2.3 


35.  If  in  the  development  of  f{x  +  y)  by  Taylor's  formula,  we 

k  I  suppose  x  =  0,  and  represent  by  A,  A',  A",  &c  what  m,  — -,  -—5, 
j  ax  dor 

Ac.  become  under  this  supposition,  we  have 


f(y)  =  A  +  A'y  +  ^  +  ^  +  &c 

A,  A',  A",  (fee.  being  constant,  and  since  y  is  the  only  v.ariable  we 
may  write  x  for  it,  and  thus  have 


40  DIFFERENTIAL    CALC0I.US. 

fix)  =  A  +  A'x  4-  fi^  +:^_£  +  (fee. 
''^  '  1.2       1.2.3 

which  is  identical  with  Maclaurin's  formula. 

DIFFERENTIATION   OP   TRANSCENDENTAL    FUNCTIONS. 

36.  Let  us  take,  first,  the  exponential  function 

tt  =  o*, 

and  increase  x  by  A,  then, 

u'  =  (f^=i  (fa'' (1). 

a'  being  a  function  of  the  single  variable  h,  may  be  developed  into 
a  series,  the  first  term  of  which  [being  what  a*  becomes  when 
A  =  0,  Art.  (28)],  is  o"  =  1.     We  may  then  write 

a*  =  1  +  M  +  Ar'A*  +  lc"h^  +  &c., 

it,  f,  k",  &c.  being  constants  depending  upon  a.  By  substituting 
this  value  of  o*  in  (1),  we  obtain 

u'  =  o'(l  +  kh  +  k'h^  +  k"W  +  &c.) ; 

whence 

'!-^.  ^(fk+  afk'h  +  &c 

A 

Passing  to  the  limit  of  this  ratio,  we  have 

L  =  o'A:  z=  _.,     and     du=  (fkdx (2). 

dx  ^  ' 

To  determine  the  value  of  it,  let  us  develope  m  =  a*  by  Mao- 
laurin's  formula.     We  have 

_r  du        ,, 

dx 
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d(^]=z  kda'  =  k'a'dx ;      whence     —  =  A V ; 
\dxj  rfx»  ' 

d  (  ^  )  =  k'da'  =  lea'dx  ;  whence       ^  =  itV ;  «fec 
\djifj  da? 

Making  x  =  0  in  these  expressions,  we  find  for  the  coeflScients  in 
the  formula 

.1  =  0°=  1,     A'  =  aPk  =  k,     A"  =  it»,     A'"  =  Ic",  &c. ; 

\v  hence 

«  =  a'=  1  +  Jtx  +  _  +  -Z±-  +  (fee. 
1.2       1.2.3 

In  this,  let  a;  =  — ,  then 
k' 

i  11 

a*  =  1  4-  1  H 1 u  (fee. 

1.2        1.2.3 

Summing  this  series,  we  have 

1 
a~*=2,  7182818 


This  number  is  the  base  of  the  Naperian  system  of  logarithms, 
which  is  usually  denoted  by  e ;  we  then  have 

a  *  =  e,  and  a  =  e* ; 

hence  k  is  the  Naperian  logarithm  of  a,  denoted  by  la.     Then 

du  =  daf  =  o'ladx, 

that  is,  the  differential  of  a  constant  raised  to  a  power  denoted  by 
a  variable  exponent,  is  equal  to  the  power,  multiplied  hy  the  Na- 
perian  logarithm  of  the  root  into  the  differential  of  the  exponent. 
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37.  Kesuming  the  expressions 

ax 

regarding  u  as  the  independent  variable  and  x  as  the  function,  we 
have,  Art.  (16),  *\ 

dx        1  ,  ,^      du  1 

—  = ;  whence  ax  = 

du      (fla  u    la 

If  a  be  the  base  of  any  system  of  logarithms,  then  x  =  log  u 
in  that  system,  and 

dx  :=  d  log  u  ■=  —  — * 
u  la 


*  Note. — Throughout  the  book,  the  symbol  I  before  a  quantity  will  in- 
dicate the  Naperian  logarithm  of  that  quantity.  Since  the  logarithms  of 
the  same  number  in  different  systems  are  as  the  moduli,  we  have 


log  a :  la 

:M:1, 

and  when  a  is 

the  base  of 

a  system,  since  log  a 

=  1 

l:la:: 

M:l; 

whence 

M  « 

1 

Also, 

log  e :  fe 

::M:1, 

and  since  U  = 

1 

M  = 

loge. 

The  modulus  of  a  system,  then,  admits  of  two  forms  of  expression,  both 
of  which  should  be  remembered.  The  one  is,  unity  divided  i/i/  the  Naperian 
h^arilAm  of  tlu  bau  of  Uu  system  whose  modulus  is  required;  the  other,  the  log»- 
rOAai  oftke  Naperian  base  taken  in  the  system  wlwsc  viodulus  is  required. 
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But  —  is  the  modulus  of  the  system  whose  base  is  a ;    then 
la 


d  loff  u  =  M.  — 
^  u 


VoT  the  Naperian  system,  M  =  1,  and  this  expression  becomes 

u 

Tlie  differential  of  the  logarithm  of  a  quantity,  is  then  equal  to  the 
lulus  of  the  system  into  the  differential  of  the  quantity  divided 
bij  the  quantity ;  and  this  in  the  Naperian  system,  becomes  the 
'firferential  of  the  quantity  divided  by  the  quantity. 

Examples. 

1.  If  u  =  l{a3?) 

J         dax^       Sav^dx         dx 

du  z=  — -  = s-  =3  — 

ax*  axr  x 


2.  If 


/      a     \  adx 

du  =  V^~^/       EEfZ-  _^ 


a  a 

a  —  X  a  —  X 


Otherwise  thus,     u  =  l( \  =  la  —  l(a  —  x) 

\a  -  xj 

du  =  dla  —  dl(a  —  x)  = 
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3.  Let 
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u  =  l\ 


x/ 


Vl  +  af'  — 

Multiply  both  terms  of  the  fraction  by  the  numerator,  then 
u  =  l{Vl  +  x"  +  xf  =  2l{Vl  +  ar*  +  ar), 


4.  l£u  = 


du  —  ^^("V^^  +  ^  +  ^)_        2dx__ 
Vl  +  a^  +  x        Vl  +  a^ 


1 


dx 


\V  1  +  a;  —  V 1  —  a;/  «  V  1  —  a;" 


6.  Let  u  =  I\ 


1.  Let  M  =  Z(a  +  x)'  (a  -  a:)*j 


""'(tM)       '•      "  =  ^(«-^)^^)- 


10.  Let 

u={hY. 

Make 

Ix  —  z^         then         u  =  0"  ; 

du  =  nz"-^dz  =  — ^-^ 

X 

11.  Let 

u  =  l{lx). 

Make 

Ix  =  z,         then         u  —  Jz; 

z        xlx' 
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12.  Let  u  =  a". 

38.  It  has  been  seen,  Art.  (29),  that  log  x  cannot  be  developed 
according  to  the  ascending  powers  of  x.  To  obtain  a  logarithmic 
series,  let  us  take  u  =  log  (1  +  x)  and  develope  it  by  Maclaurin's 
formula.     By  differentiation  <fec. 

Mdx  du  M 

d»M  _  _  >j-a  _      -  ^^     .        ^  _       2M 

dx"  ~        ^(1  +^)      -  (1  ^xf  '        ~d7~  {\+  xf 

Making  x  =  0,  we  have  for  the  values  of  A,  A',  A"  &c.,  in  the 
formula, 

A  =  log  1  =  0        A'  =  M        A"  =  -  M        A'"  =  2M,  &c  ; 

whence 


u  =  log  {l+x)  =  U{x--  +  - ±  ^ ), 


in  which  the  logarithm  of  a  quantity  is  expressed  by  a  series,  ar- 
ranged according  to  the  ascending  powers  of  a  quantity  less  by 
unity. 


39.  By  the  aid  of  logarithms  we  may  simplify  the  differentia- 
tion of  complicated  exponential  functions.     For  example : 

1.  Let  «  =  z^, 

2  and  y  being  any  functions  of  the  same  variable.     Take  the  Na- 
iperian  logarithms  of  both  members,  then 
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and  by  differentiation 


whence 


du       J  ,    ,      dz 
u  z 


dt 
du  =  u{dylz  +  y  — )  =  z^hdy  +  y^^^dz, 
% 


which  is  evidently  tht  sum  of  the  diferentials,  taken  by  first  re 
gardiny  y  as  the  only  variable,  and  then  z. 


2.   Let  M  =  a*  . 

Taking  the  logarithms  of  both  members 
du 


lu  =  via, 

—  =la.dlf  =  lalflbdx, 

du=a'''b'lalbdz. 

3.  Let. 

»        u  =  /, 

then 

du       fdz 

lu  =  fk,         _  =  -_  ^  t{eitds  +  8ir'dt\ 


..  ,<^* 


du  =  z'V(-  +  hMs  4-  ^  hdt). 
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DIFFERENTIATION    OF   THE    CIRCULAR   FUNCTIONS. 

40.  Since  any  arc  of  a  circle,  when  less  than  90°,  is  greater 
than  its  sine,  and  less  than  its  tangent;  we  must  have  for  all 
values  of  y  less  than  90°, 


sm  y                               sin  y        sin  y 
<C  1         and       I <C 


y  tang  y 

r-ut 

R  sin  y  sin y        cos  y        f^s 

iiiofy  = ;  whence =  — n — v^-'* 

^  cosy    '  tangy         K 

Making  y  =  0,  cos  y  becomes  R,  and  we  have  for  the  limit  of  the 
atio  (1), 

E 

ind  since =-  cannot  exceed  imity,  nor  be  less  than i.,  we 

y  tangy 

Uso  have  its  limit  =  1 ;  that  is,  the  limit  of  the  ratio  of  an  arc  to 

it  sine  is  unity. 

41.  Let 

u  =  sin  X. 

Jicrease  x  by  h,  then 

u'  =  sin  (x  +  A),  W  —  u  =  sin  {x  +  h)  —  sin  Xy 

•r  by  placing  x  +  h   for  p   and   x  for  q  in  the  formula, 

2 
sin  p  —  sin  (7  =  ^  [sin  i(p  —  q)cos  i(p  +  q)], 
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u'  —  u  =  —  sin  ^hco&{x  -\-  ^k). 
K 

Dividing  both  members  by  h,  and  then  both  terms  of  the  fra 
tiou  in  the  second  member  by  2, 

u'  —  u        sin  ^Ti  cos  {x  +  h^) 


ih  R 


,    ,.    .     .       /sin  ^}i\  ^ 

and  passing  to  the  mmt,  smce  I  — rr —  1       =1, 

V  2^  y*-o 


Tfhcnco 


_  cos  ar        du, 

BT^dx' 


cos  X  dx 
<fu  ^  (f  sin  a;  = 


R 
If  tt  =  cos  ar, 

,   .    ,              ,        cos  (90°  —  x)  ,,     ^ 
du  =  dcosx  =  dsm  (90"  —  x)  = ^-^ rf(90°  —  x)  ; 

■whence 

sinar 
a  cos  z  = 5; —  aar. 

If  u  =  vernsin  af 

du^  d  vensin  x  =  rf  (R  —  cos  x)  =  —  rf  cos  x ; 

whence  rf  ver-sin  x  =  — 5 —  dx. 

*  Note. — This  notation  indicates  that  the  expression  for  the  guanti 
within  the  parertheMs  becomes  unity  \rhen  h  ■=  0. 
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u  =:  tang  X 

Rsin  X 


du  =  d  tang  x  =  d- 


cosx 


_      (cos  xd  sin  x  —  sin  xd  cos  a;)  dx(cos^x  +  sin*ar) 

cos  a:  cos  a: 


whence 


, ,  R'^dx 

d  tang  X  =z ; — 

cos'"** 


If  «  =  cot  a? 


d  (90° x) 

du  =  dcoix  =  d  tang  (90''  —  x)  =  W      \  ,^^„ ^- ; 

"  ^  ''  cos^*  (90°  —  x) 


kbence 


If 


a  cot  a;  = r-5 — 


M  =  sec  X 


,          ,                 ,     R'^          R  sin  a;  dx 
au  ■=  d  sec  x  =  d = ^ ; 


cos  X  COS  X 


rh«nce 


If 


tang  X  da;         tang  a;  sec  x  , 

o  sec  a:  = = —^ dx. 

cos  X  R-* 


u  =  cosec  a; 


^«       ^  ^^  „^  ^       J        /nno  >       cot  ar.coseca;  d(9()°  —  x) 

an  =  a  cosec  x  =  d  sec  (90°  —  *)  = ; — er^ » 

R 
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whence 
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dcosecar  = 


cot  X.  cosec  X  dx 


If  R  =  1,  these  formulas  become 

diin.  X  =■  cos  x  dx^        d  cos  a;  =  —  smxdx, 


d  ver-sin  a;  =  sin  a;  da:,  d  tang  x 


and  should  be  remembered. 


dx 


cos  a; 


-,  <fec. 


Examples. 


t    Tf  •    bx 

1.  K  «  =  sm  — 

a 


J  hx  ,hx       h         hx  , 

du  =  cos  —  o  —  =  -  cos  —  dx. 
a      a        a  a 


2.  If  «  =  cos  - 

X 


du  =  —  sin  -  d  -  =  —  sin—  <ic. 

X       X         x'  X 

3.  If  u  =  tang  (a  —  xf 

du  =     <^(^  -  ^)*    =  _  2(a  -  x)dx 
COS*  (a  —  xf  cos\a  —  a;)** 

4.  If  tt  =  cot'a; 

rfu-2cotarrfcota:=_?^^!^^ 
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5.  If  u  =  (cosar)''"', 

nuke  cos  x  =  z,sm  x  =  y;  then  u  =  z",  and  Art.  (39) 

in  =  z^&dy  +  y2*~^dz  =  dx  (cos  »)•'"'[  cos  a;  Z  cos  x  —  ^inx^  \ 

V  cos  X  J 

6.  Let      u  =  ^^BJ — -     ' .        1.  Let  «  =  tang  ( —  m  \^). 


42.  In  the  preceding  article  we  have  found  the  differentials  of 
he  sine,  cosine,  &c.  in  terms  of  the  arc  as  an  independent  variable  ; 
at  it  now  be  required  to  find  the  differential  of  the  arc,  in  terms  of 
ts  sine,  cosine,  &c. 

If         «  =  sin  Xj  then  x  =  sin~'M,* 


I 


,         cos  X  dx  3  du        cos  x 

du  = ,  and  —  = 


R  dx  U 


now  X  be  regarded  as  the  function,  and  u  as  the  independent 
iable,  we  have.  Art  (16), 

dx        1  R 


du 

du 

cos  X 

1 1  since 

cos 

X  = 

V 

dx 

W- 

sin^x 

=  -v/R'- 

-  u' 

R 

5 

whence        dx  = 

Edu 

V 

R»- 

-tt' 

7 

W  - 

u* 

*  NoTK. — The  notation  sin-'  u,  tang-'  u,  &c.,  is  used  to  designate  M« 
c  vkose  sine  is  u ;  wliose  tangent  is  u,  &c. 
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If 

tt  =  COS  ar,          a:  =  cos~*tt, 
dx        -  R                      R 

du 

sin  X 

dx 

K 
R 

du        sin*  Vr*— cos'x  VH' —  u" 

whence 

,  ndu 

dx  = . 

Vr*  -  u* 

If 

u  =  ver-sin  «,  x  =  ver-sin"'  u ; 


du       sin  X  J  dx         R 

—  = and  —  =  - —  ; 

dx         R  du       sin  x 


or  since 

sinr  =  V(2R  —  ver-sin  x)  ver-sin  x  =  ■\/(2R  —  u)u ; 

dx  R  ,  ,  Rdw 

;      whence       dx  =  — =^ 


**      V(2R  -  «)u  V2Ru  -  u» 

If 

u  =  tang  *,         X  =  tang-'  u,  ^  =  A^; 

dx        cos  X 

d«  _  008^  _  J^_  _  ^ 

d«  ~    R»    ~  sec*x  ~  R'  +  tan^ '  |<^ 

whence 

dx  ~     ^'^" 
~  R»  4-  u«" 
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K  R  =  1,  these  formulas  become 

J  du  du 

dx  =  dx=  —  —J •• 

.  du  J  du 

dx  =  — - — r^^^ —  dx 


V2u  -  M«  1  +  w' ' 

Examples. 


1.  If  X  =  sin-'  2m-v/1  —  u\ 

, ,  _         <Z(2tt-\/l  —  u^)        _       2du 

Vl  -  (2m Vl  -  u'f       Vl— tt^ 

2.  If  a:  =  tang-'/_iV 


3.  If         M  =  COS"' — " — ,  du 


^+ii)-''  +  y 


-1  y         ^,.  _        —  ^'^y 


a  —y  (a  —  y)  Va''  —  2ay 

4.  K         M  =  ver-sin-'  -,  du  =z 


a;  xV2x  —  1 

43,  We  are  now  able  to  develope  sin  x,  cos  x,  <fec.,  in  terms  of 
the  ascending  powers  of  x,  by  Maclaurin's  formula. 

1.  If 

u  =  sin  X,  and  R  =  1 ; 


54  DIFFERENTIAL    CALCULUS.  i 

l«=eosx,       ^  =  -sinx,      ^  =  -  cos  x,  <kc. 

Making  a;  =  0,  we  obtain  for  the  values  of  A,  A',  &c.  in   tlie 
formula, 

A  =  0,        A'  =^  1,        A"  =  0,        A'"  =  —  1,  &c. ; 

thence 


—  <fec 


u  =  sin  X 

^ 

1    1.2.3  "^ 

2.  If 

u  =  cos  X, 

du 

=  —  sin  X, 

dsl 

__  =  _  COS  X, 
(Mr 

1.2.3.4.5 


=  sm  X,  (fee. : 

dx' 


in  which,  making  x  =  0,  we  obtain 

A  =  1,        A'  =  0,        A"  =  -  1,        A'"  =  0,  &c.; 
and  thence 


x*  X* 

ti  =  cos  X  =  1 4 &c. 

1.2    ^    1.2.3.4 


These  series,  for  small  values  of  x,  are  very  converging,  and  will 
give  with  great  accuracy  the  values  of  sin  x  and  cos  x  for  small 
arcs,  and  may  therefore  be  used  in  the  calculation  of  a  table  of 
natural  sines,  <kc.  Thus,  R  being  unity,  we  have  for  the  semi- 
circuraferenoe  or  <,  the  number  3,14159...;  this  divided  by  180, 
and  the  quotient  by  60,  vrill  give  the  length  of  the  arc  1',  whidi 
value  substituted  for  x  in  the  series,  will  give  the  sine  and  cosine 
of  one  minute. 


DIFFERENTIAL     CALCULUS.  66 

U.  "VN'e  can  also  develope  the  arc  in  terms  of  its  sine,  tan-^'cnt, 
>Vf.     If 

'  =  ^"""'  S=7=^ Art- (42). 

,  '.;  =  m(1  _  u')'^,    -^  =  (1  -  u'fi  +  3u^(l  -  «^)' S  &c. 

nil-  dw 

Making  u  =  0,  we  obtain 

A  =  0        A'  =  1         A"  =  0        A'"  =  1,  &c., 
and  by  substitution  in  Maclaui-in's  formula 

X  =  sm    u  =  u  4 L 1_  &c. 

^    1.2.3    ^    1.2.4.5 

Tf  M  =  ^  =  sin  30°,  this  series  becomes 

X  =  sin-'  1  =  30°  =  1  H L_  +  ? _  +  &c., 

2  2  1.2.3.2^  1.2.4.5.2' 

py  the  summation  of  which,  we  find 

30°  =  0,52359 , 

d  multiplying  by  6,     180°  =  ir  =  3,14159 


45.  If 

mx=  tang-'t.,  p  =  -±-^  =  (1  +  u^' Art.  (42), 

id  the  development  may  be  made  as  in  the  preceding  article ;  or 
otherwise  thus.     Developing  (1  +  u^)~^  by  the  binomial  fonnu- 
we  have 
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^  =  1  -  w'^  +  «*  -  «"  +  &c (1) ; 

du 

and  since  by  differentiation,  the  exponent  of  u  in  each  term  k 
diminished  by  unity,  we  mu^t  have 

X  =  Att  +  Bm^  +  Cu^  +  &c. ; 

whence 

.     -  =A+  SBu'  +  5Cu*  +  &c (2). 

du 

Comparing  the  coeflacients  of  the  like  powers  of  tt  in  (1)  and  (2) 
A  =  1,  3B  =  —  1,  and  B  =  —  -  :  5C  =  1,  and  C  =  -,  <fcc. ; 
whence 

X  =  tang-'M  =  tt_!^+!^-^'  +  &c (3). 

O  D  i 

If  tt  =  1  =  tang  45°,  this  series  becomes 

3        5        7  J 

which  is  not  suflSciently  converging  to  enable  us  to  determine  tb 
length  of  the  arc  with  accuracy.  To  obviate  this  difficulty,  w 
will  make  use  of  the  j)rinciple  that  the  arc  45°  is  equal  to  the  ai 
whose  tangent  is  i,  plus  the  arc  whose  tangent  is  ^.* 


*  Note. — To  prove  this  principle,  take  the  formula 

tang  (a  +  A)  =  ^"g^  +  tangt 
1  —  laug  a  tang  It 
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From  equation  (3),  by  tlie  substitution  of  i  and  ^  for  m,  we 

have, 

*        -ill  1,1  1     J   ^ 

tang:  '  -  =  -  —  — -  +  — -  —  — -  +  <fec., 


'""«"'3  =  3 -5:f  +  s:f -::?■  +  *"••■ 


Iieiice 


45°  =  tang-'  ^  +  tang"'  J-  = 

1—  _L  +  _L  —  &c.  +  1—  J_  +  _L  -  &c.  =  0,78539...., 
2       3.2'        5.2^  3        3.3'         5.3^ 

-which  being  multiplied  by  4  gives  if  =  3,14159 


DIFFERENTIATION    OF    FUNCTIONS    OF    TWO    OR    MORE 
VARIABLES. 

46.  Heretofore  our  rules  for  differentiation  have  been  limited  to 
lonctions  of  a  single  variable ;  it  is  now  proposed  to  extend  them 
to  functions  of  any  number  of  independent  variables. 

Let  u=f{x,y); 

V  and  y  being  entirely  independent  of  each  other.     The  second 
state  of  the  function  will  evidently  be  obtained  by  giving  to  both 


Make  tang  a  =  J  and  a  +  b  =  45°, 

Aen,  tang 45°  =  1  =    *  +  '^"^  ^    ;  whence  tang  b  =  i; 
1  —  i  tang  b 

lience       45°  =  a  +  A  =  tang-'  i  +  tang->  J. 
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X  and  y  variable  increments.  First  let  x  receive  the  increment  h ; 
/(r,  y)  then  becomes /(x  +  A,  y),  which,  (if  y  for  a  moment  be 
regarded  as  constant),  may  be  developed  according  to  the  ascend* 
ing  powers  of  A,  by  Taylor's  formula ;  whence 

du ,        d-u    h'         d?u    h^           »  ,^^ 

A^  +  h,y)  =  u  +  ^h+----+^,—  +  &c (1), 


in  which  — , &c.,  are  the  differential  coefficients  of  m  =  f(x,  y) 

dx  da^       '  -^^^^ 

taken  under  the  supposition  that  x  alone  is  variable,  and  are  evi- 
dently all  functions  of  x  and  y.  K  in  this  development  we  now 
put  y  +  khr  y,  we  shall  obtain  in  the  first  member /(x  -{•  h,y  +  k) 
which  is  the  second  state  of  the  function  u.  The  first  term  of  the 
second  member  (a),  being  a  function  of  x  and  y,  will,  when  for  y 
we  put  y  -\-  k,  become 

/•/  ,    7\  .    du  J       d^u    P         d^u   i^  . 

f(x,  y  -\-  k)=  u  -\ k  A 1 1_  (fcc. 

•"^'^^     ^  ^  dy      ^  dy'   1.2  ^  df  1.2.3  ^ 


In  the  same  manner  —  ,  when  for  y  we  put  y  -\-  k,  may  be  de- 


veloped, and  will  give.  Art.  (32), 


or  reducing 

fdu\  _du         cPu    ,         d^u     J^         . 

\Txl        -Tr+ir7:iZ^+:^.T^  +  ^<^' 


Also 


dx        dxdy  dxdy^  1.2 


DIFFERENTIAL    CALCULUS.  59 

(Pu   .      cPu,    J          d*u       k^  . 
= — -  -| k -\ [•  &c. 

ix- )  ^•'''        (i'>^<iy  d3?dy^  1.2 


d3^        d3?dy 


These  values  being  substituted  in  the  second  member  of  (1) 
;ive  for  the  development  of  the  second  state  of  a  function  of  two 
ariables 

du  ,       d?u  F        d?u    P      ,    0 


dy  df  1.2        df  1.2.3 

.   du  ,  d^u  ,j  .     cPu    hk^        , 

-J h  -\ hk  -\ \-  (fee- 

dx  dxdy  dxdy^  1,2 


.(2). 


.   ePtt  'I?    .      cPm    Ilk    .    » 
J L  &c., 

^  d^  1.2       da;%  1.2  ^ 

^  c/z^   1.2.3  ^ 

In  this  development  u  is  the  original  function  ;  —  is  its  differ- 

dy 

itial  coefficient  taken  under  the  supposition  that  y  alone  varies, 

id  is  called,  ike  partial  differential  coefficient  of  the  first  order 

then  with  respect  to  y  ;  ,—  &cc.  are  successive  differential  co- 

dy^    dy^ 

fidents  taken  undey  the  same  supposition,  and  are  called  ^r/taZ 

^ftrential  coefficients  of  the  second,  third,  d'c.  order  taken  vnth 

^pect  to  y.     — _,  ___,  —   are  obtained  from  the  original  function 
dx    dxr    dur 

hder  the  supposition  that  x  alone  varies,  and  are  called /Jarfta/  dif- 

wential  coefficients  of  the  first,  second,  d:c.,  order  taken  with  res- 

d  u  •  .  .  du 

tei  to  X  ;    - — —  is  obtained  by  differentiating  _  with  respect  to  y 
dxdy  dx 

Ld  dividing  the  result  by  dy,  and  is  called  a  partial  differential  co- 
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evident  of  the  second  order  taken,  hy  differentiating  first  vntk  res- 
pect  to  X  and  then  with  respect  to  y  ;  and  in  general  — - — -— -  is  a 

partial  differential  coeflScient  of  the  m  +  n**"  order,  and  is  obtained 
by  differentiating  first  n  times  with  respect  to  a:,  and  then  in  times 
with  respect  to  y. 

By  an  examination  of  these  results  we  see  that,  from  a  fimction 
of  two  variables  there  are  derived  two  partial  differential  coefficients 
of  the  first  order,  viz. 

du  J       du 

dx  dy 

three  of  the  second  order,  viz. 

d'u        d'u       d^u . 
djT        dxdy      rfy* 

four  of  the  third*  order,   &c.     The  expressions 

du    ,  du   .  ^        dru    ,  ,         d^u       ,    ,      , 

£-''"■      r/"'      -£f"^'     i^y  ''^2''*'=- 

obtained  by  multiplymg  the  several  partial  differential  coefficien* 
respectively  by  dx,  dy,  di^,  dxdy,  &c,  are  called  partial  differm 
tials. 


47.  If  instead  of  first  increasing  a?  by  A  we  increase  y  by  1:,  fi 
shall  obtain 

41 


dy  df  1.2        df  1.2.3 

and  if  in  this  we  put  a:  +  A  for  x,  we  shall  evidently  deduce 


II 
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„  ,  ,\  dn  J         dru     h^  , 

f{x  +  h,y  +  k)=  „+_A+_-_^_&c., 


_j AT  -I kh  -U  &c., 

dy  dydx 


d'u     k'  . 

J u  &c., 

^   dy'    1.2   ^        ' 

which  development  must  be  identical  with  the  one  in  the  preceding 
article ;  hence  the  terms  containing  the  like  powers  of  h  and  k 
imust  be  equal  to  each  other,  and  we  mast  have, 

dhc  d'u         d^u  d?u  d"+'"u  d"+''u 


dxdy  dydx      dxdy-         difdx  dx"dy^  dy'"dx" 

'■which  shows  that  we  shall  obtain  the  same  result  whether  we  dif- 
ferentiate first  with  reference  to  x  and  then  with  reference  to  y,  or 
ithe  reverse. 


48.  Let  it  now  be  required  to  develope  the  second  state  of  the 
expression 

u  =  x'^f (1). 

Differentiating  with  reference  to  x  and  y,  respectively,  we  obtain 

-  =  mx'^Y (2),  -  =  nx'^y"-' (3). 

dx  dy 

*Now  difierentiating  (2),  first  with  reference  to  x,  and  afterwards 
«with  reference  to  y,  we  obtain 

—  =  m(m  —  l^-y (4),         *^"    =  mnx^'iT' (5)- 
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In  the  same  manner  by  diflferentiating  (3),  first  with  reference  to 
X,  and  then  w-ith  reference  to  y,  we  obtain 

—Jl-  =  mnx^'y"-^  =  -— — ,    —-=  n(n  —  l^y"    (6), 

ayax  dxay      ay' 

and  by  continuing  the  differentiation  of  (4),  (5),  and  (6), 

—  =  m(m-  \){m  —  2>"*-y,  -^  =  m{m  —  l)nx'^Y-\  &c 
da^  dx^dy 

Substituting  these  values  in  the  formula  of  article  (46),  we  have 
{x  -f  A)'"(y4-i)"  =  x^y"  +  nsfjT'^k  +  n{n  —  \)x"'y''-'^ — -  +  &c. 

J.  t^i 

+  mx^^h  +  mnx^^y"-^hk  +  <fec. 

+  m(m.  —  l)a;'^y  —  -f-  && 
^  ^1.2 


49.  Resuming  equation  (2),  Art.  (46),  and  subtracting  the  pri- 
mitive state  of  the  function  from  both  members,  we  obtain 

ds         dy         1.2\^da;-^  dxdy  J 


Extending  the  definition  in  Art.  (8),  to  functions  of  two  or  more 
variables,  we  have,  after  placing  for  h  and  k  the  constants  dx  and 
dy,  and  taking  the  terms  of  the  first  degree  with  reference  to  these 
constants ; 

J        du  J        du  J 
du  =  —  dx^  —dy, 
ax  dy 

that  is,  the  differential  of  a  function  of  two  variables  is  eqtuil  to 
Uie  sum  of  the  partial  differentials  of  the  function.     It  is  important 
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)  preserve  the  notation  —  dor  and  —  <Zy,  else  the  partial  differen- 
ce dy 

lids  might  be  confounded  with  the  total  differential  (du). 


Examples. 

1.  If  M  =  axy 

—  dx=.  2axy^dx,  —  ^y  =  Sax'i/^dy ; 

dx  dy 

lenoe 

du  :=  2axi^dx  +  Zaa?]^dy. 

2.  If 

I  =  M^LZI_^'     dM  =  -  ?^  (a  —  a;^)  [2a:y<fa;  +  {a  -  a^yyl. 
f  T 

8.  If 

.         ,  a;  J  y<Zx  —  xdy 

u  =  tang-'-  dM  =  ^   ,  ,     ,  ^. 

4.  Let  «  =  ^^     .  6.  Let  M  =  a;". 


50.  Having  obtained  the  first  differential  of  a  function  of  two 
fariables,  we  may  from  this  at  once  derive  the  successive  differ- 
ntials.    Since 

J         du  J     ,    du  J 

du  =  —  ax  -j dy, 

dx  dy 


d:^u  =  d[  '!^dx  ]  +  d['^ 


te4 
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Differentiating  —  ix,  first  with  reference  to  x,  and  then  with  re 
dx 


ference  to  y,  we  have, 


(H= 


~  dLn?  dxdy 


and  in  the  same  way, 


(1^0  = 


dydx  dy^ 


whence,  since  =  -t—t- Art.  (47), 

oxrfy       dydx 

d^u  =  ^d^+2^dxdy+    pLdy'. 
ajT  dxdy  dy 

Differentiating  this  result,  since 


d(^^dx^y^^^d.?+.^da»dy, 


cP«j_3  d^u 

— -OJr  -\-   ^ 

djr  da^dy 


.(^dxdy^  = 
\dxdy         ) 


-dx^dy  -] — dxdi^, 


dj^dy  dxdy^ 


dfdx  +   -— rf/, 
dydx  dy 


we  derive 


dSL  =  ^  +  ^-^d^dy    i-    ^^Ijixdrt  ^^it. 
d^        ^  d3>dy       ^    "^  dMf^  ^  ^  d^^ 

In  the  same  way  the  differentials  of  a  higher  order  may  be 
derired. 
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51.  Let  us  now  take  the  general  case  in  ■which  «  is  a  function 
of  any  number  of  independent  variables  ;  that  is,  let 

It  is  plain  that  we  may  deduce  the  development  of  the  second 
itate  of  this  function  in  precisely  the  same  way  as  in  article  (4G), 
by  first  increasing  x  and  y,  then  in  the  result  thus  obtained  in- 
creasing z,  and  in  the  new  result  increasing  one  of  the  other  va- 
riables, and  so  on  until  each  shall  have  received  an  increment ; 
we  shall  thus  find 


/];*  +  A,  y-j-A:,  z-i-Z,  &c.)=/(a;,  y, «,  &c.) +--^' /i  +  -^  A:  +  -i'/+ &c. ; 

ax       ay        az 


whence 


f{x  -}-  h,y+k,  z+I,  &c.)  —f{x,  y,  z,  &c.)  =::^h  +  -^k^^l&c. 

ax         ay         az 

•plus  other  terms,  which  will  be  of  the  second  degree  at  least,  with 
(reference  to  the  increments  h,  k,  I,  &c. ;  we  have  then  as  in  arti- 
ble  (49), 

du  =  df[x,  y,  z,  &c.)  =  —  dx  -{■  —  dy  -] dz  -\.  &c. 

dx  dy  dz 

Hhat  is,  the  differential  of  a  function  of  any  number  of  variables 
is  equal  to  the  sum  of  the  partiai  differentials  of  the  function. 


Example. 
If  tt  =  axy'z^, 

du  =  ay''z^dx  -\-  2axyz^dy  -f-  3axy"z^dz. 
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52.  If  in  the  development  (2),  article  (46),  we  make  both  x  and 
y  equal  to  0,  the  first  member  will  become  a  function  of  h  and  k ; 
the  first  term  of  the  second  member,  and  the  difierent  coefficients 
of  h  and  k,  will  under  the  same  supposition  become  constants. 
Denoting  by  A  what  u  or/(ar,  y)  becomes  when  x  and  y  are  made 
0 ;  by  B  and  B'  what  the  partial  differential  coefficients  of  the 
first  order ;  by  C,  C  and  C"  what  those  of  the  second  order,  and 
by  D,  D',  D"  and  D'"  what  those  of  the  third  order,  become 
under  the  same  supposition  ;  we  obtain 

f{h,  k)  =  A  +  {Bh  +  B'k)  +  J—  {Ch'  +  2C'M  +  C'T) 

or  since  we  may  change  h  and  k  into  x  and  y,  we  have  for  the  ge- 
neral development  of  any  function  of  two  variables, 

J{x,y)  =  A  +  (Bx  +  B'y)  +  J^  (Cx"  +  2C'xy  +  G"f) 


+  j^(I>^+3D'ar'y  +  «kc.). 


If  in  development  (2),  above  referred  to,  we  make  y  and  k  each 
equal  to  0,  u  becomes  a  function  of  x  alone,  and  we  have 

dx  d3^    1.2   ^   dx^    1.2.3 

which  is  Taylor's  formula. 

In  the  same  development,  making  x,  y  and  k,  each  equal  to  0 

and  denoting  by  A,  A',  A",  Ac  what  «,  —,  _Ji,  &c.    reduce   tt 

dx    dx^ 

under  this  supposition,  we  obtain 
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Ah)  =  A+  A'h  +  A"  -il-  +  A'"_^  +  &c, 

ior  changing  h  into  x, 

fix)  =  A  +  A'a;  4-  A"  —  +  A'"     ^      +  <fec. 
"^^  ^  1.2  1.2.3 

which  is  Maclaurin's  formtila. 


DIFFERENTIAL    EQUATIONS. 

63.  Every  equation  containing  two  variables  can,  by  transposing 
all  the  terms  into  the  first  member,  be  represented  under  the  ge- 
aeral  form 

A^,  y)  =  0 (1) 

n  which  y  is  an  implicit  fimction  of  x,  the  latter  being  iLsually 
taken  as  the  independent  variable :  Or,  since  by  the  solution  of 
(he  equation,  the  value  of  y  may  be  found  in  terms  of  x,  and  sub- 
itituted  in  (1),  this  function  of  x  and  y  may  be  regarded  as  a 
nmction  of  x  alone,  and  may  therefore  be  differentiated  as  a  func- 
Hon  of  a  sinffle  variable.  Also,  since  the  relation  between  y  and 
3  such,  ihatf{x,  y)  must  always  be  equal  to  0,  its  value  is  not 
i^ariable,  and  can  therefore  have  no  difference  between  any  two 
itates.     Its  differential  must  then  be  0,  Art.  (14) ;  that  is, 

df{x,  y)  =  0. 

To  obtain,  then,  from  a  given  equation  its  differential  equation,  or 
'he  equation  which  expresses  the  relation  between  the  differentials  of 
■he  function  and  variable  ;  transpose  all  the  terms  into  one  mem- 
i)er,  differentiate  this  as  a  function  of  a  single  variable,  and  place 
he  result  equal  to  0 :  Or,  if  it  be  not  desirable  to  transpose  all 
lie  terms  into  one  member,  each  member,  containing  either  x  or 


eS  DIFFERENTIAL    CALCULUS, 

y,  or  both,  may  be  regarded  as  a  function  of  x,  and  the  differei 
tial  of  the  first  will  be  equal  to  that  of  the  second.  Art.  (13). 

Since  every  term  of  the  difierential  equation  thus  derived  w: 
contain  dx  or  rfy,  we  may  dinde  by  dx,  and  then  at  once  dedu( 

the  value  of  the  differential  coefficient  -^. 

dx 


54,  If  an  equation  contain  tliree  variables,  one  will  necessari 
be  a  function  of  the  other  two,  and  all  the  terms  being  transpos( 
into  one  member,  this  member  may  be  regarded  as  a  function  ( 
two  independent  variables,  and  may  be  differentiated  as  in  artic 
(49),  and  the  result  placed  equal  to  0,  In  accordance  with  tl 
same  principles  and  in  precisely  the  same  manner,  the  differenti 
equation  of  one  containing  any  number  of  variables  may 
derived. 

K  the  differential  equation  derived  by  one  differentiation  I 
again  differentiated,  the  new  differential  equation  will  be  of  tl 
second  order,  and  if  this  be  differentiated  we  shall  have  one  of  tl 
third  order,  and  so  on. 


Examples. 

55.     1.  If         u  =/(x,  y)  =  x^  +  /  -  R^  =  0 (1) 

du  =  2xdx  +  2y<fy  =  0 ••.•(2), 

from  which,  after  dinding  by  dx,  we  obtain 

g  =  -  '- (3). 

dx  y 

I>ividing  equation  (2)  by  2,  and  then  differentiating ;  x,  y,  an 
dy,  being  variable,  we  have 

d{xdx)  +  d{ydy)  =  0 
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or  d:^  +    dy"^  +  yoT'y  =  0, 

■whence 

rfx^  y  y  y^ 

nee  -^—  =  — equation  (3). 

dx"         y^  ^  ^  ' 

Equivalent  results  may  be  obtained  by  differentiating  tlie  value 


y  =  -y/ii"  —  a;^  deduced  from  equation  (1). 

2.  If  u  =  if  —  Imxy  -\-  x''  —  a^  =  0 (1) 

2ydy  —  2inxdy  —  Imydx  +  Ixdx  =  0 (2); 

( t|  whence 

dy my  —  x 

dx       y  —  mx 

Differentiating  (2),  and  dinding  by  2<ir',  we  obtain 

,  sCfV        dir  ^    dii    ,    ^         _ 

from  which  after  the  substitution  of  the  value  of  J-  we  may  ob- 

dx 

t&in  the  value  of  the  second  differential  coeflBcient. 

3.  Let  f  —  Zaxy  +  x'  =  0. 

Equations  derived  as  above,  immediately  from  the  primitive  equa- 
tion by  differentiation,  are  named  immediate  differential  equatixms. 
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56.  By  the  differentiation  of  equations  we  may  find  others 
whicli  will  express  the  relation  between  the  variables  and  their  dif- 
ferentials, for  any  values  of  either  or  all  of  the  constants.  Thus, 
if  we  take  the  equation  of  the  right  line 

y  =  ax  +  b (1), 

differentiate  and  divide  by  dx,  we  have 

,...(2), 


dx 


a  result  which  is  the  same  for  all  values  of  b.  By  the  substitution 
of  this  value  of  a  in  equation  (1),  we  have 

ydx  =  xdy  +  bdx, 

■which  is  the  same  for  all  values  of  a. 

Differentiating  (2)  and  dinding  by  dx,  we  obtain 

^  =  0, 
dj? 

which  is  entirely  independent  of  both  a  and  6. 
Take  also  the  equation 

y*  =  two;  +  Tur* (3). 

By  two  differentiations,  we  get 

2ydy  =  mdx  +  2nxdx 

dy^  +  yd'y  =  ndx'. 

By  combining  the  three  equations,  m  and  n  may  readily  be  elim- 
inated, and  an  equation  obtained  which  will  be  entirely  indepen- 
dent of  thom.     The  result  of  this  elimination  is 

y'ix*  +  x'dy^  -f-  yx'rf'y  —  2yxdydx  =  0. 
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^\gain,  by  differentiating  the  equation 

f  —  2aa:«  +  a"  =  0, 

ttd  eliminating  a,  we  obtain 

lQy:^d3?—2^3?dydx  +  Qfdf  =  0. 

jid  in  general,  all  the  constants  of  any  equation  may  be  elimi- 
ated  by  differentiating  it  as  many  times  as  there  are  constants. 
he  differential  equations  thus  obtained,  with  the  given  equation, 
take  one  more  than  the  number  of  constants  to  be  eliminated ; 
a  equation  may  therefore  be  derived  which  will  be  freed  from 
lese  constants.  Equations  thus  obtained  are  properly  the  differ- 
ttial  equations  of  the  species  of  lines,  one  of  which  is  repre- 
ented  by  the  given  equation,  since  being  independent  of  the  con- 
iants  they  are  evidently  the  same  for  all  hnes  of  the  same  kind 
eferred  to  the  same  co-ordinate  axes. 

67.  By  differentiation  we  may  free  an  equation  of  exponents,  as 
I  the  example 

u  ■=  u", 

du  =  nv'^^dv,  or  vdu  =  nv"dv, 

ad  finally 

vdu  =  nudv. 

Or  thus, 

lu  T=  hi" ;  whence  lu  =  nlv. 


du  vdv 

u  V 


or  vdif  =  nudv. 
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58.  Tlie  Differential  Calculus  enables  us  also  to  eliminate,  from 
an  equation  containing  three  variables,  an  arbitrary  function  of 
either  two,  the  form  of  which  may  be  entirely  unknown.     Thus  if 

the  form  of  the  function  designated  by  the  symbol  F  being  arbi- 
trary, we  can  find  a  differential  equation  expressing  a  relation  be- 
tween X,  y  and  the  partial  differential  coefficients —,  which 

rfx'  dy  ^ 

will  be  the  same,  no  matter  what  the  form  of  the  function  F  mayl 
be. 


M:tke 
then 


A^,y)  =  ^ (1), 


u  =  F(z),  du  =  F'{z)dz (2). 

Differentiating  (1),  first  with  reference  to  x  and  then  with  refe 
rence  to  y,  and  substituting  the  values  of  dz  thus  obtained  in  (2)J 
we  get 


du 


dz 


du 


dz 


from  which  F'(z)  ma)  be  eliminated,  and  the  resulting  equatioi 
between  «,  y,  ^  and  ^,  will  be  the  differential  equation  require 

Such  equations  are  called  partial  differential  eguatims. 
To  illiLHtrate,  suppose 

*•        yi*'  y)  =  <ii  +  ^      and      «  =  T{ax  +  by). 
VUceaz  +  b^^z,     then  ^*  =  a,  and  ^  =  i. 
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iese  values  in  equations  (3)  and  (4),  give 


^=F'(z)a  ^  =  F'(*)&; 

dx  ^  '  dy  ^  '    ' 


whence 


and  finally 


dv  _  du 
dx  dy 
a         b 


du        T  du        ^ 

a b  —  =0. 

dy  dx 


2.  Let 

/(a:,2/)  =  x'  +  /  =  z       and       u  =-.  ¥{3?  +  f). 

Differentiating  z,  we  find 

—  =z  2x  and  —  =  2y ; 

dx  dy 

I  whence 

^"  =  r{z)2x  and  -  =  F'(z)2y, 

dx  dy 

from  which,  by  eliminating  F'(z), 

du  du 

dy    ~  ^dx  ~ 


3.  Let  /(^,y)  =  ^. 

10 
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VANISHING     FRACTIONS. 

69.  In  the  discussion  of  the  results  obtained  by  the  applicatic 
of  the  Calculus,  we  often  meet  with  expressions  which,  for  a  pa 
ticular  value  of  the  variable,  become  f .     This,  although  in  gem 
ral  the  algebraic  symbol  of  an  indeterminate  quantity,  does  not  inJ 
dicate  such  a  quantity  in  the  particular  cases  referred  to.     As 
the  example, 

ax  —  x^ 


which  becomes  |  when  x  :=  a;  if  we  divide  both  numerator  anc 
denominator  by  the  common  factor  a  —  ar,  we  obtain 


a  +  X 


and  this,  when  x  =  a,  reduces  to  ^,  which  is  the  true  value  of  th< 
fraction  in  the  particular  case. 

Expressions  of  this  kind  are  called  vanishing  fractiom,  and  re 
duce  to  I  in  consequence  of  the  existence  of  a  factor  common  tj 
both  terms ;  which  factor  becomes  0  under  the  particular  suppo 
sitioD. 

All  such  fractions  may  be  represented  generally  by  the  expres 
sion 

P(x  -  a)-  . 


Q(^-a)" 


in  which  P  and  Q  are  functions  of  x. 
Thoro  are  three  ca<es  : 
1.  WTicn  m  ■=  n^  the  fraction  becomes 
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P  (x  -  g)"    _  P 
Q(x-a)-   ~  Q* 

2.  When  m  >  n,  it  may  be  put  under  the  form 

P  (a;  -  g)"^" 
Q  ' 

f; 

—  »  being  positive ;  and  this,  when  x  =  a,  becomes 

3.  When  m  <  n,  the  fraction  may  be  put  imder  the  form 

P . 

Q  (x  —  g)"-"  ' 

n  —  m  being  positive,  and  this,  when  x  =  a,  becomes 

?^=     00 

0 


60.  "\^^leneve^  the  common  factor  is  evident,  the  simplest  me- 
thod of  obtaining  the  true  value  of  the  fraction  is  to  strike  it  out, 
and  then  put  for  the  variable  its  particular  value.  But  as  in  most 
cases  it  is  not  easy  to  detect  this  factor,  other  methods  become  ne- 
cessary. 

Let  -  be  a  vanishing  fraction,  r  and  s  being  functions  of  x,  and 

let  g  be  the  particular  value  which  substituted  for  x  reduces  the 
fraction  to  ^. 

it  is  plain  that,  if  we  substitute  g  -f-  A  for  x,  and  after  reduction 
make  A  =  0,  it  will  amount  only  to  the  substitution  of  a  for  x. 
Suppose  this  substitution  made,  and  that  in  the  result  both  nume- 


IT 


T6 
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rator  and  denominator  are  arranged  so  that  the  exponents  of  h 
shall  increase  from  left  to  right,  we  then  have 


©.. 


_  AJi"  +  Bh"'  +  (fee. 
o+»  ~  A'A"  +  B'h"'  +  &c. 


in  which  A,  A',  B,  B',  m,  n,  &c.  are  constants.  After  reducing 
this  fraction  to  its  lowest  terms,  by  dividing  both  numerator  and! 
denominator  by  that  power  of  A  which  is  indicated  by  the  smallestj 
exponent,  we  shall  have  one  of  three  cases. 


1.  If  m  =  n 


A  +  BA""'^  +  &c. 
A'  +  B'h"'-"  +  &c 


2.  If  m  >  « 


(;\. 


3.  If »»  <  n 


(;). 


o+A 


o-H 


Ah'"-'  4-  &c. 
A'  +    &c. 


A     +  «tc. 


A'h''-''+  (fee. 
Now  making  A  =  0,  we  have  for  the  true  value  in  the  tl 


cases, 


\^«  Jr~a  0 

Whence  we  derive  the  general  rule.  F(yr  the  variahle^ 
ttitr  that  iHihte  which  muses  the  fraction  to  reduce  to  *,  plus 
crem^t  ;  reduce  th*  result  to  its  simplest  form,  and  then 
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increment  equal  to  0.  Tlie  final  result  will  be  the  true  value  of 
the  fi-action  for  the  particular  value  of  the  variable,  and  may  be 
finite,  zero,  or  infinite. 


Exarnjyles. 


1.  Take  the  fraction 


{x  —  a)2 

which  becomes  J  when  x  =  a. 

For  X,  put  a  ■\-  h,  the  primitive  fraction  then  becomes 

{2ah  +  k')^ 


Dividing  both  terms  by  h^,  we  obtain 
(2a  +  A)^ 

3 

•which,  when  k  =  0,  becomes  (2a)^,  the  true  value. 

In  this  case  the  common  factor  (x  —  a)*  is  evident ;  striking  it 
out,  we  have 

{x  +  a)^ 

s 

'which  becomes  (2a)^,-  when  x  =  a. 
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2.  Take  the  fraction 


OT  sin     - 
a 


f 


which  becomes  |  whep  x  =  0. 

For  X,  put  0  +  A,  or  ^  we  then  obtain 

msin-A          (A  +  .^^  +  &c.) 
a  \o  1.2.3a'' / 


=  m 


.Art.  (44), 


or 


in  sin  '  — 


\a  1.2.3a^  / 


which,  when  A  =  0,  gives 

Tie  common  factor  in  this  case  is  a;,  as  may  be  shown  by  de- 
veloping m  sin~'  — ,  as  in  article  (44). 
a 


61.  Another  rule  maybe  thus  deduced. 

If  the  vanishing  fraction,  as  in  the  preceding  article,  be 


«  =— ;  then  r  =  us 
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dr  =  uds  +  sdu ; 
ill  which,  if  we  make  ar  =  a,  we  shall  have  (since  *,_„  =  0), 

whence 

I  for  the  true  value  of  the  fraction  in  the  particular  case. 
If  {dr)^_^  =  0         this  value  is         0. 

If  (<is)x_o  =  0         it  is  00, 

If  both  are  0  at  the  same  time,  the  second  member  of  (1)  be- 

icomes  f ,  and  — -  is  a  new  vanishing  fraction,  with  which  we  pro- 
ds 

oeed  as  with  the  first,  and  thus  obtain 

"'— ((?^*)_. 

If  this  again  becomes  §,  we  continue  the  same  process,  and  have 

"'— (5^^)777 

and  so  on.  The  rule  may  then  be  thus  enunciated.  Take  the 
differentials  of  the  numerator  and  denominator;  in  each,  substi- 
tute that  value  of  the  variable  which  reduces  the  origirml  fraction 
•to  J  ;  if  both  do  not  reduce  to  0  or  infinity  ;  what  the  former  be- 
comes divided  by  what  the  latter  becomes,  will  be  the  true  value  of 
the  fraction.     If  both  reduce  to  0,  take  the  second  differentials,  and 
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make  the  same  sahstitutimi ;  or  continue  the  differentiation^  dr. 
until  two  differentials  of  the  same  order  are  obtained,  both  of  which 
do  not  become  0  or  infinity  ;  what  one  becomes  divided  by  what  the 
other  becomes,  will  be  the  true  value  of  the  fraction. 

It  should  be  observed,  that  the  eflFect  of  the  application  of  this 
rule  is,  at  each  differentiation,  to  diminish  by  unity  the  exponent 
of  the  factor  which  causes  the  fraction  to  reduce  to  f.  Art.  (27). 
If  the  ejqwnents  of  this  factor  in  the  numerator  and  denomina- 
tor are  fractional,  and  not  contained  between  the  same  two  con- 
secutive whole  numbers,  it  is  plain  that  the  least  one  will  be  re- 
duced to  a  negative  number  by  a  less  number  of  differentiations 
than  will  be  required  by  the  other.  The  differential  of  that  term 
of  the  fraction  which  contains  it,  will  then,  by  the  substitutioi. 
of  the  particular  value  of  the  variable,  reduce  to  infinity,  whil 
that  of  the  other  reduces  to  0,  and  the  true  value  of  the  fractici 
will  be  either 


00  0         „ 

=  00  or  —  =  0. 

0  00 


If  however,  these  exponents  are  contained  between  the  same 
two  consecutive  whole  nnmbers,  they  will  become  negative  by  tb 
same  number  of  differentiations,  and  the  differentials  of  both  tenns 
of  the  fraction,  reduce  to  infinity  at  the  same  time  ;  as  will  t% 
successive  differentials.  In  this  the  only  failing  case  of  the  rale 
we  shall  not  VjQ  able,  by  its  application,  to  obtain  the  t.  ue  valm 
of  the  fraction,  but  must  fall  back  upon  the  general  rule,  Art.  (60) 
As  an  illustration  of  this,  we  may  refer  to  example  1,  article  (60) 
in  which  the  second  differentials,  and  all  which  follow,  become  he 
finite  when  x  =  a. 


Examples. 


If  ♦ 
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r         X"  —   1 


s        a;  —  1 
\\]iich  becomes  §  when  x  =  1 

dr  =  nx"~^dx,  ds  =  dx, 

2.  If 

r       1  —  sin  X 


s  cos  X 


If 
lyrhich  becomes  i  when  x  =  ~, 


dr  =  —  cosxdx,  ds  =  —  sinxdx, 

=  0. 


_»  r ax"-  —  2acx  +  oc' 

s        hx^  —  2hcx  -\-  be*' 

dr  =  {2ax  —  2ac)dx,         ds  =  (2hx  —  2bc)dx, 

both  of  which  reduce  to  0,  when  x  =  c.     Differentiating  again, 

d"-r  =  2adx',  drs  =  2ldx% 

land 


(;)...=;■ 


<. 
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4.  Take     ^'  when  ar  =  0.       Ans.  la  —  Ih. 


nil 


(-0 


a;  =  0  «  -^ 


a; 

1  — 

sin  X  + 

cos  X 

sin  a; 

+  cos  ar 

—  1 

a  — 

X  —  ala  +  alx 

a  — 

-  Vlcuc- 

-3^ 

af 

X 

1  — 

X  +  Ix 

X  — 

2  sin  X 

«•    -"-■-^     -Y 


1. 


x=  I. 


X  =  0. 


62.  "We  sometimes  meet  wth  tlie  product  of  two  factors,  one 
of  which  becomes  0,  and  the  other  oo  ,  for  a  particular  value  of  tha 
variable.  Let  rt  be  such  a  product,  in  which  r  becomes  0,  and^ 
infinite.     It  may  be  written 


"  =  !• 


I 


which,  for  the  particular  value,  becomes  J.     Its  value  may  then  bo 
determined  as  in  the  preceding  articles. 

Example.  ^ 


Let  rt  =  {\  —  x)  tang  — ,  when         x  =  1. 
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Writing  it  under  the  proposed  form,  we  have 
1  —  X        1  —  a; 


rt  = 


.  irx 
cot  — , 


.  «x  2 

tang   — 


2 
the  true  value  of  which,  when  x  =  1,  is  -. 


63.  The  fraction  -  may  become  ~,  in  which  case  it  may  be 
s 

written 


r  1 

-  =  r  X  -, 

«  M 


which  becomes  co  x  —  =  °°  X  0,  and  may  then  be  treated  as  in 

00 

the  preceding  article. 

64.  Sometimes  also,  we  find  expressions  which  become  oo  —  oo. 

Let  , 

r         s 

be  such  an  expression,  r  and  s  becoming  0.     It  may  be  written 

L  _  J__  *  — »• 
r  s  rs 

which  will  reduce  to  §.     For  an  example,  take 

X  If 

cot  X         2  cos  X 
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which  becomes  oo  _  oo,  when  x  =  1     By  reduction  we  obtain 


-  t 
xsin  X  —  - 
2, 

cos  X 


the  true  vjdae  of  which  is,  —  1,     when  *  =  g* 


MAXIMA    AND    MINIMA. 


65.  A  function  is  at  a  maximum  state,  or  o  majcimum,  when  it 
it  greater  than  flu  state  which  immediately  precedes,  and  greater 
also  than  the  slate  which  immediately  follows  it  ;  and  a  minimum^ 
tehen  it  is  less  than  both  of  these  states. 

Thus,  if  u  be  a  function  of  x,  and  x  be  decreased  so  as  to  give 
the  next  preceding  state  to  u,  denoted  by  u",  and  then  increase^ 
by  the  same  quantity,  so  as  to  give  the  next  succeeding  state  u' ; 
if  u  be  greater  than  both  u"  and  u'  it  will  be  o  maximum  ;  if  lesa^ 
a  minimum. 


66.  If  tt  is  a  function  of  x,  and  x  supposed  to  be  increasing,  it 
is  evident  that  when  passing  from  the  preceding  states  to  its  max- 
imum, M  must  increase  as  .r  increases,  that  is,  be  an  increasing 
function  of  x ;  and  when  passing  from  its  maximum  to  the  suc- 
ceeding states,  it  roast  decrease  as  x  increases,  that  is,  be  a  d«- 
ereasing  function  of  x.  In  the  first  case.  Art.  (12),  the  sign  of  ite 
iirnt  diflV-rentiHl  coefficient  must  be  positive,  and  in  the  second^ 
negative ;  therefore  at  the  maximum  state  the  first  differential  eo- 
tJUitnt  mutt  change  its  sign  from  phis  to  minus.  For  a  similar 
reason  at  a  minimum  state,  the  first  differential  coefficient  must 
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^ange  its  sign/rom  minus  to  plus.  But  as  a  quantity  can  change 
its  sign  only  by  becoming  zero  or  intiuity,  it  follows  that  no  value 
of  the  variable  will  g^ve  a  maximum  or  minimum  value  to  the 
function,  unless  the  same  value  reduces  the  first  differential  coeffi- 
cient to  zero  or  infinity. 

The  roots  of  the  two  equations 

%  =  ' «■      ""^     1="-    ?„  =  « «- 

will  then  give  all  the  values  of  x,  which  can  possibly  make  u  a 
maximum  or  a  minimum.  After  having  obtained  these  roots,  let 
each,  first  with  an  infinitely  small  decrement,  and  then  with  an  in- 
finitely small  increment,  be  substituted  in  the  given  function  ;  if 
both  the  results  are  less  than  the  one  obtained  by  substituting  the 
root,  the  latter  will  be  a  maximum  ;  if  both  are  greater,  a  minimum. 

Or  if  it  be  mure  convenient,  let  each  of  these  roots,  with  an  infi- 
nitely small  decrement  and  increment,  be  successively  substituted  in 
the  first  differential  coefficient ;  if  the  first  result  be  positive,  and 
the  second  negative,  the  root  will  make  the  function  a  maximum ; 
if  the  reverse,  a  miuimum.  If  the  two  results  have  the  same  sign, ' 
the  root  under  consideration  will  give  neither  a  maximum  nor 
a  minimum. 

Since  equations  (1)  and  (2)  may  give  several  roots  which  will 
fulfil  the  required  conditions,  there  may  be  more  than  one  maxi- 
mum or  minimum  state  of  the  same  function. 


Examplea. 

1.  If  M  =  a  -f  (x  -  hf (3), 

du        _,  J.  ,  dx  \ 

=  2{^x  —  h)  and 


dx  du        2{x  —  h) 
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Placing  —  =  0,  we  have 
dx 

2(x  —  6)  =  0  ;  whence  x  =  b 

If  in  equation  (3)  we  substitute  first,  b  —  A  for  x,  and  then 
6  +  A,  we  have 

u"  =  a  +  h^  and  u'  =  a  +  h^ 

both  of  which  for  all  values  of  h  are  greater  than  u  =  a,  the  result 

obtained  by  substituting  6  for  a? ;  fience     u  =  a     is  a  minimum. 

dx 
The  only  value  of  x  which  will  reduce  -—to  0  is  x  =  oo  ;   there 

dv, 

is  then  no  finite  value  of  x  which  will  satisfy  this  condition,  hence 

X  =  h  gives  the  only  minimum  state,  and  there  is  no  maximum. 

2.  If 

u  =  a  —  {x  —  bY (4) 

^  =  _^Z1_„  and  dx  _-Z{x-b)^ 

dx        'd{x  —  6)3  du  2 


du 
dx 
tion. 


Placing  —  =  0  we  obtain  x  =  oo ,  which  gives  no  finite  solu- 


Placing  _  =  0,  we  have 
du 

3(x  —  6)  =  0 ;         whence         x  =  b. 

If  then  in  (4),  we  substitute  first  b  —  A,  and  then  b  +  /*,  for  x, 
we  have 


tt"  =  a  —  A3  and         u'  =z  a  —  A», 
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both  of  which  are  less  than  u  =  a,  the  result  of  the  substitution 
of  i  for  X  ;  u  =  a  is  then  a  maximum  and  the  only  one,  and  there 
is  no  minimum. 

If  in  the  first  differential  coeflScienfcs  in  the  above  examples  we 
substitute  b  —  h  and  J  +  A  for  x,  we  obtain  in  the  first,  for  i  —  h 
a  negative,  and  for  J  +  A  a  positive  result,  and  in  the  Becond  the 
reverse,  as  it  should  be. 


67.  When  the  states  which  immediately  precede  and  follow  the 
maximum  or  minimum  state  of  u,  can  be  deduced  from  Taylor's 
formula,  a  more  convenient  rule  may  be  applied.  To  demonstrate 
it;  let 


i 


u  =/(x), 


then 


u'  =J\x  +  h) 
and  by  Taylor's  formula 


u"  =f{x  -  A), 


,  du  T        d^u     h^     ,    d^u      h^  « 

u'  —  u=        -r  "  +  -v^ +  -r-i h  *C' 

dx  dx'    1.2         da^    1.2.3 

«"-«=_  ^A  +  ^_^_^_^+&c. 
dx  ds?    1.2         d3?    1.2.3 


>  Art.  (34.) 


In  order  that  u  be  a  maximum  it  must  be  greater  than  both  u' 
and  u",  that  is,  the  second  members  of  the  above  equations,  for  an 
infinitely  small  value  of  h,  must  be  negative ;  and  for  a  minimum 
the  reverse.  But  for  any  value  of  h  less  than  the  one  referred  to 
in  aiticle  (11),  (and  of  course  when  h  is  infinitely  small),  the  signs 
of  the  series  will  be  the  same  as  the  signs  of  their  first  terms  ;  but 
these  terras  have  contrary  signs,  hence  there  can  be  neither  maxi- 
mum nor  minimum  unless  the  first  term  of  each  series  be  0,  which 
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requires  that  ^  =  0.     The  roots  of  this  equation  will  then,  in  the 

dx 
case  under  consideration,  give  all  the  values  of  x  which  can  possibly 

make  u  either  a  maximum  or  minimum. 

Let  a  be  one  of  these  roots,  and  let  it  be  substituted  for  x  in  the 

two  series,  then,  since  (  -3^  |       =  0,  we  have 


/du\ 
\dxj,^. 


(u        «),„„_  \^,j^_^  J  2    ^  yd^)..a   1.2.3 

(u"  -u)  -  ('^\  -I-  -  r^"^  -^ + &c. 

^"  ^""-[^^j.^al-'i  l^^^J,_a     1.2.3      ^ 

The  signs  of  the  series  now  depend  upon  that  of  j   —  J      ,  and  will 

,      ,     ,  .  :.  •  -e  /^«\ 

both  be  negative,  and  M^_a  a  maximum,  it  j  --   |        ts  nega- 

live  ;  and  the  reverse  if  this  is  positive.     But  if  (  — -  )       =0,  tlio 

signs  of  the  series  will  again  be  contrary,  and  there  can  be  neither 
maximum  nor  minimum  unless  /  —   |       =  0,  in  which  case  the 

/d*u\ 
signs  will  be  the  same  as  that  of/  —  j       :  And  in  general,  if  there^ 

be  either  a  maximum  or  minimum,  the  first  differential  coeflacient 
which  does  not  reduce  to  0  when  x  =  a,  must  be  of  an  even  order, 
vrpaiive  for  a  maximum,  and  positive  for  a  minimnm.  Whence  to 
determine  the  maximum  or  minimum  states  of  a  given  functioui 
Find  ita  first  d'iffcrential  coe^icient  and  place  it  equal  to  0  ;  substi- 
tute each  of  the  real  roots  of  the  equation  thus  formed,  in  the  second 
differential  coefficient.  Each  one  which  yives  a  negative  result,  tnll:. 
trhen  suhntitnfcd  in  thv  function  make  it  a  maximum,  and  each  which 
gives  a  positive  result  loill  make  it  a  minimum.      If  either  reduce 
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the  second  differential  coeflicient  to  0,  substitute  in  tlie  third,  f out  th^ 
dec.  until  one  be  obtained  which  does  not  nduce  to  0.  If  this  be 
of  an  odd  order,  the  root  will  correspond  to  neither  a  iruiximuin  nor 
minimum  ;  if  of  an  even  order  and  neffative,.tfiere  mill  be  a  corres- 
ponding maximum  ;  if  positive,  a  minimum. 


Examples. 

a? 

tt  = 1-  aa-*  —  3a'x, 

3 


1.  If 

^!i  =  r"  +  2ax  —  3a',  '^=  2x  -{■  2a. 

dx  dj? 


(P« 


.(1). 


dxi 
IMacing  the  value  of  —  =0,  we  have 
dx 


a?  +  2ax—  Za^  =  0, 

the  roots  of  which  are  x  ^  a,  and  x  =  —  3a.  Tlie  first  substi- 
tuted in  (1)  gives  4a,  which  being  positive,  indicates  a  minimum. 
Tlie  second  substituted  in  (1)  gives  —  4a,  which  indicates  a  maxi- 
mum.    Substituting  the  roots  in  the  given  function,  we  have  for 

5a' 
the  minimum  u  =  —  — ,  and  for  the  maximum  u  =  9a\ 
3 


2.  If 


u  =  2x*  +  a\ 


du 
dx 


=  81^  +  a\ 


dru 
d? 


=  24a:*. 


.(2). 


Placing  the  value  of  — -  =  0,  we  have 
dx 


Sr*  -f  a'  =  0; 
12 


whence 


a 

X  = . 
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1'Lis  value  of  x  in  (2)  gives  6a%  and  indicates  a  minimum,  which 

IS  u    =  —   — . 
8 


68.  Let  V  =  Am, 

u  being  any  function  of  x.     By  differentiation,  &c.,  we  have 

dv  __  f^du  (Pv  _   .d^u , 

dx  dx  dx^  dx^ ' 

from  which  it  appears,  that  those  values  of  x,  which  make  —  =  0, 

dx 

will  also  make  —  =0,  and  the  reverse.     Also,  that  any  of  these 
dx 

values,  when  substituted  in  the  second  differential  coefficients,  will 
give  results  affected  with  the  same  sign.  Hence  every  value  of  x 
which  will  make  u  a  maximum  or  minimum  will  make  Au  a  maxi- 
mum or  minimum.  Therefore  a  constant  positive  factor  may  be 
omitted  during  the  search  for  those  values  of  the  variable  corres- 
ponding to  a  maximum  or  minimum. 
To  illustrate,  take  the  example 

i(2ax  — ar') (1).  ' 

a 

Omitting  the  constant  factor,  we  may  write 

u  =  2ax  —  «*, 

du       -         _  d^u 

-r-  =  2a  —  2x,  ««^_  _  2 

dx  da^ 


Placing  _  =  0,  we  find  x  =  a,  which  in  (1)  gives  the  maxl> 
mum  value  ab. 
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09.  Let  r  =  «", 

lud  r  being  functions  of  x,  and  n  entire.     Then 


dv  -_i  du 

dx  dx 


d^v  „_i  d^u  ,  ,v  n-odu^ 

Now  every  value  of  x  which  ^vill  make  —  =  0,  will  also  make 

dx 
j_ 
=  0  ;  and  if  the  same  value  makes  tim""'  positive,  it  will  give  to 

—  the  same  sijm  as (since =  0) :  that  is,  if  it  makes  u 

da*  °        dx^  ^  dj^  ' 

%  maximum  or  minimum  it  will  make  v  a  maximum  or  minimum. 


d^v 
If  it  makes  nu'^^  negative,  it  will  give  to— -^  asign  contrary  to  that 


of ;  that  is,  if  it  makes  u  a  maximum,  it  will  make  v  a  minimimi, 

ud  the  reverse. 

All  values  of  ar,  however,  which  will  make  t>  =  m"  a  maximum 
w  minimum,  will  not  necessarily  make  u  a  maximum  or  minimum, 
ior  the  equation 

dv  „  \du       _ 

-  =  TIM"-'  J-  =  0, 
dx  dx 

nfty  be  satisfied  by  making  either 

nu      =0,  or  -—  =  0. 

dx 

Those  values  of  x  which  satisfy  the  first,  and  not  the  second  of 
equations,  will  make  «  neither  a  maximum  nor  minimum, 
may  make  t>  =  u"  a  maximum  or  minimum.     As  in  the  ex- 
iple. 
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;  V  =  (a'  -  iPy  =  u\ 

dv=  2udu  —  —  2u~. 

ax  ax 


We  may  make  —  =  0,  by  placing  either 
dx 


2m  =  2(a'  —  3^)  z=  0;         whence         x  =  a, 


-  =  -  3^  =  0,  «  a;  =  0. 

dx 


The  value  ar  =  a  evidently    makes  v  a  minimum,   but  as  it 

does  not  reduce  —  =  —  Sj:*  to  0,  it  will  make  u  neither  a  maxi- 
dx 

mum  nor  minimum. 

The  value  a;  =  0  answers  to  neither  a  maximum  nor  a  minimum. 

As  the  corresponding  power  of  a  radical  expression  is  formed  by 

the  omission  of  the  radical,  we  may,  in  accordance  with  the  above 

principles,  omit  it,  and  seek  those  values  of  the  variable  which  will 

make  the  power  a  maximum  or  minimum.     We  are  sure  thus  to 

get  all  the  values  which  will  make  the  root  a  maximum  or  miiQ- 

mum.     Care  should  be  taken,  however,  not  to  use  any  of  those 

which  belong  only  to  the  power. 


To.  Ii;  a  manner  similar  to  the  above,  it  may  be  shown  that  any 
value  of  the  variable  which  will  render  u  a  maximum  or  minimiun 
will  also  render  log  «  and  a"  a  maximum  or  minimum. 


71.  It  often  hajipens  that  the  first  differential  coefiicient  is  collie 
j»osed  of  two  or  more  variable  factors,  each  of  wliich,  when  platili 


r 
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equal  to  0,  may  give  values  of  the  variable,  corresponding  to  maxi- 
mum or  minimum  states  of  the  function.     Let 

»^  =  XX', 
ax  , 

be  such  a  coefficient,  X  being  0  when  x  =  a.     Then 

cPu Y  ^^'    I    Y/  ^^  . 

da?  dx  dx 

or  since  X  =  0  when  x  =  a. 


That  is,  to  obtain  the  corresponding  value  of  the  second  diffe- 
rential coefficient;  multiply  the  differential  coefficient  of  that  fac- 
tor which  is  0,  hy  the  other  factors^  and  then  substitute  the  particu- 
lar value  of  the  variable.     To  illustrate,  let 


i 


u  =  x-(x  —  ay, 

—  =  2x{x  —  ay{4x  —  a), 
dx 


which  is  equal  to  0,  when 

2.C  =  0;  whence  x  =  0 (1). 

{x  —  ay=  0;  "  X  =  a (2). 


(4.r-a)  =  0;  "  x  =- (3). 


Taking  the  first  factor  2.r,  and  multiplying  its  diflcreutial  coeffi- 
cient by  the  other  factors,  we  obtain  the  expression 
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2{x  —  aY{4z  —  a)  ; 
from  which,  by  making  a;  =  0,  we  obtain 


=  2a^ 


wliich  indicates  a  minimum. 

Multiplying  the  differential  coeflScient  of  the  third  factor  4x  —  a, 
by  the  others,  and  making  x  =  -,  we  obtain  a  negative  result, 

which  indicates  a  maximum. 

cPu  .  d^u 

The  second  value  of  x  reduces  — -  to  0,  but  will  make  -^    posi- 

dj?  dir 

tive,  and  give  a  minimum,  Art.  (6Y). 


72.  K  the  function  be  implicit,  we  have  only  to  find  its  differen- 
tial coefficient  as  in  article  (17)  or  (53),  and  proceed  as  with  an 
explicit  function.     To  illustrate,  take  the  example 

f  -  2mxy  +  3?  —  a^  =  0 (1), 

and  let  it  b»-required  to  find  the  value  of  x  which  will  make  y  a 
maximima  or  minimum.  By  differentiating  as  in  article  (53),  we 
obtain 


2Wy  —  2mxc?y  —  2mydx  +  2xdx  =  0  ; 
whence 

dy  _my  -  X  . 


> 


dx       y  —  mx  I 

Placing  this  equal  to  0,  we  have 

*ny  —  X  =  0  ;         whence         x  =  my, 


i 
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which,  in  equation  (1),  gives 


a  ,  ma 

y  =  ;  whence        x  = 


Vl  —  ni»  Vl  — 


Diflferentiating  the  factor  my  —  x,  equation  (2),  dividing  by  dx, 

and  multiplying  by ,  Art  (71),  we  obtain  the  expression 

y  —  mx 

y  —  mx        dx 

^  which,  by  the  substitution  of  the  values  of  yandar,  (since  then 

.-r-  =  0),  becomes 

\dx 


a-y/l  —  rr^ 
and  indicates  a  maximum. 


73.  The  only  difficulty  in  the  application  of  the  preceding  prin- 
ciples to  the  solution  of  problems,  consists  in  obtaining  a  convenient 
hlgebraic  expression  for  the  function  whose  maximum  or  mini- 
mum state  is  required.  No  general  rule  can  well  be  given  by 
which  this  expression  can  be  found.  In  order  to  indicate  as  clear- 
iy  as  possible  the  methods  to  be  pursued,  we  will  give  the  solution 
bf  several  cases  differing  from  each  other. 

1.  Required  the  dimensions  of  the  maximum  cylinder,  which 
can  be  inscribed  in  a  given  right  cone. 
Suppose  a  cylinder  inscribed,  as  represented  in  the  figure.     Let 
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,    B 


VA  =  a,    BA  =  h,     VC  =  X,      CO  =  y 

V 

then         AC  =  a  —  x,      and  the  solidity  of 
the  cylinder,  which  we  denote  by  v,  is  equal  to 

*/(a-^) (1). 

From  the  similar  triangles  YCO  and  VAB, 
we  have  the  proportion 


X  :  y  ::  a  :  h] 


whence 


hx 

y  =  — 

a 


Substituting  this  value  in  (1),  we  have 


V  =  ——x'(a  —  X). 
a 


(2). 


Omitting  the  constant  factor,  Art.  (68),  we  may  write 

u  =  cuxP  —  a:* ; 
whence 


-  =  2ax^  3x% 
dx 


du 


dx 


,^  =  2a  —  6x (3). 


Placing  "t!!  =  0,  we  find  the  roots  x  =  0,  and  x  =■  \a.     Th( 
dx 


second  value  of  x  in  (3)  gives  —  2o,  and  therefore  will  make  w  a 
maximum,  which  is 


27 

For  the  altitude  of  the  maximum  cylinder,  we  have  a  —  a;  =  ^ 
and  for  the  radius  of  the  base  y  =  ^6. 

Tlio  first  value  of  rin  (3)  gives  2a,  which  indicates  a  niinimtrtl, 
which  is  evidently  r  =  0. 
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2.  R^iquired  to  draw  a  tangent  to  the  given  quadrant  ABD,  so 
that  the  triangle  CFG  shall  be  a  minimum. 


Let  CB  =  R,  FB  =  X,  BG  =  y  ; 
then  FG  =  x  -\-  y.  The  area  of  the 
triangle  is  equal  to  ^CB  x  FG,  which  ' 
since  J^CB  is  constant,  will  be  a  minimum 
when  FG  is  a  minimum,  Art.  (68).  In  the 
right  angled  triangle  CFG,  since  CB  is  per- 
pendicular to  FG,  we  have 


R" 


xy 


whence 


R« 

y  =  —, 

X 


and 


FG=:   M 


X   +   — 
X 


^  -  1  _  5!  -  ^  -  R' 

dx  se^  a^      * 


which,  being  placed  equal  to  0,  gives  a;  =  R,  and  y  =  R. 

Hence  the  angle  BCF  =  45®.     Obtaining  the  corresponding 

<Pu  2 

value   of  — -,  as  in  Art.  (71),  we  find  for  a  result  — . 
air  R 


3.  The  whole  surface  of  a  right  cylinder  being  given,  it  is  re- 
quired to  find  the  radius  of  the  base,  and  altitude,  when  the  so- 
lidity is  a  maximum. 

Let  m^  =  the  surface,  z  =  the  radius  of  the  base,  and  z  ^=  the 
(altitude,  then 


fx'z. 


But 


13 
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m*  =  2ifxz  -\-  2*0^ ;         whence         z  = 
therefore 


2ifx 


m  X  3 

V  = '!rx\ 

2 


and       x  =  \/— ,  and        z=2  \/^,  when  v  is  a 

V  6*  '    6* 


6* 
maximum. 


4.  Required  to  divide  a  given  quantity  a,  into  two  parts,  such 
that  the  n?th  power  of  one,  multipKed  by  the  nth.  power  of  the 
other,  shall  be  a  maximiun. 


If  a;  =  one  of  the  parts,  then    x  = 


m  -\-  n 


5.  In  a  given  triangle,  it  is  required  to  inscribe  a  maximum  rec- 
tangle. 

The  altitude  of  the  rectangle  =  ^  altitude  of  triangle. 

6.  A  certain  quantity  of  water  being  given,  it  is  required  to  find 
the  relation  between  the  radius  of  the  base  and  altitude  of  a 
cylindrical  vessel,  open  at  the  top,  which  shall  just  hold  the  water 
and  have  its  interior  surface  a  minimum. 

The  radius  =  the  altitude. 

7.  Required  the  maximum  rectangle  which  can  be  inscribed  in  a 
circle. 

Each  side  =  R-v/27 

8.  Required  the  maximum  cone  which  can  be  inscribed  in  a 
given  Bphere. 
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9.  Required  the  minimum  triangle  that  can  be  circumscribed 
ab^'ut  a  given  portion  of  a  semi-parabola. 

10.  Required  the  maximum  cylinder  that  can  be  inscribed  in  a 
given  ellipsoid  of  revolution. 

11.  Required  the  axis  of  the  maximum  parabola  that  can  be 
cut  from  a  given  right  cone. 

12.  Required  the  minimum  value  of  y  in  the  equation  y  =.  of. 


MAXIMA    AND    MINIMA   OF   FUNCTIONS   OF   TWO  OR 
MORE    VARIABLES. 

74.  A  function  of  two  or  more  variables  is  a  maximum  when  it 
is  greater,  and  a  minimum  when  it  is  less,  than  all  of  its  consecu- 
tive states.     Let 

M  =  /(«,  y\         then         u'  =f{x  +  h,y  -{•  k), 

u'-u  =  h{p+  p't)  +   ^  (?  +  ^'t  +  q"(^)  -f  &c (1), 

ifter  placing  in  the  development  of  article  (49), 

K  —  /tt,  —   —  j;,  —  —  /; , 

dx  ay 

The  sign  of  this  series,  when  h  is  infinitely  small,  will  depend 
tpon  the  sign  of  its  first  term.  Now  we  shall  obtain  all  of  the 
ionsecutive  states  of  it,  by  giving  to  h  and  k  proper  infinitely  small 
idues,  both  positive  and  negative  ;  and  therefore,  when  u  is  either 
I  maximum  or  a  minimum,  the  sign  of  u'  —  u  for  all  these  values 
»f  A  and  k  must  be  the  same  :     But  the  first  term  of  the  series  (1) 
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evidently  changes  its  sign  when  the  sign  of  h  changes ;  there  can^ 
then,  be  neither  a  maximum  nor  a  minimum,  unless 

k{p  +  p't)  =  0         or        p  +  p'i  =  0, 

]^ 

and  since  this  must  be  0  for  all  values  of  <  =  -,  we  must  have  se- 

h 

parately  p  =  0  and  p'  =  0,  or 

g=« <^)      !"=« w- 

The  values  of  x  and  y,  deduced  from  these  equations  and  substi- 
tuted in  the  second  term  of  series  (1),  {h  and  k  being  infinitely 
small,)  should  make  it  negative  for  a  maximum  and  positive  for  a 
minimum.     This  term  may  be  put  under  the  form 

h^q"l  q 


•which,  if  there  be  a  maximum  or  minimum,  must  not  change  i' 
sign  for  any  value  of  t ;  but  this  requires  that  the  roots  of  the 
equation 

e^2^t  4-^  =  0 
'       q"     ^  q" 

be  either  imaginary  or  equal ;  that  is,  that  q  and  q"  have  the  san^e 
sign,  and         q'^  ■<  qq"         or         q'^  =  qq". 
The  conditions  then  are 

\dxdyj   ^  dj^  ^  If  ''''  "  J?  ^  df' 

and  also  that  _-_and  — _  have  the  same  sign,  after  the  values  ol 
da*  dy*  ^  ' 

X  and  y  deduced  from  the  equations  -^  =  0  and  —  =    0  hav« 

dx  dy 
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been  substituted :     And  since  the  sign  of  the  second  term  will 

cPu 
then  depend  upon  q",  the  sign  of  -—  must  be  negative  for  a  max- 
imum, and  positive  for  a  minimum. 

If  the  second  term  becomes  0,  we  must  substitute  the  values  of 
X  and  y  in  the  third,  which  must  also  be  0,  and  the  sign  of  the 
fourth  negative  for  a  maximum,  and  [lositive  for  a  minimum ;  the 
discussion  of  the  several  conditions  of  which,  although  compUca- 
ted,  may  be  made  in  a  manner  similar  to  the  above. 


Examples. 

1,  Required  to  divide  a  number  a  into  three  parts,  such  that 
the  cube  of  the  first,  into  the  square  of  the  second,  into  the  first 
power  of  the  third,  shall  be  a  maximum. 

Let  X  =  the  first  part,  and  y  =  the  second ;  then  a  —  x  —  y 
=  the  third,  and 

u  =  a?y'  {a  —  X  —  y), 

—  =  xy(3a  -  3y  -  4x),  ^  =  :^y{2a  -  3y  -  2x). 

dx  ay 

Placing  these  equal  to  0,  we  have 

3a  —  3y  —  4a;  =  0,         2a  —  3y  —  2a;  =  0  ; 

krbence 

a  a 

X  z=—,  y  =z  —. 

2'  -^3 

We  have  also 

q  =^,  =  W{3a  -3y-  6x), 
dx* 
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q>  =  —  =  a^y{6a  —  9y  -  8x), 
dxdy 

?"  =  ^  =  x\2a  -6y-  2x\ 
df 

which  for  the  particular  values  of  x  and  y  become 

_  a*  _   a*  _  ^ 

9"*  \^  8" 

Hence 

^  144  ^  ^^  7?  rf/  8  ' 

.     a* 

u  is  therefore  a  maximum  when  its  value  is . 

432 

2.  Make  the  preceding  proposition  general,  by  putting  for  the 
cu])e,  square,  and  first  power,  the  with,  nth,  and  rth  powers. 
Then 

tf  =  Qg^if'^a  —  X  —  yY, 

ma  na 


m  +  n  +  r  m  +  n  +  r 

3.  Required  the  shortest  distance  from  a  given  point  to  a  given 
plane. 

Let  the  equation  of  the  plane  be  placed  under  the  form 


z  =  Ax  +  By  +  J), 
and  the  co-ordinates  of  the  given  point  be  x\  y',  and  z' ;  then 

tt  =  Vix  -  x'Y  +  {y-  y'Y  +  {z-  z>)\ 
or  putting  for  z  its  value, 

«=  V{x  —  x'Y  +  (y  —  y'Y  +  (Aa?  +  By  +  D  -  z')». 
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Calling  the  radical,  R,  we  shall  have 

du_  _  y  —  y  +  (Aa;  +  By  +  P  —  zQB 
_  _  , 

du  _  X  —  x'  +{Ax  +  By  +  !>  —  z')A 
d^~  R 

Placing  these  equal  to  0,  and  solving  the  resulting  equations, 
we  may  obtain  the  values  of  x  and  y  ;  and  thence,  of  z.  Or  other- 
wise, putting  for  Aa;  +  By  +  D  its  value  z,  we  have 

y  _  y'  4-  B(z  —  z')  =  0,     and     x  —  x'  +  A(z  —  z')  =  0, 

which  are  evidently  the  equations  of  a  perpendicular  to  the  plane, 
and  if  combined  with  the  equation  of  the  plane  will  give  the  values 
bf  X,  y,  and  z. 

75.  In  order  that  a  function  of  three  or  more  variables  be  a 
maximum  or  a  minimum,  we  must  have 

—  =  0,  —  =0,  —  =  0 &c., 

dx  dy  dz 

tnd  the  relation  between  the  partial  differential  coefBcients  of  the 
tecond  order  must  be  such,  that  the  second  term,  in  the  develop- 
ment of  the  difference  u'  —  u  shall  remain  of  the  same  sign,  for 
an  the  consecutive  values  of  the  function. 


APPLICATION    OF    THE    DIFFERENTIAL    CALCULUS 
TO    CURVES. 


16.  To  X  in  the  expression 
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assign  a  particular  value,  and  deduce  the  corresponding  value  of  u. 
These  values,  taken  together,  may  be  considered  the  co-ordinates 
of  a  point  which  may  then  be  constructed.  By  assigning  an  in- 
finite number  of  values  to  x,  and  deducing  the  corresponding 
values  of  «,  an  infinite  number  of  points  may  be  determined, 
which,  being  joined,  will  form  a  curve  whose  equation  is  u  =/(x)i 
Hence,  we  conclude  that  every  function  of  a  single  variable  may  fie 
regarded  as  the  ordinate  of  a  curve,  of  which  the  variable  is  the 
abscissa. 


77.  Let  BMM'  be  a  curve,  the  equation  of  which  is  y  =  f[x)  ; 
and  M  any  point  of  this  curve,  the 
co-ordinates  being  x  and  y.  Itt- 
crease  the  abscissa  AP  or  x,  by 
the  variable  increment  PP'  =  A} 
denote  the  corresponding  ordinate 
P'M'  by  y'  ;  and  draw  the  secagt 
M'MT'.    Then 


M'Q  =  P'M'  -  PM  =  y'  -  y  =  PA  -f  P'A» Art.  (10). 

From  the  triangle  M'MQ,  we  have 

tang  M'MQ  =  M^-  =  tang  MT'X, 
MQ 


Y 

/ 

/^ 

M, 

r 

Y 

\ 

* 

// 

4 

\ 

N      2 

r        T  i 

h.    1 

f     1 

1^  t.    ^ 

and  placing  for  M'Q  and  MQ  =  PP',  their  values,  this  becomeB 

tang  MT'X  =  ^^  \  ^'^'  =  P  +  T'h (1). 

h 

Now  if  A  be  diminished,  the  point  M'  approaches  M,  and  the 
secant  M'T'  approaches  the  tangent  MT,  and  finally  when  A  =  0, 
the  point  M'  coincides  with  M,  and  the  secant  with  the  tangent. 
If  then  in  (1)  we  make  A  =  0,  we  have 
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tang  MTX  =  P  =  ^ ; 
dx 

that  is,  the  tangent  of  the  angle  which  a  tangent  line  at  any  point 
of  a  curve  makes  with  the  axis  of  X,  is  equal  to  the  first  differen- 
tial coefficient  of  the  ordinate  of  the  curve.  To  show  the  applica- 
tion of  this  principle,  let  us  take  the  equation  of  a  circle 

!^  +  f  =  -R'; 

whence 


•(2); 


dy  _         X 
dx  y 

for  the  general  value  of  the  tangent  of  the  angle  made  by  a  tan- 
gent at  any  point  of  the  circumference,  with  the  axis  of  X. 

If  the  particular  value  at  a  point  whose  co-ordinates  are  x"  and 
y"  be  required ;  for  x  and  y,  let  x"  and  y"  be  substituted,  then 


dy" 
dx" 

y"' 

Take  also  the  equation 

y^  =  mx 

+  nx^; 

whence 

1 

dy 
dx 

m  +  2nx 
2y 

m  +  2nx 

V 

2Vmx 

+  nx' 

For  the  particular  point  y"  and  x",  this  expression  becomes 


*  Note. — The  notation  Jl,    _JL,   &c.,  is  used  to  indicate  what  the 
dx"     d3f'* 

first,  second,  &c.  differential  coefficients  become,  when  for  the  general  vari- 
ables X  and  y  the  particular  values  x"  and  y"  are  substituted. 
14 
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dy"  _       OT  +  2nx" 
^'  2Vvu"  +  71X"' 


78.  If  it  be  required  to  find  the  point  of  a  given  curve,  at  which 
the  tangent  line  makes  a  given  angle  with  the  axis  of  X,  we  know 
that  at  this  point  the  fii-st  differential  coefficient  must  be  equal  to 
the  tangent  of  the  given  angle.  Calling  this  tangent  a,  we  must 
then  have 

ax 

and  this  combined  with  the  equation  of  the  curve  will  give  the 
particular  values  of  x  and  y,  for  the  required  point. 

If  the  tangent  line  is  to  be  parallel  to  the  axis  of  X,  then  for 

the  point  of  tangency,  -^  =  0  ;  and  if  perpendicular,  — ^  =  oo. 
ax  dx 

We  will  illustrate  each  of  these  cases  by  an  example. 

1.  Let  it  be  required  to  find  the  point  on  a  given  parabola,  at 
which  the  tangent  line  makes  an  angle  of  45°  with  the  axis.  The 
equation  of  the  parabola  is  y*  =  2px,  by  the  differentiation  of 
which,  &c  we  have 

dy  _  p^ 
dx        y 

But  as  tang  45°  =  1,  we  have,  for  the  required  point, 

dx       y         ' 
and,  combining  this  with  the  equation  y^  =  2pz,  we  find 
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ITie  tangent  at  the  extremity  of  the  ordinate  passing  through 
the  focus,  will  then  fulfil  the  required  condition. 

2.  Let 

y  =  a  +  {c-  xy (1) 

1 1  present  a  curve ;  then 

^  =  -  2(0  -  .), 
dx 

uliich  is  equal  to  0,  when  x  =  c  ;  and  this  value  of  x  in  (1)  gives 
7/  =  a.  These  are  then  the  co-ordinates  of  the  point  at  which  the 
tangent  is  parallel  to  the  axis  of  X. 

3.  Let 

y  =  a  -f  (c  —  a?)* 
1.  [resent  a  curve ;  then 

dy  1 


dx 


2(c  —  x)* 


wliich  is  equal  to  infinity,  when  x  =  c.  x  =  c  and  y  =  a  are  then 
tlie  co-ordinates  of  the  point  at  which  the  tangent  is  perpendicular 
to  the  axis  of  X. 


79.  If  x"  and  y"  represent  the  co-ordinates  of  a  given  point  on 
a  given  curve,  whose  equation  is  y  =  f{x) ;  the  equation  of  a 
straight  line  passing  through  this  point  will  be 

y  —  y"  —  a{x  —  x"), 
a  being  indeterminate.    This  will  become  the  equation  of  a  tan- 
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J 


dy" 
gent  line  at  the  given  point,  if  for  a  we  put  -^.    We  thus  ob- 
tain 


y-y"  =^£^{x-x") (1). 

By  differentiating  the  equation  of  an  ellipse 

we  deduce 

dy  Vx  ,  dy"  iV 

_?  = ;  whence  -^—  =. , 

dx  a^y  dx"  c^y" 

and  this  value  in  (1 )  gives,  for  the  equation  of  a  tangent,  to  an 
ellipse  at  the  point  y",  a?", 

I 
y  —  y"  = —  (x  —  x") 

which,  by  reduction,  becomes  o^y^'  +  Wxx"  =  a^b^. 


80.  If  the  equation  of  a  tangent  be  required,  which  shall  be  pa- 
rallel to  a  given  line,  or  make  a  given  angle  with  the  axis  of  X  ; 
we  may  determine  the  co-ordinates  of  the  point  of  contact  as  iu 
article  (78) ;  and  knowing  these,  the  equation  may  be  deduced  as 
above. 

Thus,  if  a  tangent  to  a  circle  be  required  to  make  with  the  axis 
of  X  an  angle  whose  tangent  is  2,  we  must  have  for  tlie  required 
point,  equation  (2),  Art.  (77), 


^  =  -    -^  =  2. 
dx  V 
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From  this,  we  find  y  ■=. ,  which,  combined  with  the  equa- 
tion of  the  circle,  gives 

^  2R  „  R  ,, 

a:  =  ±  — —  —  x"  y  =  ^  —7=-  —  y  ' 

Vo  V5 

and  equation  (1),  Art.  (79),  becomes,  when  we  use  the  upper 
signs, 

R        „/  2R\ 

y  +  -7^=2f  X  -  -— J     or       i/=2x—R\/5. 


V 


81.  The  general  equation  of  a  normal,  deduced  from  equation 
1  (1),  article  (Y9),  is  endently 

V  —  v"  = (x  —  x"). 

tor 

y  —  y"  = (x  —  x"). 

"        ^  dy"  ^  ' 


82.  The  right  angled  triangle  MTP  (Figure  of  Art.  77)  gives 
IPM  =  FT  tang  MTP  ;  hence        PT  =       ^^ 


tang  MTP ' 
ior 

Suhtangent  =  —  ^  y — . 
dy  dy 

dx 
Also 

MT  =  VmP*  +  PT*. 


110 
or 


DIFFERENTIAL     CALCULUS. 


Tangent  =  ,Jf+f^^  =  y^l^^^- 


The  right-angled  triangle  PMK  gives 

PR  =  MP  tang  PMR ;        but        PMR  =  MTP ; 

hence 


PR  =  MP  tang  MTP,        or 

Also, 

MR=  VmF  +  Pif^ 


Subnormal  =  y-^. 
ax 


hence 

To  apply  these  formulas  to  a  particular  curve,  it  is  only  necessa- 

(jfp  nil  I 

ry  to  substitute  in  each  the  value  of  — ,  or  -^,  deduced  from  the  I 

ay         ax  I 

differential  equation  of  the  curve.  The  results  will  be  general! 
for  all  points  of  the  curve.  If  the  values  for  a  given  point  be  re- 1 
quired,  in  these  results  let  the  co-ordinates  of  the  point  be  sub- 
stituted for  X  and  y. 

For  example,  take  the  general  equation  of  Conic  Sections, 

y'  =  mx  -{-  113? ; 

whence 

rfy  _      m  +  2nx 


dx 


dx  2\/mx  +  ru? 

2\/nix  +  TU?  dy  m  -f-  2nx 

These  values  substituted  in  the  formulas,  give 


jyj,  _  2(?ftx  +  niP) 
m  +  27IX 
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m  +  2nx 


PR  = 


2 


MT 


MR 


=  \  /  WU-  +  TUT  +  4 1  1 \  • 

V         ^                \^m  +  2nj5  y 
=  -v/mx  +  nx*  H (»i  +  2nxy. 


the  parabola  n  =  0,  and  these  expressions  becomo 
PT  =  2z. 


PR=^. 


MT=  Vtnx  +4a^. 


MR 


_     /          ^ 
—  Y  mx  +  — • 


83.  If  a  curve  be  convex  towards  the  axis  of  X,  and  the  ordi- 
xsAe  positive,  as  in  the  annexed  fi- 
pire,  it  is  plain,  that  as  the  abscissas 
\P,  AP',  &c.  increase,  the  tangents 
»f  the  angles  MTX,  M'T'X,  &c.,  will 
Jso  increase,  and  the  reverse.  Since 
^  >e  tangents   are  represented  by 

corresponding  values  of  the  first  differential  co-efficient  of  the 

-rJinate  I  _iL  I  it  must  he  an  increasing  function  of  x,  and  its  dif- 
\dx  J 

erential  coefficient,  i.  e.,  _ ^,  ihust  be  positive.  Art.  (12). 
dx 


If  the  curve  be  still  convex,  and 

ordinate  negative  ;  the  tangents 

I  the    angles    STX,  S'T'X,    <fec. 

plainly  decrease  as  x  increases ;    -^ 

dx 
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is  a  decreasing  function  of  x ;  and  — -  must  be  negative. 


If  then  a  curve  be  convex  towards  the  axis  of  abscissas,  the  ( 
dinate  and  its  second  differential  coefficient^  taken  at  the  differeni 
points^  mill  have  the  same  sign. 

K  the  curve  be  concave,  aiid 
the  ordinate  positive,  as  in  the 
figure ;    the  tangents  of  the  an- 
gles MTX,  M'T'X,  (fee.  will  de- 
crease as  X  increases ;  ^   will  be  a  decreasing  function,  and  — ? 
dx  dx^ 

negative 

If  the  curve  be  concave  and  the  ordinate  negative  ;   the  reverse 

dSi 
will  endently  be  the  case,  and  — i  will  he  positive. 

dx* 

Hence  if  a  curve  be  concav. 

towards  the    axis  of  abscissa  ~ 

the  ordinate  and  its  second  dij 

ferential  coefficient  will  have  con- 

trary  signs. 


ASYMPTOTES. 


i 


84.  An  asymptote  is  a  line  'which,  continually  approaching  a 
cur\-e,  becomes  tangent  to  it  at  an  infinite  distance.  Asymp- 
totes may  be  curvilinear  or  rectilinear.  The  latter  only  will  b- 
considered  here. 

Let  MV  be  any  curve,  and  BC  a 
rectilinear  asymptote.  Also  let  MT 
be  any  tangent  line,  the  equation  of 
which,  article  (79),  is 


J,       dy" , 

y  —  y  =  -^^(x 


dx" 


x"). 


I 
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If  we  make  y  =  0  in  this  equation,  we  obtain 

x  =  x"  —  y"—  =  AT (1). 

*  dy"  ^  ' 

If  we  make  a:  =  0,  we  obtain 

y  ^y"  —  x"^  =  AS (2). 

dx" 

Now  as  the  point  of  contact  M,  the  co-ordinates  of  which  are 
x"  and  y",  is  removed  farther  from  the  origin,  the  tangent  MT 
^^  ill  approach  nearer  to  the  asymptote  BC ;  and  finally,  when  M 
is  at  an  infinite  distance,  the  two  will  coincide,  and  the  distances 
AT  and  AS  become  respectively  equal  to  the  distances  AB  and 
AC. 

If  then  the  expressions  for  AT  and  AS,  when  such  values  are 
substituted  for  x"  and  y"  as  to  remove  the  point  M  to  an  infinite 
'!  I -stance,  are  both  finite,  there  will  be  an  asymptote,  which  may  be 
tliawn  through  the  points  B  and  C. 

If  one  of  these  expressions  becomes  infinite,  and  the  other  finite, 
tliere  will  be  an  asymptote  parallel  to  the  axis  on  which  the  dis- 
tance is  infinite. 

If  both  expressions  become  infinite,  there  will  be  no  asymptote. 
If  both  become  0,  the  asymptote  will  pass  through  the  origin  of 
c  i-(jrdinates,  and  the  tangent  of  the  angle  which  it  makes  with 

dv" 
tlie  axis  of  X  may  be  obtained  from  the  value  of  —  — .when  for  a:" 
■^  dx" 

and  y"  the  proper  values  are  substituted. 

Hence  to  construct  the  asymptote  of  a  given  curve ;  find,  by  dif- 

dv"  dx" 

f  rontiatinsr  the  equation  of  the  curve,  the  values  of  -^—  and 

^  ^  dx"  dy"' 

ich  substitute  in  formulas  (1)  and  (2)  ;  the  results  thence  ob- 
tained by  substituting  for  x"  and  y"  their  values  for  that  point  of 
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the  curve  Avhich  is  at  an  infinite  distance,  \A\\  be  the  distances  cut 
off  from  the  co-ordinate  axes  by  the  asymptote,  if  there  is  one. 


Examples. 

1.  Take  the  equation  of  lines  of  the  second  order, 

y^  =  nix  +  nx^. 
By  differentiation,  &c.,  we  obtain 

dy  _   m  ■{■  2nx   _  m  +  2nx 

whence 

dy"  _  m  +  Inx" 

dx"         ±  2Vmx"  +  nx"^' 


Substituting  this   and  the  value  of  y"  =  ±  -y/mx"  +  nx/'* 
in  (1)  and  (2),  we  have 


AT,  _  ^/       2(wM?"  +  nx"'')  __        —mx' 


(3). 


m  +  ^nx"  m  +  2nx"  m    ,  _ 

\-2n 

x" 

f — — mx"  +  2na?"«  m  ,,. 

In  this  case,  the  co-ordinates  of  that  point  of  the  curve  which 
is  at  an  infinite  distance  are  a:"  =  oo  and  y"  =  oo.  Making  x" 
=  00  in  (3)  and  (4),  we  have 
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m 


!!L+2n  2„ 


AC  = 


^^yjm  +  n        ^2-/^ 


For  the  hyperbola  n  is  positive,  these  expressions  are  both  finite, 

d,  as  there  are  two  diflferent  values  of  AC,  there  are  two  asymp- 

•  ,  2B*  B^ 

t.^tes,  and  since  m  =  and  n  =  — ,  we  have 

'  A  A^ 

AB  =  —  A,  AC  =  db  B. 

For  the  parabola  »  =  0,  the  expressions  are  both  infinite,  and 
there  is  no  asymptote. 

For  the  ellipse  «  is  negative  and  AC  imaginary,  as  it  should  be, 
Bince  there  is  no  point  of  the  cur\'e  at  an  infinite  distance,  and  of 
course  no  asymptote. 

2.  Take  the  equation 

a^  —  3axy  +  3^  =  0. 
From  formulas  (1)  and  (2),  we  obtain  in  this  case 

AT  =     "f'y"     (o),  AS  ==     f^y"     (6). 

■^  x"'  —  ay"  ^  ''  y"^  —  ax"  ^  ' 

As  it  is  difficult  to  obtain  the  value  of  y  in  terms  of  x  from  the 
^ven  equation,  we  can  not  at  once  ehminate  y"  from  (5)  and  (6) ; 
Imt  if  we  make  x  =  ty  and  substitute  in  the  given  equation,  it  will 
ibe  divisible  by  y',  and  we  then  find 

y  = 


1+^ 
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^ 


If  in  this  we  make  f  =  —  1,  we  have 
y  =  00  ;  hence  when  y  is  infinite  it  is  equal 
to  —  X,  and  for  that  point  of  the  curve 
which  is  at  an  infinite  distance  we  have 
y"  =  —  x"  =  00  . 

Changing  y"  into  —  x"  in  (5)  and  (6), 
they  become 


AT  = 


1  +  - 
x" 


and  making  x"  =  oo  ,  we  find 

AB  =  —  a  and 

hence  BC  is  the  asymptote. 


AS  = 


1  — 


AC=  -a; 


3.  Take  the  equation  a^y'  =  p, 

in  the  curve  represented  by  which,  the  points  at  an  infinite  dis- 
tance have  for  their  co-ordinates  x"  =  0,  y"  =  oo ,  and  y"  =  0, 

X"  =  00  .  •  t 


DIFFERENTIALS    OF    AN    ARC,    AREA,    &C. 

85.  Let  u  represent  any  function  of  x  and  ^ 

Q  and  Q' 

two  functions  of  x  and  h  which  have  the  same  limit,  denoted  by 
m ;  and  suppose  that  for  all  small  values  of  h 


^        u'  —  u        ^ 
Q  <  — r <  Q'. 


I 


Since  Q  and  Q'  have  the  same  limit  m,  they  must  approach  an 
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nality  as  h  diminishes,  and  each  reduce  to  m  when  h  becomes 

■') ;  and  since  — - —   cannot  for  any  small  value  of  A  be  kss 
h 

man  Q  nor  greater  than  Q',  it  follows,  that  being  thus  compre- 

li<nded  between  Q  and  Q'  it  must  with  them,  as  h  diminishes,  ap- 

jiioach  nearer  and  nearer  to  m,  and  when  h  becomes  0,  it  must 

also  reduce  to  m,  or  m  must  be  its  limit,  that  is.  Art.  (7), 

du 
dx 


Ilonce  ;  if  the  ratio  of  the  increment  (A)  of  the  variable  to  that  of 
the  function,  for  all  small  values  of  h,  be  greater  than  a  certain 
quantity,  the  limit  of  which  is  m,  and  at  the  same  time  less  than  a 
certain  other  quantity  the  limit  of  which  is  m,  then  vnll  the  differ- 
ential coeffici/mt  of  the  function  be  equal  to  m. 

We  must  therefore  have 

u'  —  u  =  mh-\-  FA^ Art.  (10). 

By  dividing  this,  first  by  QA  and  then  by  Q'A,  we  have 
m  +  'P'h  m  +  V'h 

Ithe  limit  of  either  of  which  is      —  =  1  :      Hence  the  limit  of  the 

m 


tio  obtained  by  dimdinff  the  increment  of  the  function  by  either 
tjf  the  quantities  into  h,  is  unity. 


86.  Let  BM  =  z  be  any  arc  of  a  curve,  the  equation  of  which 
is  y  =f{x).  Although  z  changes  whenever  x  or  y  is  changed, 
yet  th(3  equation  y  =f{x)  establishes  such  a  relation  bt'tweeii  x 
a&d  y,  that  one  is  necessarily  a  function  of  the  other.      z  may 
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therefore  be  regarded  as  a  function  of  either.  Let  us  regard  it  as 
a  function  of  i-,  and  let  AP  =  x,  PM  =  y ;  and  increase  x  by 
r  N  pp.  _  ^ .  then 

V  BM'  =  z,         and         MM'  =  z'  —  z 

will  be  the  increment  of  the  arc  z,    and 
M'Q  =  y'  -  y  =  PA  +  P'A^ 
"?    ^     the  increment  of  the  ordinate  y. 

Draw  ihe  tangent  MN  at  the  point  M.     We  then  have 

tang  NMQ  =  ^  =  P, 
dx 

NQ  =  PA,  NQ  -  M'Q  =  NM'  =  -  P'A«, 


MM'  =  VuQ'  +  APQ"  =  h  yi  +  (p  +  rhf, 
MN  =  Vmq*  +  NQ'  =  A  V 1  +  p», 

MN  +  NM'  =  A\/l  +P2  —  P'A«. 

But  the  arc  MM'  is  greater  than  the  chord  MM',  and  less  than 
the  broken  line     MN  -f-  NM'    for  all  values  of  h ;  therefore 


2'  -  z  >  hVl  -\-  (P+P'A)',     and    z'  -  z  <:  hVl  +  P*  -  FA», 


or 


«'-z 


>  Vl  +  (P  +  P'A)», 


<  Vl  +P'  — FA; 


the  second  members  of  each  of  which  expressions  become 
Vl  4-  P*,  when  A  =  0. 
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Therefore,  in  accordance  with  the  principle  of  the  preceding  ar- 

.'.',  we  must  have 


dz  =  -y/da^  +  dy' ; 

L  that  is,  tTie  differential  of  an  arc  is  equal  to  the  square  root  of  the 
svin  of  the  squares  of  the  differentials  of  the  co-ordinates  of  its 

Ills. 


To  illustrate, 

take  the 

equation  of 

a  circle 

^  +  f  = 

R»; 

whence 

dy 

=  - 

xdx 

y 

xdx 

VR*- 

x' 

tnd 

dz 

=  \/ 

U^ 

x'dx' 

Bdx 

87.  Since,  also,  by  article  (85),  the  limit  of  the  ratio 

z'  —  z  z'  —  z 

hVl  +  (P  +  FA)'    ~    MM' 

1  unity,  we  prove  that  the  limit  of  the  ratio  of  a  chord  to  its  cor- 
ruponding  arc  is  unity. 


88.  Let     BMP  =  *,      be  any  area  limited  by  a  curve  and  the 
of  X  ;  it  will  evidently  be  a  function  of  ar. 
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Lot      AP  =  a;,      PM  =  y,      PF  =  A; 
then        P'M'  =  y  +  PA  +  P'/i^ 
and  PMM'P'  =  s'  —  s 

^     p       p — X,      the  increment  of  the  area  s. 
ITie  rectangles  PM'  and  PQ  being  constructed,  we  have 
PQ  =  yh,         PM'  =  P'M'A  =  (y  +  PA  +  V'h^)h. 

But  the  area  PMM'P'  is  always  greater  than  the  rectangle  PQ,  and 
less  than  PM' ;  whence 

8'  —  sy  yh,         and        s'  —  s  <_  {y  +  Fh  +  V'h?)h, 
or 

■^^>y,  il^<y  +  PA  +  P'A', 

both  of  which  quantities  become  y,  when  A  =  0  ;  hence.  Art.  (85), 

—  =  y  and  ds  =  ydx ; 

dx 

that  is,  the  differential  of  the  area  is  equal   to  the  ordinate  of  the 
hounding  curve  into  the  differential  of  the  abscissa. 

The  differential  of  the  area  included  between  the  curve  and  axis 
of  Y,  may  be  found  in  the  same  way  to  be 

ds  =  xdy. 

If  the  axes  of  co-ordinates  are  oblique  to  each  other,  the  rect- 
angles PQ  and  PM'  become  parallelograms ;  the  area  of  the  first  is 

yhsiuu, 
and  of  the  second 


{y  +  Vh  •\-  T'h')h  8inw, 


i 
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c^  iv^presenting  the  angle  made  by  the  axes  of  co-ordinates ;  whence 

ds  ■=  y  sin  w  dx. 
For  an  example,  take  the  equation 

y^  =  R2  _  a?; 
whence 


ds  =  ydx  —  VR^  —  !>^dx. 
Take  also  the  equation 

f-  =  2p'x, 

the  axes  of  co-ordinates  being  oblique ;  then 
ds  =  ■\/2p'x  sin  6j  dx. 


89.  Let  the  curve  BM  revolve  about  the  axis  of  X ;  it  will  gen- 
erate a  surface  of  revolution  which  will  be  a  function  of  x,  and 
vhich  we  denote  by  u. 

The  notation  being  as  in  the  preceding  articles,  the  increment 
«'  —  u)  of  the  surface,  when  x  is  increased  by       v 
i,  will  be  generated  by  the  arc  MM'.     The  line 
tfN",  tangent  at  M,  generates  the  surface  of  a 
rnstrum  of  a  cone  which  has  for  its  measure, 
since  P'N  =  P'Q  -f  NQ  =  y  -|-  PA), 


MN 


2cr(rM  -f  P'N)  J^t^  =  *(2y  -f  m)Vh'  +  V'h'. 


The  line  M'N  generates  a  plane  surface  which  is  equal  to  the 
ifference  between  the  two  circles  whose  radii  arc  P'N  and  P'M', 
hat  is, 

16 
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,(y  +  Vhf  -  ^{y  +  Th  +  T'hJ  =  Rh% 

expressing  by  R  the  polynomial  coeflScient  of  h\  after  reduction. 
The  sura  of  these  two  surfaces  always  exceeds  the  surface  u'  —  u, 
therefore 


— <  *(2y  +  Fh)Vl  +  F  +  Rh. 

The  chord  MM'  generates  the  frustrum  of  a  cone  which  is  less 
than  u'  —  u  and  measured  by 

2»(PM  +  P'M')  ME  =  ^(2y  +  TA  -h  V'h')  Vh'+  {Ph+rhJ; 
it 

hence 

"  ~"  >  «'(2y  +  PA  +  FA')  Vl  +  (P  +  P'A)-^. 
Since  the  second  members  of  both  the  above  inequalities  reduce 


to  2Ty  vT+P^  when  A  =  0,  we  must  have 


du  =  2ry\^daP  -\-  dy-\ 


dx' 


that  is,  the  differential  of  a  surface  of  revolution  is  equal  to  the  cir- 
cumference of  a  circle  perjycndicular  to  the  axis,  multiplied  by  the 
differential  of  the  arc  of  the  generating  curve.  If  the  curve  re- 
volve about  the  axis  of  Y,  we  may  determine  in  the  same  way 

du  =  2*xVd3^  +  df. 

If  wo  suppose  a  paralM)la,  whose  equation  is  y'  =  2px,  to  re- 
volve alx>ut  its  axis,  wc  shall  have 


du 
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90.  Let  the  area  BMP  revolve  about  the  axis  of  X  ;  it  will 
;enerate  a  solid  of  revolution,  which  is  a  function  of  x,  and 
I'hich  we  denote  by  v.  If  x  be  increased  by 
T'  =  h,  then  the  area  PMM'P'  will  generate 
he  increment  (v'  —  v)  of  the  solid.  The  rect- 
ngle  PQ  will  generate  a  cylinder,  which  is  al- 
ways less  than  v'  —  v,  and  which  is  measured 
:y  Ty"A.  The  rectangle  PM'  will  generate 
nother  cylinder,  which  is  always  greater  than 
'  —  V,  and  is  measured  by  it{y  +  P^  +  T'k^yh ;  hence  we  have 


mt^ll.  >  ^« 


and 


<  *(y  +  PA  +  P'h% 


■lerefore 


dv  , 

—  =  <ir 
dx 


dv  =  ifi/^dx'^ 


at  is,  the  differential  of  a  solid  of  revolution  is  equal  to  the  area 
'  a  circle  perpendicular  to  the  axis,   multiplied  by  ike  differential 

the  abacissa  of  the  curve  which  generates  the  bounding  surface. 

For  the  solid  generated  by  the  area  included  between  the  curve 
id  axis  of  Y,  we  may  find  in  the  same  way, 

\  dv  =  '^fx^dy. 

If  we  take  the  particular  case  of  the  ellipsoid,  the  equation  of 
e  generating  curve  being 
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we  have 


dv  =  ti^dx  =  t — (a*  —  x^)dx. 
a* 


GENERAL    REMARKS. 


91.  Heretofore,  in  our  treatment  of  the  subject,  we  have  regard- 
ed the  differential  of  the  independent  variable  merely  as  an  arbi- 
trary constant.  Art.  (7),  \\'ithout  having  fixed  upon  any  particular 
value  for  it.  All  the  demonstrations  are  then  as  true  for  one 
value,  as  for  another. 

It  is  however  of  the  greatest  convenience,  in  the  application  of 
the  Calculus  to  the  higher  branches  of  Mathematics  and  Physical 
Science,  to  regard  this  differential  as  infinitely  small ;  that  is,  so 
small  as  to  be  contained  in  unity  an  infinite  number  of  times  ;  and 
hereafter  it  will  be  so  regarded. 

The  advantages  of  so  regarding  it  will  appear  endent  after  ;. 
few  illustrations.  Let  us  take  first  the  simple  function  discussed 
in  article  (7^, 

U  =  03?. 

After  I  has  been  increased  by  dx,  we  have  there  found 
u'  —  M  =  2axdx  +  adj^. 

Now,  if  the  increment  {dx)  of  the  variable  be  infinitely  small. 
the  two  states  u  and  u'  will  plainly  be  consecutfve,  the  expression 
for  their  difference  being 

2axdx  +  adif (1). 
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But  since  dx  is  infinitely  small,  its  square  will  be  infinitely  small 
,s  hen  compared  with  it :  As  may  be  shown  by  taking  the  identical 
■>1  nation 

1    _  dx    _  (f  X* 0 

dx       dj?       ds^ 


111  which,  since  dx  is  contained  an  infinite  number  of  times  in 
ity,  it  appears  that  c?x*  will  be  contained  an  infinite  number  of 
.iies  in  dx\  dx^  in  dx^,  &c. :  adx*  will  then  be  infinitely  small 
vith  reference  to  2axdx,  and  piay  be  omitted  from  expression  (1) 
\  ithout  materially  affecting  its  value ;  hence  in  this  case  2axdx 
tt'ii/  be  taken  for,  or  is  the  measure  of,  the  difference  u'  —  u. 
This  is  true  also  in  the  general  case,  for  all  the  terms  of  the  dif- 
•nce,  except  the  one  which  we  have  taken  for  the  differential, 
» ill  contain  c?x  to  a  higher  power  than  the  fii-st  [see  equation  (3), 
Vit.  (7)]  ;  they  may  then  all  be  rejected,  and  the  differential  of 
he  function  taken,  as  the  measure  of  the  difference  between  two  con- 
icutive  states  of  the  function. 
It  is  plain,  also,  since 

du  =  pdx,         d-u  =  qdx^,         d^u  =  rdj?,  <fec Art.  (26), 

hat  the  second  differential  of  a  function  is  infinitely  small  when 
ompared  with  the  fiirst,  and  the  third  when  compared  with  the 
econd,  and  so  on.  It  is  usual  to  call  these,  infinitely  small  quan- 
ities  of  the  first,  second,  and  third  orders  ;  and  we  see,  from  what 
precedes,  that  every  infinitely  small  quantity  may  be  omitted  with- 
uttt  error,  when  connected  by  tite  sign  db  with  one  of  a  lower  order. 

In  the  application  of  the  Calculus  to  curves  these  principles  are 
.f  great  use.  Let  BMM'  be  a  curve ;  MP,  M'P', 
jiy  two  consecutive  ordinates  ;  PP'  =  P'P" 
_  p"p"'^  <Sjc.,  being  each  equal  to  dx ;  then 
be  difference  between  y  and  y',  or  y'  —  y  = 
d'Q,  is  equal  to  dy ;  ahd  z'  —  z  =  MM'  =  dz: 
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Or  since  2'  -  z  may  represent  the  diflerence  MM',  M'M*, 
M"M'",  between  any  two  consecutive  states  of  the  arc,  the  dif^ 
ent  values  of  dz  may  in  succession  represent  the  infinitely  sn^ 
arcs  MM',  M'M",  &c.  the  sum  of  all  of  which  will  be  equal  to  tie 
entire  arc  z. 

So  the  difference  between  the  two  areas  BM'P'  and  BMP 
equal  to  PMM'P'  =  ds ;  and  the  different  values  of  ds  may  in 
succession  represent  the  infinitely  small  areas  PMM'P',  P'M'M"P", 
&c.,  the  sum  of  all  of  which  will  equal  the  entire  area  s :  And  in 
general,  if  the  variable  be  increased  by  its  differential,  the  corres- 
ponding increment  of  the  function  may  he  represented  by  the  diJFer- 
ential  of  the  function,  and  the  sum  of  all  the  different  values  of  this 
differential  t/rill  equal  the  function  itself 

In  accordance  with  the  above  principles,  the  expressions  in  arti- 
cles (86),  (88),  (89)  and  (90)  are  at  once  deduced. 

1.  The  arc  MM'  is  equal  to  z'  —  z  =  <Zz;  and  since  the  Hmit 
of  the  ratio  of  the  arc  and  chord  is  unity,  they  continually  ajv 
proach  an  equality  as  they  decrease  ;  and  when  both  are  infinitel 
small,  the  one  may  be  taken  for  the  other.     But 


. 


the  chord  MM'  =  Vmq"  +  M'Q'  =  y/d^F+df-, 
hence 


dz  =  Vda^  +  df. 

And  if  X,  y  and  z  denote  the  co-ordinates  of  the  points  of  a  curve 
to  in  space,  we  may  find  in  a  similar  way 

dw=  Vda^  +  df  +  di^. 

2.  The  area  PMM'P'  =  s"  —  s  =  ds;  and  since  the  hmit  of 

PMM'P' 

the  ratio     '  is  unity,  the  area  PAIM'P',   when  infinitely 

PQ 

small,  may  be  taken  for  the  rectangle  PQ.     But 
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PQ  =  PM  X  rP'  =  ydx\ 

lience 

ds  =  ydx. 

3.  The  surface  generated  by  the  arc  MM'  is  equal  to  u'  —  u 
=  dw,  and  this  will  not  differ  from  the  surface  of  the  frustrum 
U'lierated  by  the  infinitely  small  chord  MM',  which  is  equal  to 

MAf 
[2-ry  +  2cr(y  +  rfy)] =  *(2y  +  dy)dz  =  ^-sydz, 

since  dy  may  be  rejected  ;  hence 

du  ■=  2irydz  =  2iry  Ydx^  -\-  dy\ 

4.  The  solid  generated  by  the  area  PMM'P'  =  v'  —  v  =  dv 
will  not  differ  from  the  solid  generated  by  the  rectangle  PQ  which 
is  equal  to 


thence 


ffMP    X  PP'  =  flry"dx ; 


dv  =  iry^dx. 


SINGULAR    POINTS. 

92.  A  singular  point  of  a  curve  is  one   at  which   there  exists 
Dsome  remarkable  property,  not  enjoyed  by  the  other  points. 
By  a  general  discussion  of  the  equation 

y  =  &  +  c(.r  —  a)" (1), 
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we  shall  meet  with  some  particular  curves,  on  which  some  of  these 
points  will  be  found. 

1st.  Let  m  he  an  entire  and  even  number. 

By  the  diiFerentiation,  &c.  of  (1),  we  have 

^=wc(x-a)"^^ (2),      ^  =  m(m-  l)c(a;-a)'^« (3), 


-^=m(m-  1) 2.I.C. 

Placing  -J-  =  0,  we  obtain         x  =  a. 

ax 

This  value  of  x,  when  substituted  in  (1),  (2),  (3),  <fcc.,  gives 
y  =  6,  and  reduces  the  successive  differential  coefficients  to  0,  as 
far  as  the  mth,  which,  if  c  he  positive,  becomes  a  positive  constant, 
and  is  of  an  even  order  ;  hence  y  =■  h  is  a  minimum  ordinate 
Art.  (67). 

Since  for  x  =  a,  we  have  —  =  0  ;   the  tangent  line  at  the  ex- 
dx 

tremity  of  this  minimum  ordinate  is  parallel  to 
the  axis  of  X  ;  and  since  (m  and  m  —  2  being 
even)  for  all  values  of  x   except  x  =  a,  y  and 

—  are  positive,  the  curve  at  all  of  its  points  is 
'»  r  dx^ 

convex  towards  the  axis  of  X,  Art.  (83). 

If  c  be  negative  ;  the  mth  differential  coefficient  will  be  nega- 
tive ;  and  x  =  a  and  y  =  b  will  be  the  co- 
ordinates of  a  point  at  which  the  ordinate 
is  a  maximum.  In  this  case,  the  second 
differential  coefficient  for  all  values  of  x,  ex- 
cept X  =  a,  is  negative,  and  the  curve,  for  all  positive  values  of  |^ 
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cave,  and  for  all  negative  values  of  y,  convex,  towards  the  axis 

X. 

'Jd.  Let  m  be  an  entire  and  odd  number. 

^^^len  x  =  a,  the  first  differential  coefficient  as  before,  is  equal 

1 1,  as  also  the  second,  third,  &c.  The  mth,  however,  if  c  be  po- 
sitive, is  a  positive  constant,  and  of  an  odd  order ;  there  is  then,  in 
this  case,  neither  a  maximum  nor  a  minimum,  Art.  (67). 

By  examining  the  second  differential  coefficient,  we  see   (since 
»»  —  2  is  odd),  that  for  every  value  of  a;  <  a, 
it  is  negative ;   that  for  x  =  a,  it  is  0  ;   and 
when  a:  >  a,  it  is  positive  ;  hence  for  all  values 
of  X  <  a,  which  give  y  positive,   the  curve   is 
concave  towards  the  axis  of  X ;  and  for  all 
^ralues  of  «  >  a  it  is  convex,  as  in  the  figm-e. 
[Therefore  at  the  point  whose  co-ordinates  are  x  =  a  and  y  =  b, 
as  X  increases,  the  curve  changes  from  being  concave,  and  becomes 
aonvex,  towards  the  axis  of  X. 

If  c  be  negative  ;  the  revei"se  will  be  tlie  case,  and  as  in  the  se- 
cond figure,  at  the  point  M,  whose  co-ordi- 
aates  are  a;  =  a  and  y  =  b,  there  is  a  change 
CTom  convexity  to  concavity  towards  the  axis 
)f  X.  Such  points  are  singular,  and  are 
jailed  points  of  inflexion.  In  both  cases  the 
amgent  line  at  the  point  of  inflexion  is  paral- 
el  to  the  axis  of  X,  and  also  cuts  the  curve. 

3d.  Let  m  be  a  fraction,  the  numerator  and  denominator  of  which 
vre  odd,  as  |.     Then 


dy^ 
dx 


Zc 


y  =  b  +  c{x  —  ay, 
d^  2 


3c 


5{x—aY^  ^  ^   5{x—  a)^ 


.(fee; 
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X  =  a  gives 


y  =  h 


dy 

dx 


—  =  00  ,  <fcc. 
dx'  ' 


d^y 


If  c  he  positive  ;  12.  for  all  values  of  a:  <  a  vrAl  be  positive^  and 
dx' 

for  all  values  of  x  >  a,  negative  ;  hence  for  all 

values  of  x  less  than  a  which  give  y  positive, 

the  curve  will  be  convex,  and  for  all  values  of* 

greater  than  a  it  will  be  concave  towards  the 

axis  of  X,  as  in  the  figure. 


If  c  be  negative ;  the  reverse  is  the  case,  as  in  the  second 
figure.  , 

The  point  M,  whose  co-ordinates  are  x  =  a 
and  y  =  ft,  is  in  both  cases  a  point  of  inflexion 
at  which  the  tangent  line  is  perpendicular  to  the 
axis  of  X.  ^Tience  we  may  say :  a  point  of  in- 
flexion is  one  at  which,  as  the  abscissa  increaset^ 
^"  a  curve  changes  from  being  concave  towards  ai^ 
right  line,  not  passing  through  the  point,  and  becomes  convex,  or  Hit 
reverse.  '*- 

If  the  right  line  be  taken  as  the  axis  of  abscissas,  this  point  vnBI 
always  be  characterized  by  a  change  of  sign  in  the  second  dij^erajk 
tial  coejficient  of  the  ordinate.  For,  since  the  curve  on  one  sift 
of  the  point  is  concave,  and  on  the  other  convex,  the  second  d^ 
ferential  coeflScient  in  one  case  has  a  diflferent  sign  from  that  rf 
the  ordinate,  and  in  the  other  the  same ;  hence  at  the  point  the 
sign  must  have  changed.  In  order  that  this  may  be  the  case, 
the  second  differential  coefficient  must  be  equal  to  zero,  ctf 
infinity.  , 

The  roots  of  the  two  equations  j[ 


^=0 


and  -X=  00, 

dx' 
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will  then  give  all  the  values  of  the  variable  which  can  belong  to 
points  of  inflexion. 

It  sometimes  happens  that  a  point  of  inflexion  lies  on  the  axis 
of  X,  as  in  the  second  case  above  discussed  when  J  =  0.  In  this 
case  X  ^  a  gives 

y  =  0  and  ^  =  0, 

dx 

and  the  corresponding  point  M  is  a  point  of  in- 
flexion, at  which  both  the  second  differential 
coefficient  and  ordinate  change  their  signs. 

It  is  evident  from  the  preceding  discussion,     A^ 
that  if  any  right  hne  be  drawn  through  a  point 
of  inflexion,  the  curve  on  both  sides  of  the  point  will  either  be 
convex  towards  the  line,  or  concave. 

4th.  Let  m  he  a  fraction  with  an  even  numerator,  as  |.     Then 


1 

y  -- 

=  h  + 

c{x  — 

aA 

1 

dy 
dx 

2c 

1 

dx' 

=    — 

1 
3 

2c 
'i{x  — 

£  . 

p 

Z{x  — 

a)  3 

ay ' 

X  = 

a  gives 

y  = 

h 

dx 

00 

dx" 

= 

00  . 

e  being  first  regarded  as  positive  ;   \i  z  <^  a,  -iL  will   be  negative, 

dx 

and  if  X  >  a,  it  will  be  positive  ;  hence  at  the  point  whose  co-or- 
dinates are  x  =  a  and  y  =  b,   -^  must  change   its   sign  from 

dx 

minus  to   plus,    which   change   indicates   a   minimum   ordinate. 
Art.  (66). 

If  c  be  negative  ;  the  reverse  will  be  the  case,  there  will  be  a 
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change  of  sign  from  plus  to  minus,  and  the  ordinate  wiU  be  a  max- 
imum. 

In  the  first  case,  the  second  differential  coeffi- 
(a)        cient  for  all  values  of  x  is  negative,  and  the  ordi-, 
M  nate  positive ;  the  curve  is  therefore  concave  to- 

wards the  axis  of  X,  as  represented  in  fig.  (a). 


In  the  second  case,  — i  is  always  positive.    For 

all  positive  values  of  y  the  curve  will  then  be  convex,  and  for  all 
negative  values  of  y  concave,  as  in  fig.  (b).     The 
1^  tangent  at  the  point  M  is  in  both  cases  perpen- 

w  dicular  to  the  axis  of  X. 

—  The  point  M  is  singular,  and  is  called  a  cusp. 

It  is  a  point  at  which  the  curve,  when  interrupt- 
ed in  its  course  in  one  direction,  turns  immediately  into  a  contrary 
one.  • 

5th.  Let  m  he  a  fraction  with  an  even  denominator,  as  ^. 
Since  the  denominator  of  the  fraction  indicates  that  the  square 
root  is  to  be  taken,  the  double  sign  dt  must  be  placed  before 

(x  —  a)*,  and  we  then  have 

y  =  J  ±  c(x  —  a)», 

dx  2  djc^  4^(^x  —  a) 

Every  value  of  x  <  o  gives  y  imaginary ;  x  =  a  gives  y  =  b, 
and  X  >  a  gives  two  values,  one  greater  and  the  other  less  than 
b.  There  is  then  no  point  on  the  left  of  that  one  whose  co-ordi- 
nates are  x  =  a  and  y  =  J ;  but  on  the  right  of  this  point  the 
curve  mtist  extend  indefinitely  and  consist  of  two  branches. 

X  =  a        gives  —  =  0 ;  ■* 

dx 

the  tangent  at  M  is  then  parallel  to  the  axis  of  X. 


I 
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EacL  value  of  a;  >  a  gives  two  values  for  — ^, 

di? 

the    one   positive   corresponding  to   the   greater 

value  of  y,   and  the  other  negative ;   hence   the 

upper  branch  is  convex,  and  the  lower  concave,    a 

as  in  the  figure,  and  the  point  M  is  a  cusp. 


93.  Let  us  now  take  the  equation 

from  which  we  deduce 

y  =  x^  zk.  x^ 


I 


dx 


:^  =  2a;  ±  Ix^ 


dx^  2  2 


5  3   i 


When  a;  =  0,  we  have  y  =  0.  If  a;  be  negative,  y  is  imagina- 
ry. For  every  positive  value  of  x,  there  are  two  real  values  of  y, 
both  of  which  are  positive  as  long  as  x^  '^  x^  or  a;  -cT  1 ;  after 
which,  one  is  positive  and  the  other  negative. 

When  X  =  0,       —  =  0;  also  when 
dx 


2  ±  ^a;^  =  0, 
2  ' 


16 

or     X  =  — , 

25 


hence  the  axis  of  X  is  tangent  to  the  curve  at  the  origin,  and  the 
tangent  to  the  lower  branch,  at  the  point  whose  abscissa  is  — , 

is  parallel  to  the  axis  of  X. 

d^v 
The  first  value  of  -—  belongs  to  the  upper  branch,  and  is  always 
dx^ 
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positive.     The  second  value  is  also  positive  as  long  as  2  >  f  f  a;   , 

or  a;  <  -^^j  ;  after  which  it  is  negative. 

The  origin  is  then  a  cusp,  at  which  both 

branches  lie  on  the  same  side  of  the 

^^""^  common  tangent,  and  is  of  the  second 

A  n; — 

species,  those  before  discussed  being  of 

the  ^rst  species.     The  point  of  the  lower  branch  whose  abscissa 

is  5*5^  is  a  point  of  inflexion. 


94.  By  differentiating  the  equation 


y  =  J  ±  (ar  —  a)  -^x  —  c, 


we  derive 


dx  2y  X  —  c 

For  every  value  of  x  <  c,  y  is  imaginary. 


For    x=  c,      y  —  h,         and 


dy  _ 
dx 


For  every  value  of  ar  >  c,  there  are  two  real  values  of  y. 
For  X  =  a,  y  =  b,         and  d' =  ^  Va  —  c, 


and  at  the  corresponding  point  M  there  are  two  tangents,  one 

making  an  angle,  the  tangent  of 
which  is  +  Va  —  c,  and  the 
other  —  -y/a  —  c.  The  point  M 
is  singular,  and  belongs  to  a  class 
called  multiple  points,  or  points  at    * 

which  two  or  more  branches  of  a  curve  intersect.    K  but  two 
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1^5 


intersect,  the  point  is  a  double  multiple  point ;  if  three,  a  triple  , 
and  so  on.  Since  there  will  be  a  separate  tangent  to  each  branch, 
at  one  of  these  points,  it  will  be  characterised  by  two  or  more 
values  of  the  first  diflferential  coefficient,  for  the  same  values  of 
the  variables. 


95.  From  the  equation 

af  —x'  +  bs^  =  0, 
•we  derive 


^  a 


-b) 


dy  _  3a;  —  26 

dx  "        2Va{x—b) 


Since  X  =  0  gives  y  =  0,  the  origin  A  is  a  point  ot  the  curve. 
All  negative  values  of  x  make  y  imaginary,  as  also  all  positive 
values  less  than  b ;    hence  A  has  no  consecu- 
tive point.     Such  points,  given  by  the  equa- 
tion of  a  curve,   but  having   no  consecutive 
points  on  either  side,  are   singular,  and   are 
called  isolated  or  conjugate  points.     At  these 
points  it  is  plain  that  no  tangent  can  be  drawn, 
and  that  therefore  the  corresponding  vahce  of 
the  first  differential  coefficient  must  be  imaginary  ;  as  in  the  above 
example,  x  =■  0  gives 

dy  _     —  b 
dx       y  —  ab 


96.  We  will  close  this  branch  of  the  subject  by  a  discussion  of 
the  equation 

ay-  —  a^  +  (b  —  c)x*  +  box  =  0  \ 
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whence 


y  =  ±s/. 


x{x  -  h){x  4-  c)       dy 3x^  -  2x{h  -  c)  -  he 


± 


dx  2\/ cu{x  —  b)  {x  +  c) 


Each  of  the  values,  a;  =  0,     x  =  b,    x  =  —  c,    gives  y  =  0. 

Every  negative  value  of  a;  >  c  gives  y  imaginary  ;  while  every 
such  value  less  than  c  gives  two  equal  values  of  y  with  contrary 
signs  :  Every  positive  value  of  a:  <  6  gives  y  imaginary,  and  every 
such  value  greater  than  b,  gives  two  equal  values  of  y  with  con- 
trary signs.  The  curve  is  then  syrometrical  with  reference  to  the 
axis  of  X. 

Each  of  the  values,  a;  =  0,  x  =  b,  x  =:  —  c,  reduces  -i:  to  oo  ; 

dx 

hence  at  the  three  corresponding  points  the  tangent  is  perpendic- 
ular to  the  axis  of  X. 
By  solving  the  equation 

3a:»  —  2x{b  —  c)  —  be  =  0, 

we  shall  find  two  real  values  for  x, 
and  thus  determine  the  points  at  which 
the  tangent  is  parallel  to  the  axis  of 
X.  The  curve  may  then  be  drawn 
as  in  the  figure,  in  which  AC  =  —  c 
and  A3  =  b. 

If  c  =  0,  the  equation  becomes 

ay8  _  x3  +  Jx*  =  0, 

and  the  oval  AC  reduces  to  the  conjugate  point  A,  as  in  the  pre- 
ceding article. 

If  J  =  0,  the  equation  becomes 

ayS  _  a:3  _  ex"  =  0, 
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(4J 


w 


and  the  curve  takes  the  form  indicated  in  figure 
(b),  the  origin  being  a  double  multiple  point,  since 

—  becomes  equal  to  ±  *  /f.^ 
dx  V  a' 

If  b  and  c  are  both  equal  to  0,  the  equation  becomes 

ay*  —  a^  =  0  ;     Avhence     y  =  dc  \/_  ,  -^ — 

and  the  curve  will  be  as  in  figure  (c),  the  point  A  being  a  cusp  of 
the  first  species. 


OSCULATORY   CURVES    AND     CURVATURE. 

97.  It  is  now  proposed  to  examine  the  tendency  which  curves, 
twith  a  common  point,  have  to  coincide  with  each  other  in  the  vi- 
cinity  of  this  point ;  and  also  the  use  which  may  be  made  of  this 
property  of  curves. 

Let  there  be  the  three  curves  BB', 
CC,  DD',  having  the  point  M  common ; 
the  co-ordinates  of  the  first  curve  being 
represented  by  x  and  y,  those  of  the 
isecond  by  x'  and  y',  and  those  of  the 
third  by  x"  and  y". 

Since  the  point  M  is  common,  for  this  we  have 


AY  =x=  x'  —  x" 


PM  =  y  =  y'  =  y". 


Suppose  the  abscissa  AP  to  be  increased  by  the  variable  k,  we 
shall  then  have 

18 
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J   \     T    >       ^    ^  dx'  dx"   1.2       dx"  1.2.3 

P'M"'=/"(x"4-  ^)  =  y  +  -^  A  +  — ^ —^ h  &C- 

in  which 

^,  ^,  S',     &C., 

represent,  what  the  first,  second,  (fee,  differential  coefficients,  ob- 
tained f'^om  the  differential  equations  of  the  fii-st  curve,  become  by 
the  substitution  of  the  co-ordinates  of  the  common  point. 

_£!_ ,         -£-  (fee,  are  corresponding  values  for  the  second  curve ; 
dx*  dx'^ 

-E—.        — iL  (fee for  the  third. 

d^        dx'" 

By  subtracting  the  second  and  third  equations,  each,  member 
by  member,  from  the  first,  and  making 

^_^  =  A,  <fy      dy"  ^  p 

dx       dx*  dx      dx" 

^-^  =  A',  ^_^'  =  B',.fec., 

dx*       dx"  '  dx"       dx'"  '       ' 

we  have 

M'M"  =Ah  +  A'—  +  A"—  -I-  (fee, 
1.2  ^       1.2.3 

M'M'"  =  Bh  +  B'~  4.  W—  +  (fee. 
1.2  1.2.3 

Now,  if  h  l>e  made  infinitely  small,  the  points  M',  M",  M'",  will 
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become  consecutive  with  the  poiut  M,  and  it  is  plain  that  the  se- 
cond curve  will  approach  nearer  to  a  coincidence  with  the  first, 
than  the  third  does,  if  M'M"  is  numerically  less  than  M'M'", 
that  is,  if 

AA  +  A'_  +  A"__  +  &c.  <  BA  +  B'_  +  wJ—  +  &c. 
1.2  1.2.3  1.2  1.2.3 

This  condition  will  necessarily  be  fulfilled  if  A  is  equal  to  0,  and 
B  is  not,  as  we  shall  have,  after  omitting  the  factor  A, 


i 


A'  :^  +  A"—  +  &c.  <  B  +  W—  +  B"-^  +  (fee, 
1.2  ^        1.2.3  ^  1.2  1.2.3 


a  true  inequality  when  h  is  infinitely  small,  as  then  the  whole  of 
tlie  first  member  will  be  less  than  the  finite  quantity  B. 

But  A  =  0  gives  ^^^', 

^  dx       dx' 

that  is,  the  first  and  second  curves  have  a  common  tangent,  or  are 
tangent  to  each  other  at  the  common  point. 

If    A  =  0     and     B  =  0,     the  three  cur\-es  have  a  common 
tangent,  and  in  order  that     M'M"  <  M'M'",     we  must  have 

A'—   +  A"-lL_  4-  &c.  <  B'—  +  B"-A_  -1.  &c., 
1.2  1.2.3  1.2  1.2.3  ^ 

which,  it  is  proved  as  before,  will  necessarily  be  the  case  if  A'  =  0 
and  B'  is  not.     We  have  thus  in  addition  the  condition 

cPy  _  cPy' 
d?~dF^' 

If    B'  =  0        or        fPy      ^    ako,  then  M'M"  <  M'M"' 
djr       dx"^ 

if  in  addition  to  the  other  conditions  we  have 
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^"  =  °      "'      %  =  %■' 

and  in  general  the  second  curve  will  have  a  greater  tendency  than 
the  third  to  coincide  with  the  first,  if  the  first  and  second  have 
more  equal  successive  differential  coefficients  of  the  ordinate  at  the 
common  point,  than  the  first  and  third. 

Two  curves  which  have  a  common  point,  and  the  first  differen- 
tial coefficients  of  the  ordinate  taken  at  this  point  equal  to  each 
other,  are  said  to  have  a  contact  of  the  first  order,  or  are  simply- 
tangent  to  each  other. 

If  the  first  and  second  differential  coefficients  of  the  ordinate  ta- 
ken at  this  point  are  equal  to  each  other  respectively,  the  contact 
is  of  the  second  order. 

And,  in  general,  if  the  first  m  differential  coefficients  of  the  or- 
dinate taken  at  this  point  are  equal  respectively,  the  contact  is  of 
the  nith  order. 

To  illustrate,  take  the  two  equations 

f  =  4ar (1),  y  =  x  +  1 (2). 

By  combining  them  we  find  a  common  point,  the  co-ordinates 
of  which  are 

X"  =  1,  y"  =  2. 

By  differentiation,  we  find  from  (1), 


dy  _2 
dx~  y 

(3); 

whence 

dx"          ' 

d  from  (2), 

dx 

....(4); 

u 

dx" 

Differentiating  . 

again,  we 

have  from 

(3), 

d?~  ~ 

4 

'7' 

whence 

d^y" 
dx"^ 

DIFFEKENTIAL    CALCULUS.  141 

;.il  from  (4), 

g=0;  ,.hence  ^<  =  0  ; 

da?  dju"* 

The  two  lines  having  a  point  in  common,  and  the  first  differen- 
tial coeflBcients  of  the  ordinate  equal  at  this  point,  have  a  contact 
of  the  first  order.  Since  the  second  differential  coefficients  are  not 
equal,  the  order  of  contact  is  no  higher  than  the  first. 


98.  The  constants  which  enter  into  the  equation  of  a  curve  de- 
termine its  extent  and  position  with  respect  to  the  co-ordinate 
axes.  If  then  one  curve  be  given  completely,  and  another  in  kind 
only,  by  its  general  equation,  the  constants  in  this  equation  being 
arbitrary,  we  can  evidently  assign  such  values  to  them  as  shall 
cause  the  curve  to  fulfil  as  many  conditions  as  its  equation  contains 
constants ;  that  is,  we  may  make  the  co-ordinates  of  one  point  of 
the  second  curve  equal  to  those  of  a  given  point  of  the  first ;  and, 
in  addition,  as  many  differential  coefficients  of  the  ordinate  taken 
at  this  point,  for  the  second  curve,  equal  to  the  corresponding  ones 
of  the  first,  as  there  are  constants  to  be  disposed  of,  less  one ;  thus 
giving  to  the  second  curve  an  order  of  contact  at  a  given  point  of ' 
the  first,  denoted  by  the  number  of  constants  less  one. 

To  ascertain  the  values  which  must  be  assigned  to  the  arbitrary 
constants  :  Obtain  first,  the  value  of  the  ordinate  from  the  equation 
of  tlie  second  curve,  (the  abscissa  being  assumed  equal  to  the  ab- 
scissa of  the  given  point,)  and  place  it  equal  to  the  ordinate  of  the 
given  point ;  or  what  amounts  to  the  same  thing,  substitute  the  co- 
ordinates of  the  given  point  in  the  equation  of  the  second  curve  ;  ob- 
tain then  the  first  differential  coefficients  of  the  ordinate  by  differcn- 
tiatingthe  equation  of  each  curve,  substitute  in  these  the  co-ordinates 
of  the  given  point,  and  place  the  results  equal ;  do  the  same  with 
the  putcessive  differential  coefficients,  until  as  many  equations  are 
formed  as  there  are  arbitrarv  constants.     Bv  the  solution  of  these 
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equations  we  can  find  those  values  of  the  constants  which  will 
cause  the  conditions  to  be  fulfilled.  These,  substituted  in  the 
equation  of  the  second  curve,  will  give  an  equation  which  will  re- 
present the  particiUar  curve  having  the  required  order  of  contact. 

The  curve,  which  at  a  given  point  of  a  given  curve  has  a  higher 
order  of  contact  than  any  other  of  the  same  kind,  is  called  an  os- 
culatrix.  Thus,  an  osculatory  circle  is  one  which  has  a  higher  or- 
der of  contact  than  any  other  circle. 

Since  no  more  conditions  can  be  assigned  than  there  are  con- 
stants ;  the  highest  order  of  contact  which  can  he  given  to  a  curve, 
is  devoted  by  the  number  of  constants  less  one,  which  enter  its  most 
general  equation. 

Let  these  principles  be  applied  : 

1st.  To  find  the  equation  of  an  osculatory  right  line. 

Let  the  equation  of  the  given  curve  be 

and  the  co-ordinates  of  the  given  point,  x"  and  y".  For  this 
point,  we  have 

y"  =f{x"). 

The  most  general  equation  of  the  right  line  is 

y=ax  +  h (1), 

containing  but  two  arbitrary  constants.  The  first  condition  to  be 
fulfilled  is,  that  the  value  of  y  deduced  from  this  equation,  when 
X  =^  x",  shall  be  equal  to  y",  that  is 

y"  =  ax"  4-  b (2). 

The  fii-st  differential  coefficient  of  the  ordinate  derived  from  the 
equation  of  the  given  curve  is  y.,  which  for  the  given  point  be- 
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du" 
comes    -^.      The  first  differential  coefficient  derived  from  equa- 
tion (1)  is  -Jl  =  a  ;  hence  the  second  condition  is 

iy-  =  a (3). 

dx"  ^  ' 

By  the  solution  of  equations  (2)  and  (3),  we  find 

a  =  -^—t  0  :=y" ^—x". 

dx"  "        dxf' 

These  values  in  (1),  give  the  equation 

dy"  ,,       dy"    ,,  ,,       dy"  ,  ,.. 

This,  as  it  should  be,  is  the  same  equation  as  that  deduced  in 
Art.  (79). 

2d.  To  find  the  equation  of  the  osculatory  circle  at  any  point 
t)f  the  ciLTve  whose  equation  is  y  =f[x). 

Denote  the  given  point,  or  point  of  osculation,  by  x"  and  y". 

The  most  general  equation  of  the  circle  is 

{x-af  +  {y-^y  =  K^ (1), 

otaining  three  arbitrary  constants.      A  contact  of  the  second  or- 
ler  may  therefore  be  given  to  the  circle. 
By  differentiating  the  equation  y  ■=J\x),  and  substituting  x" 
id  y"  in  the  first  and  second  differential  coefficients,  we  obtain 

^  and  ^'. 

dx"  dx''' 

Differentiating  equation  (1)  twice,  we  have 

(x  —  a)dx  +  (y  —  i3)dy  =  0 ;       whence      -r^  =  -  -^^> 

ax  y  —  p 


144  DIFFERENTIAL    CALCULUS. 

dx^  +  df  +  {y-l3)cPi/=0;       whence        g= -^'. 

But  the  conditions  that  the  circle  be  an  osculatrix  are,  {x  being 
assumed  equal  to  x",) 

v  =  v"  dy_^dr_  d'y  ^  dY 

^       ^  dx       dx"  dx"        dx"' 


We  shall  then  have  for  the  three  equations  of  condition, 
(^.'/ _  a)''  +  (y"  -  ^)'' =  R« (2), 

djr_^  _  x"  -  g        .g.            ^  =  _            dx"-'        ,^. 
dx"  y"  —  (3 ^  ''  dx"'  y"  -  (3    ^  ^' 

By  the  solution  of  these,  we  can  find  the  values  of  R,  a  and  jS, 
which  substituted  in  (1)  will  give  the  equation  of  the  osculatory 
circle. 

To  illustrate,  let  us  seek  the  equation  of  the  circle  osculatory  to 
the  parabola  whose  equation  is 

y'  =  4a:, 

at  the  point  whose  co-ordinates  are         x"  =  1,         y"  =  2. 

Differentiating  the  given  equation  twice,  and  substituting  the  co* 
ordJnatcs  1  and  2,  we  find 


dy 
dx 

_  2 

~  y 

dy 
d? 

=  — 

4 

whence  -J—  =  1 : 

dx"  ' 


d'y"  _       1 
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These  values,  with  the  co-ordinates  of  the  given  point,  placed  in 
the  equations  of  condition,  give 

(1  -  ay  +  (2  -  ^y  =  R« 


1  —  a  1  2 


2-^  2 23^' 

whence 

a  =  5  ^  ^—2  R=  -/32, 

tad  the  equation  of  the  osculatory  circle  will  then  be 
(x  —  5y  +  {y+  2y  =  32. 


99.  Since  in  the  three  equations  of  condition  just  considered,  x" 
My"  may,  in  succession,  be  made  to  represent  every  point  of 
he  given  curve,  we  may  omit  the  dashes  and  write  the  equations 


{x-ay  +  (y-^y  =  E' (1), 


X 


-  «  =  -  ^(y  -  13) (2), 


I  which  it  must  be  recollected,  z  and  y  are  the  coK)rdinates  of 
.e  pomt  of  osculation,  a  and  /3  the  co-ordinates  of  the  centre  of 
te  osculatory  circle,  and  R  its  radius. 

Substituting  in  (1)  the  value  o(  x  -  a,  and  redudng,  we  ob- 
an 

19 
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whence,  by  the  substitution  of  the  value  of  y  —  ^, 


dxdy 

which  is  a  general  value  for  the  radius  of  the  osculatory  circle. 
If  z  denote  the  arc  of  the  given  curve,  then 


dz  =  Vdj^  +  df- Art.  (86); 

hence  the  above  expression  for  R  becomes 


R=  ± 


dxd?y 


100,  If  9  denote  the  angle  made  by  the  radius  of  the  oscula- 
tory circle  drawn  to  the  point  of  osculation,  with  a  fixed  line  as  I 
OP,  M  and  M'  two  consecutive  points,  and  MC  and  M'C  the 
corresponding  radii  intersecting  at  C,  then! 

MC  =  R,  MM'  =  dz,  nn'  =  dp Art.  (91). 

Since  !MCM'  may  be  regarded  as  a  triangle  I 
P  "      right-angled  at  M,  we  have 

MM'  =  MC  tang  MCM', 

and  since  MCM'  is  infinitely  small,  the  arc  which  measures  it  may  I 
be  taken  for  its  tangent ;  hence 


dz  =  IW(p,         and 


R  =  ^. 

dp 
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101.  The  first  value  of  R  in  article  (99)  has  been  deduced  undor 
the  supposition  that  x  is  the  independent  variable.     It  is  some- 
times desirable  to  change  this  independent  variable,  during  the 
^  djcussion  of  expressions  of  this  kind,  and  to  regard  y  or  some  other 
■■lable  quantity  in  the  expression  as  the  independent  one      \ 
■»e  general  expression  forR  maybe  obtained  without  the  par- 
■■lar  supposition  referred  to,  if  we  recollect  that  'El  has  been  de- 
Juced  by  the  differentiation  of  ^,  regarding  d{dx)  =  o. 

If  we  differentiate  this  expression  on  the  supposition  that  both 
iy  and  dx  are  variable,  we  have 

d(^\  =  ^(^y  —  dyd?x 
[dxj  d?  ' 

vhich  must  take  the  place  of  ^,  or  for 

dx 

dxd'y  we  must  put  dxd^y  —  dyd^x. 

The  value  of  R  thus  becomes 

K  =  +  _(^-Ljy!)i_  _  _^        d7? 

dxd'y  -  dyd^x        ^  dxd'y  -  dyd'x  ^  ^' 

If  in  this,  dx  be  regarded  as  constant,  we  shall  have  the  value  of 
,  as  in  article  (99). 

I  If  rfy  be  constant,  or  y  regarded  as  the  independent  variable 
ten  ' 


s 


R  ^  _    (da^  +  dy^^  d^ 

H  r-Ts =  =F 


dyd^x  "^  dyd^x 

If  2  be  regarded  as  the  independent  variable,  dz  will  be  constant, 
kd        d{dz')  =  0 ;         whence 
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dxcPx  +  dy(Py  =  0. 

Adding  the  square  of  this,  to  the  denominator  of  the  value  of  R' 
taken  from  (1),  we  have 

j^,  _  di^  dz* 


[{d'yy  +  {d'xy\  (df  +  dx^)        {d-'yf  +  (d^xf ' 


R  =  ± 


V(d^y)«  +  {d'xf 


102.  Since  the  curve  and  osculalory  circle  at  a  given  point  have 
a  tangent  in  common,  they  must  also  have  the  same  normal ;  but 
the  normal  to  the  circle  passes  through  its  centre,  the  normal  t<:' 
the  curve  must  then  pass  through  this  centre ;  or  the  radius  of  il 
osculatory  circle,  drawn  to  the  point  of  osculation,  is  normal  to  ihi 
curve. 

103.  Let  BB'  be  any  curve,  and  CC  an  arc  of  the  osculatwy 

•    1        m.       •        dy       du'       J  <Pv       «?V 
.    circle.     J.  hen  since  —  =  -^  and  -^  =  — i 
-B  d^       dx^  dx"       dr^ 

we  shall  have,  Art  (97), 

M'M"  =  A"-^  +  A'"— ^  +  &C. (1). 

1.2.3  1.2.3.4  ^  '^ 

"When  h  is  infinitely  small,  the  sign  of  M'M"  will  depend  upoi 
that  of  the  first  term  of  the  series,  which  will  have  the  same  sign 
as  A"  when  h  is  positive,  and  a  contrary  one  when  h  is  negative  j 
that  is,  M'M"  and  m'm'  have  contrary  signs.  If  then  M"  is  below 
the  curve  BB',  m"  wiU  be  above  it,  and  the  reverse ;  and  the  cireU 
CC  must  intersect  the  curve  at  M. 

It  may  be  shown  in  the  same  way,  that  any  osculatrix  ofm 
even  order  intersects  the  curve  ;  while  one  of  an  uneven  order  (2m 


I 
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nt :  As,  when  the  order  of  contact  is  even,  the  first  term  of  (1) 

ill  contain  h  with  an  odd  exponent,  and  will  therefore  change  ita 

^n  when  h  becomes  —  h.     This  will  not  be  the  case  when  the 

power  of  h  in  the  first  term  of  (1)  is  denoted  by  an  even  number. 

The  osculatory  circle,  however,  does  not  intersect  at  those  pomts 
about  which  the  curve  is  symmetrical  with  its  normal.  For,  ordi- 
nates  being  drawn  from  the  points  of  both,  perpendicular  to  the 
common  normal,  if  the  ordinate  of  the  curve  on  one  side  is  greater 
than  the  corresponding  ordinate  of  the  circle,  it  will  be  so  on  the 
other  side ;  as  may  be  seen  in  the  figure, 
in  which,  if  pi  >  ^,  then  pn'  >  po' ; 
or  if  pi  <  po,  then  pn'  <  p>o' ;  hence, 
in  this  case,  in  the  vicinity  of  the  point  M, 
the  circle  lies  entirely  within  or  entirely 
without  the  curve.  In  these  cases  it  will 
be  found  that  the  order  of  contact  of  the 
circle  is  odd,  and  higher  than  the  second,  for  unless  A"  =  0,  the 
di'cle  must  intersect,  as  shown  by  the  preceding  demonstration. 

Since  the  osculatory  circle  has  a  more  intimate  contact  with  a 
curve  at  a  given  point  than  any  other  circle,  it  will  necessarily  se- 
I  parate  those  circles  which  are  tangent  without  the  curve  from  those 
which  are  tangent  within. 


104.  The  curvature  of  a  curve  at  a  given  point  is  its  tendency  to 
depart  from  its  tangent  at  that  point.     Thus,  of  the 
two  curves  AC  and  AB,  having  the  common  tan-     '^^ 
gent  AD,  the  former  has  a  gi-eater  tendency  to  de- 
part from  the  tangent,  and  has  the  greatest  curva- 
ture. 

The  curvature  of  the  circumference  of  a  circle,  is  evidently  the 
same  at  all  of  its  points,  but  of  two  different  circumferences,  that 
one  curves  the  most  which  has  the  least  radius ;  as  in  the  figure. 
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the  tendency  of  ahd  to  depart  from  the  tan- 
gent is  greater  than  that  of  ah'd\  and  this 
tendency  plainly  increases  as  the  radius  de- 
creases, and  the  reverse  ;  that  is,  the  curva- 
ture in  two  different  circles  varies  inversely 
cw  their  radii. 


This  being  the  case,  the  expression  _  may  be  taken  as  the  mea- 
sure of  the  curvature  of  a  circle  whose  radius  is  R. 

Since  the  contact  of  the  osculatory  circle  with  a  curve  is  so  in- 
timate, its  curvature  may  be  taken  for  the  curvature  of  the  curve 
at  the  point  of  osculation  ;  and  the  two  in  the  immediate  vicinity 
of  this  point,  may  be  regarded  as  one  and  the  same  curve ;  hence, 

to  compare  the  curvatures  at  dif- 
ferent points  of  a  curve,  we  have 
only  to  compare  the  curvatures  of' 
the  osculatory  circles  drawn  at  these 
points.      Thus  in  the  curve  MM', 


curvature  at  M  :  curvature  at  M' 


105.  The  radius  of  the  osculatory  drcle  at  a  given  point  of  a 
curve  is  called  the  Radius  of  Curvature,  at  that  point.  The  gene- 
ral value  of  this  radius  is  given  in  article  (99),  and  it  may  be 
found  for  any  particular  curve,  by  differentiating  the  equation  of 
the  curve,  and  substituting  the  derived  values  of  dy  and  cPy  in  the 
formula, 

dxd^y 


If  the  value  at  any  particular  point  of  the  curve  be  required ; 
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for  X  and  y  in  the  value  just  deduced,  substitute  the  co-ordinatea 
of  the  particular  point. 

As  only  the  absolute  length  of  the  radius  of  curvature  is  re- 
quired in  determining  the  curvature  of  curves,  we  may  use  either 
the  plus  or  minus  sign  of  the  formula.  It  is  best,  in  general,  to 
use  that  which,  taken  with  the  sign  resulting  from  the  expression, 
will  make  R  essentially  positive. 

Let  it  now  be  required  to  find  the  general  expression  for  the  ra- 
dius of  curvature  of  Conic  Sections. 

Their  equation  is 

y^  ■=  mx  ■\-  nsr  \  whence         dy  =  i— 1 — , 

2y 

^  [4y'  +  (m  +  2nxnh?^ 

4/ 

„         2nydx'^  —  {m'+  2nx)dxdy  _  [iny^  —  (m  +  2nxf'\da? 
"^y  =  2?  -  47 

These  values  substituted  in  the  formula,  g^ve 

~  2m« 

and  this,  after  dividing  both  terms  of  the  fraction  by  8,  may  be 
||  put  under  the  form 

P  yVinx  +  n.^  +  i  (»*  +  2nxy)  /,x 

T 

;ihe  numerator  of  which  is  the  cube  of  the  normal,  Art.  (82) : 
Hence  the  radius  of  curvature  at  any  point  of  a  conic  section,  is 
the  cube  of  the  normal   divided  by  the  square  of  half  the  para- 
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meter,  and  the  radii  at  different  points   are  to  each  other  as  the 
cubes  of  the  corresponding  normals. 

If  in  (1)  we  make  a;  =  0,  we  have,  at  the  principal  vertex, 


R  ^  —  =  one  half  the parametery 


which  Tor  the  ellipse  and  hyperbola  is    — . 

The  radius  of  curvature  at  the  vertex  of  the  conjugate  axis  of 
the  ellipse  is  obtained  by  substituting  in  (1), 


26"  B«  ,  . 

m  =z  — ,         n  ■=. ,       and        x  =  A. 


The  result  is 


^2  .  .    " 

R  =  — -  =  one  half  the  parameter  of  the  conjugate  axis. 


It  may  be  readily  shown  that  _  is  the  least  value  which  R  adr 

mits  of;  therefore  the  curvature  at  the  principal  vertex  of  a  co- 

A^ 
nic  section  is  greater  than  at  any  other  point.     Likewise,  — -      B 

the  greatest  value  of  R  in  the  ellipse  ;  hence  the  curvature  of  the 
ellipse  is  least,  at  the  vertex  of  the  conjugate  axis.  The  curv*- 
ture  of  the  other  two  curves  diminishes  as  we  recede  from  the 
vertex. 

For  the  parabola  n  =  0  ;  we  then  have 


~         2m»  ■' 
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EVOLUTES. 


I 

■  106.  If  at  the  different  points  of  a  given  curve  osculatory 
circles  be  drawn,  and  a  second  curve 
traced  through  their  centres,  the  latter 
is  called  the  JEvolute  of  the  former, 
•which  is  the  Involute.  Thus  CC"  is 
the  evolute  of  the  involute  MM'". 
Points  of  the  evolute  may  always  be 
constructed  by  drawing  normals  at  the 
different  points  of  the  involute,  and  on 
each  of  these  normals  laying  off  the 
corresponding  value  of  R,  deduced  as  in  article  (105). 


107.  If  a  and  /?,  the  co-ordinates  of  the  centre  of  the  osculatory 
circle,  be  regarded  as  variables,  they  will  determine  all  the  points 
of  the  evolute ;  but  a,  ^,  and  R,  are  functions  of  x  and  y,  the  co- 
ordinates of  the  points  of  osculation ;  and  the  relation  between 
these  five  variables  is  expressed  by  the  three  equations  of  Art.  (99), 
which  naay  be  written  thus, 

^x-aY  +  {y-^Y  =  W (1), 

IL  {x  -  a.)dx  +{y-  ^)dy  =  0 (2), 

i     "-«"-""=" » 

■   If  we  differentiate  (1)  and  (2),  regarding  all  the  quantities,  ex- 
cept 6?x,  as  variables,  we  obtain 

(x  -  a.)dx  +  (y  -  (3)dy  -  (x  -  a)da,  -  [y  -  I3)d^  =  RiR, 

da^  -h  dy"  -{- {y  -  ^)d:'y  —  dxda  —  dyd^  =  0, 
20 


154  DIFFERENTIAL    CALCULUS. 

and  these,  by  means  of  equations  (2)  and  (3),  are  reduced  to 

—  (x  -  a)da  —  {y~  I3)d^  =  RdE (4), 

—  dxda  —  dydiS  =  0 (5). 

Equation  (5)  gives 


.(6). 


_dx_  d^ 
dy       da. 

—  —  is  the  tangent  of  the  angle  which  a  normal  to  the  involute 
dy 

at  the  point  (x,  y)  makes  with  the  axis  of  X,  Art.  (81),  and  —   is 

da 

the  tangent  of  the  angle  which  a  tangent  to  the  evolute  at  the 

point  (a,  /S)  makes  with  the  same  axis ;  hence  these  angles  are 

equal.     But  the  normal  at  the  point  (x,  y)  passes  through  thy 

point  (a,  jS),  Art.  (102) ;  therefore  the  normal  and  tangent  form 

one  and  the  same  hne  ;  that  is,  the  radius  of  curvature  is  normal 

to  the  involute,  and  tangent  to  the  evolute. 

The  evolute  may  therefore  be  constructed,  by  drawing  a  curve 
tangent  to  the  normals  at  the  different  points  of  the  involute. 

From  what  precedes,  it  is  plain  that  the  evolute  may  be  re- 
garded as  formed  by  the  intersections  of  the  consecutive  normals 
to  the  involute,  and  that  the  point  of  intersection  of  any  two  con- 
secutive normals  may  be  taken  as  the  centre  of  the  osculatory 
circle,  which  passes  through  the  two  consecutive  points  of  the 
involute  at  which  the  normals  are  drawn. 


108.  Equation  (6)  of  the  preceding  article,  combined  with  (2), 
gives 

*  -  «  =  ^(3/  -  /3). 
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Substituting  this  value  in  (1),  we  have,  after  reduction, 
^.  (,_,3r(^f!L  +  ^  =  E- (7). 

Substituting  the  same  value  in  (4),  reducing  and  squaring  both 
members,  we  obtain 

DiN-iding  this  by  (7),  member  by  member,  and  taking  the  root, 

Vda'  +  djS'  =  dR. 
But  if  z  represent  the  arc  of  the  evolute,  we  have 

dz  =  Vda^  +  d^'' Ai-t.  (86); 

hence 

dR  =  dz,        <ni  —  rfz  =  0,         <i(R  —  2)  =  0 ; 
whence  R  —  zmust  be  a  constant,  Art.  (14),  or 
R  =  2  +  c. 


109.  If  any  two  radii  of  cui-vature  be  drawn,  as  one  at  M  and 
the  other  at  M' ;  the  first  being  denoted  by  R,  the  second  by  R', 
and  the  corresponding  arcs  BC  and  BC  by  z 
and  2',  we  have 

R  =  z  +  c  R'  =  z'  +  c ; 

whence 

R'  _  R  =  z'  —  z; 


J 
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that  is,  the  difference  betioeen  any  two  radii  of  curvature  is  eqtial  to 
the  arc  of  the  evolute  intercepted  between  them. 

If  in  the  equation  R  =  z  +  c,  we  make  z  =  0,  and  denote  by 
r,  the  corresponding  value  of  R,  we  shall  have 

r  =  0  +  c  =  c; 

that  is,  the  constant  c  is  always  equal  to  the  radius  of  curvature 
which  passes  through  the  point  of  the  evolute,  from  which  its  arc 
is  estimated- 


K  we  estimate  the  evolute  of  the  ellipse 
from  the  point  C,  we  have 


c  =  MC  =  — . 
A 


hence 


.Art.  (105). 


R  =  2  +  _. 

A 


Also,  since 


M'C'  = 


B' 


M'C  —  MC  =  :^'  _  ^'  =  CC 
B        A 


If  the  evolute  and  one  point  of  the  involute  be  given,  and  a 
thread  be  wound  upon  the  evolute  and  drawn  tight,  passing 
through  the  given  point  M,  j5g.  (a) ;  when  the  thread  is  unwound 
or  evolved,  the  point  of  a  pencil  first  placed  at  M,  will  describe  the 
involute ;  for,  by  the  nature  of  the  operation,  CC  is  always  equal 
to  M'C  —  MC. 


110.  The  equation  of  the  evolute  of  any  curve  may  be  found 


I 
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thus  :  Differentiate  the  equation  of  the  involute  twice ;  deduce  the 
expressions  for  dy  and  d?y^  and  substitute  in  the  equations 


j,-0=_^i^'. (1) 

dry 


Art  (99) ; 


^-'*=  -%{y-^) (2) 

combine  the  results,  which  wiU  contain  the  four  variables  a,  ]8,  ar, 
and  y,  with  the  equation  of  the  involute,  and  eliminate  x  and  y ; 
the  final  equation  will  contain  only  a,  j8,  and  constants,  and  will 
therefore  be  the  required  equation. 

As  an  example ;  let  it  be  required  to  find  the  equation  of  the 
evolute  of  the  common  parabola. 

The  equation  of  the  involute  is 

y*  =  2px ;  whence  _£_  =  ^; 

dx       y 

dy'=^  d^y=-^. 

Substituting  these  values  in  (1)  and  (2),  and  reducing,  we  have 

y  -  /3  =  ^  +  y  ;       whence  —  /3  z=  L. (3) ; 

«  —  «=-  —  -  P (4)  ; 

P 

and  putting  for  y,  in  (3)  and  (4),  its  value  V2px  =  (2^)'x*,  we 
have 

^         92ra 


i 
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The  value  of  a:  =  --(a  —  p)    taken  from  the  last   equation, 
3 

and  substituted  in  the  preceding,  gives 


^'  =  2i(»-'>' 


which  is  the  required  equation. 

K  we  make  /3  =  0,  we  have  a  =  p,  and  laving  off 
AC  ^=  p,  G  will  be  the  point  at  which  the 
evolute  meets  the  axis  of  X.  If  we  trans- 
fer the  origin  of  co-ordinates  to  this  point,  we 
have 


a'  =  a  —  p,  j8'  =  ^  ; 


hence 


27jp 

Since  every  value  of  a'  gives  two  values  of  /3',  equal  with  con- 
trary signs,  the  curve  is  symmetrical  with  the  axis  of  X.  K  a' 
be  negative,  /3'  is  imaginary,  and  the  curve  does  not  extend 
to  the  left  of  C.  The  branch  CC  belongs  to  AM,  and  CC"  to 
AM'. 


TRANSCENDENTAL    CURVES. 


111.  The  most  general  division  of  curves  is  into  the  classes, 
Algebraic  and  Transcendental. 

When  the  relation  between  the  ordinate  and  abscissa  of  a  curve 
can  be  expressed  entirely  in  algebraic  terms  [see  Art.  (5)],  it  be- 
longs to  the  first  class ;  and  when  such  relation  can  not  be  ex- 
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pressed  without  the  aid  of  transcendental  quantities,  it  >x;lonos  to 
the  second  class. 


112.  One  of  the  most  important  of  the  latter  class  is 


THE     LOGARITHMIC    CURVE, 


SO  named,  because  it  may  always  be  referred  to  a  set  of  co-ordinate 
I  axes,  such  that  one  co-ordinate  will  be  the  logarithm  of  the  other. 
I  Its  equation  is  usually  written 

y  —  log  X, 
or,  if  a  be  the  base  of  the  system  of  logarithms, 

x=  a". 


The  curve  is  given  when  a  is  known,  and 
may  be  constructed  by  laying  off  on  the  axis 
of  X  the  different  numbers,  and  on  the  cor- 
responding perpendiculars,  the  logarithms  of 
these  numbers :  Or  it  may  be  constructed 
'from  the  equation  x  =  a",  by  making  y  =  |, 
f ,  ^,  (fee. ;  whence  the  corresponding  values 
of  X  are 


=  -yfa, 


a  -y/ci^ 


X  =  Va,  &c. 


When  y  =  0,  x  =  1.  This  being  the  case  for  all  systems 
of  logai-ithms,  shows  that  all  logarithmic  curves,  when  referred  to 
the  same  axes,  cut  the  axis  of  X,  or  axis  of  numbers,  at  a  distance 
from  the  origin  equal  to  unity. 

If  a  >  l,and  a?  >  1,  y  is  positive  and  increases  as x  increases; 
if  a;  <  1,  y  is  negative  and  increases  niunerically  as  x  decreases 
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until  X  =  0,  when  y  =  —  oo  .     If  x  be  negative,  there  will  be  ni 
corresponding  value  of  y.     The  curve  will  then  be  of  the  fonn  in- 
dicated by  the  full  hne  in  the  figure. 

If  a  <  1,  the  reverse  will  be  the  case,  and  the  curve  will  be  re- 
presented by  the  dotted  line. 


113.  If  now  we  differentiate  the  equation  y  =  log  x,  M  being 
the  modulus,  we  deduce 

rfy  _  M  rfV  _  _M  • 

dx        X  da?  ^ 

"When  a  =  0  -i-.  =  — =qo; 

dx       0 

hence  the  tangent  at  the  corresponding  point  is  the  axis  of  Y  ;  and 
since  for  x  =  0,    y  "=■  —  oo  ,  this  tangent  is  an  asymptote. 

When  x=ao,  ^  =  ^  =  0. 

dx        °o 


But  a;  =  00  gives  y  =  oo  ;  hence  there  is  no  tangent  parallel  to 
the  axis  of  X,  at  a  finite  distance  from  it. 

The  value  for  the  subtanorent  on  the  axis  of  X  is  j 


K  the  subtangent  be  taken  on  the  axis  of  Y,  we  have 

SS'  =  x^  =  M- 

dx  4 

that  is,  the  subtangent  on  the  axis  of  logarithms  is  constant^  and 
equal  to  the  modulus  of  the  system  in  which  the  logarithms  are 
taken. 


DIFFERENTIAL    CALCULUS.  161 

If      M  =   1,  SS'  =   1=  AB. 

Since,  when  a  >  1,  i.  is  negative  for  all  values  of  ar,  the  part 
BM  is  concave  towards  the  axis  of  X,  and  BM'  convex. 

"VMien  a  <  1,  M  is  negative,  — ^  will  be  positive,  the  part  Bm' 
convex  and  Bwi  concave. 

114.  Another  remarkable  transcendental  curve  is, 

THE     CYCLOID, 

which  is  generated  by  a  point  in  the  circumference  of  a  circle, 
when  the  circle  is  rolled  in  the  same  plane,  along  a  given  straight 
line. 

Let  AB  be  the  given  line,  and  suppose  the  circle  to  have  been 
placed  upon  it,  so  that  the  generating  point  was  at  A,  and  then  to 
have  been  rolled  to  the  position  RME. 

The  generating  point  now  at  M,  has  generated  the  arc  AM. 


Take  the  origin  of  co-ordinates  at  A,  and  let  AP  =  a;,  PM  =  y 
and  RE,  the  diameter  of  the  generating  circle  =  2r  ;  then 


AP  =  AR  -  PR. 


.(1). 


But  since  every  point  of  the  circumference  from  M  to  R,  as  the 
circle  was  rolled,  came  in  contact  with  AR,  we  have 

AR  =  arc  MR  =  ver-sin~'RN  =  ver-sin-'y. 

21  -r 
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Also, 

PR  =  MX  =  VITX  X  NE  =  V^2r  -  y)  =  V2ry  —  y\ 

Substituting  the  values  of  AP,  AR  and  PR  in  (1),  we  have 

X  =  ver-sin~'y  —  V'^ry  —  y*. (2), 

which  is  the  equation  of  the  Cycloid. 

After  the  circle  has  been  rolled  over  once,  every  point  of  the 
circumference  wiU  have  been  in  contact  with  AB,  and  the  genera- 
ting point  will  have  arrived  at  B ;  we  have  then 

AB  =  circumference  of  generating  circle  =  2*r. 

The  given  line  is  called  the  base  of  the  Cycloid,  and  the  Une 
CD  =  2r  perpendicular  to  AB  at  its  middle  point,  is  the  axis. 

If  the  rolling  of  the  circle  be  continued  beyond  the  point  B,  an 
infinite  number  of  arcs,  each  equal  to  ADB,  will  be  generated. 

Every  negative  value  of  y  in  equation  (2)  makes  x  imaginary ; 
hence  there  is  no  point  of  the  curve  below  the  axis  of  X. 

y  =  2r,         gives         x  =  ver-sin~'2r  =  err  =  AC. 

Every  value  of  y  >•  2r  makes  x  imaginary ;  hence  the  great- 
est ordinate  of  the  curve  is  equal  to  the  diameter  of  the  genera- 
ting circle. 

By  differentiating  (2)  we  have,  Art.  (42),  | . 

-v/2ry  —  y*        -/2ry  —  y« 


n 


or  reducing 


dx  =         y^y        (3), 

V2ry  —  y» 
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wliich  is  tlie  diflferential  equation  of  the  Cycloid. 

115.  Substituting  the  preceding  value  of  dx  in  the  formulas  of 
•rticle  (82),  and  reducing,  we  have 

Suhtangent^  FT  =  ^ 


V2ry  -  f 

Tangent,  MT  =       V^^^   . 

V2ry  -  f 

Subnormal,  PR  =  V'^ry  —  yK 
NoTTfial,  MR  =  V^ry. 

Since  the  subnormal  PR  =  V'^ry  —  y^  =  MN",  the  diameter 
ER  and  normal  MR  intersect  the  base  at  the  same  point.  Hence, 
to  construct  the  normal  at  a  given  point,  join  it  with  the  point 
lat  which  the  corresponding  position  of  the  generating  circle  is 
tangent  to  the  base  :  Or,  upon  the  greatest  ordinate  CD  as  a 
diameter,  describe  a  circle,  and,  through  the  given  point  M,  draw 
8  line  parallel  to  the  base,  from  the  point  F  in  which  it  cuts  the 
circle,  draw  the  two  chords  CF  and  DF  to  the  extremities  of  the 
diameter ;  a  line  through  the  given  point  parallel  to  CF  will  be 
the  normal,  and  one  parallel  to  DF  the  tangent. 

If  it  be  required  to  draw  a  tangent  parallel  to  a  given-  line  as 
IT'T" ;  draw  the  chord  DF  parallel  to  the  given  line,  from  F  draw 
'  FM  parallel  to  the  base ;  the  point  M  is  the  point  of  contact, 
through  which  draw  a  line  parallel  to  T'T". 

116.  From  equation  (3),  article  (114),  we  have 

dy  _  Viry  —  f_     / 2r  _  ^ ^jj^ 

dx  y  ^  y 
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which  becomes  0  when  y  =  2r,  and  oo  when  y  =  0  ;  hence  at 
the  extremity  of  the  greatest  ordinate,  the  tangent  is  parallel  to 
the  base ;  and  at  the  points  A,  B,  <fec.,  where  the  curve  meets  the 
base,  it  is  perpendicular. 

If  we  square  both  members  of  equation  (1),  we  have 

^  =  !r  _  1. 

dx^        y 

Differentiating  both  members  of  this,  we  have 

2dycPy  2rdy  d^y   _         r 

dn?  y^   '  dx^  3^ 

This  second  differential  coeflBcient  being  negative  for  all  values 
of  y,  the  curve  is  concave  towards  the  axis  of  X,  Art.  (88). 

117.  Substituting  the  values  of  dy  and  d^y  in  the  expression 

^_       (dz^  +  df)^^  -  i 

dxd^y        '  J 


we  obtain 


f2ryd3Fy  f 


rdi 


rdar 


H 


or  since  "s/lry  is  the  expression  for  the  normal,  Art.  (115),  iAf 
Radius  of  Curvature  is  equal  to  twice  tlie  normal  at  the  point  of 
osculation. 


If        y  =  0,     R  =  0  ;         and  if        y  =  2r,     R  =  4r ; 
hence  the  radius  of  curvature  at  A,  (see  figure  in  next  article) 


i 
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is  equal  to  0 ;    and  at  D  is  4r;    therefore,  Art.   (109),  the   arc 
.V\'  =  4r. 


118.  To  obtain  the  equation  of  the  evolute  let  us  substitute  the 
'  yalues  of  dy  and  (Py  in  equations  (1)  and  (2)  of  article  (1 10). 
After  reduction,  we  find 


y  —  ^  =  2y,  X  —  a=  —  2  V^ry  —  f  ; 


I  whence 


y  =  —  ^,                  a:  =  a  —  2  V  —  2r/3  —  ^S". 
These  values,  in  the  equation  of  the  involute.  Art.  (114),  give 
a  =  ver-sin-'  -  ^  +  V  —  2r(3  -  ^^ (1), 

I  for  the  required  equation. 

If  we  produce  DC  to  A'  making  CA'  =  DC,  and  then  transfer 

I  the  origin  to  A',  the  new  axes  being 

.  A'X'  and  A'D,  and  the  new  co-ordi- 
nates a'  and  /3',  we  shall  have  for 
any  point,  as  M', 

AG  =  a,         GM'  =  -  /3, 

A'F  =  a',       P'M'  =  /3'. 

Since  AC  =  *r,  and  CG  =  AT', 

a  =  irr  —  a' : 

and  since  GP'  =  2r, 

GM'  =  2r  -  jS',         or       —  jg  =  2r  -  /S'. 
Substituting  these  values  in  (1),  we  have 
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^-  a'  =  ver-sin-'(2r  -  (3')  +  V'ir/S'  -  /3'^ 
■whence 

a'  =  ^r  -  ver-sm-'(2r  -  ,6')  -  ■v/2r/3'  - /3'^ 

But  *r  —  ver-sin-'(2r  —  /3')  =  ver-sin-')3'  ;    hence  the   last 
equation  becomes 

a'  =  ver-sin-'/3'  -  V2rfS'  -  (S'\ 

■which  is  the  equation  of  the  evolute  referred  to  the  new  axes,  and 
is  of  the  same  form  and  contains  the  same  constants  as  the  equa- 
tion of  the  involute,  therefore  the  two  curves  are  equal. 

Since  arc  AA'  =  4r,  its  equal  AD  =  4r,  and  ADB  =  4.2r ; 
that  is,  equfl  to/our  times  the  diameter  of  the  generating  circle. 


THE    SPIRALS. 

» 

119.  Ka  right  line  he  revolved  uniformly,  in  the  same  plane, 
about  one  of  its  points  ;  a  second  point  of  the  line  continually  ap 
preaching,  or  receding  from  the  fixed  point,  in  accordance  with 
some  prescribed  law,  will  generate  a  curve  called  a  spiral. 

The  fixed  point  is  called  the  pole  or  eye  of  the  spiral.  The  por- 
tion of  the  spiral  generated  while  the  hue  makes  one  revolution,  is 
called  a  spire  ;  and  since  there  is  no  limit 
to  the  number  of  revolutions,  the  number 
of  spires  is  infinite,  and  any  straight  line 
drawn  through  the  pole  of  the  spiral  will 
intersect  it  in  an  infinite  number  of  points. 

The  system  of  polar  co-ordinates  being 
used  to  determine  the  different  points  of  a 
spiral,  its  equation  will,  in  general,  be  of  the 
form 
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U=J{t), 

in  which  u  denotes  the  radius  vector,  and  t  the  variable  angle. 

1 20.  Before  discussing  the  particular  spirals,  it  will  be  necessary 
j  to  determine  general  expressions  for  the  subtangent,  &c.,  and  the 
differentials  of  the  arc  and  area,  in  ter-ms  of  polar  co-ordinates. 

The  subtangent,  in  such  case,  is  the  part  of  the  perpendicular  to 
the  radius  vector  of  the  point  of  contact,  intercepted  between  tlie 
pole  and  the  point  where  the  tangent  meets  this  perpendicular. 
Thas,  if  A  be  the  pole,  and  MT  the  tangent,  AT  perpendicular  to 
AM  is  the  subtangent.  To  find  the  ex- 
pression for  it ;  let  the  arc  t  receive  the 
increment  PP',  (AP  being  =  1)  ;  de- 
iscribe  MC  with  the  radius  AM  =  u ; 
draw  the  chords  MC  and  MM',  and  the 
line  AT'  parallel  to  MC,  and  produce 
(MM'  to  T'.  From  the  similar  triangles 
ftlM'C  and  M'AT',  we  have 


M'C:MC::M'A:T'A; 


p^  ^  MC  X  M'A       ,j. 
M'C        ^  '' 


Also  from  the  similar  sectors  APP'  and  AMC, 

1  :  PP'  : :  AM  :  arcMC;         arcMC  =  AM  X  PP. 

Now  suppose  the  increment  PP'  =  dt,  then  M'C  =  du, 
lArt.  (91),  M'  becomes  consecutive  with  M,  the  secant  M'T' 
looincides  with  the  tangent  MT,  T'A  =  AT,  AM'  =  AM  =  « 
land  chord  MC  =:  arc  MC  =:  udt. 

Making  these  substitutions  in  (1),  we  have 


AT  =  subtangent 


tfdt_ 
du 


.(2). 
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From  this  we  deduce 


,  u         AM         du 


The  tangent  MT  =  VaM'  +  AT"  =  Kyi  + 


,df- 
w — 


The  similar  triangles  AMT  and  AME,  give 

AT  '.  u  ::  u  '.  AR ;         AR  = =  —  =  subnormal. 

AT       dt 

"When  M'  is  consecutive  with  M,  MM'C  may  be  regarded  as  a 
triangle,  right-angled  at  C  ;  hence 


Mil'  =  Vm'C*  +  MC* . 

But  MM'  is  the  differential  of  the  arc  ;   therefore 

dz  =  Vdu*  +  u*df. 

K  ADM  be  any  segment,  AMM'  will  be  its  increment  when 
t  is  increased  by  dt.  Calling  the  segment  «,  AMM'  wll  then  be 
d»,  and  may  be  measured  by  the  sector  AMC.  But  the  area  of 
the  sector 

AMC  =  IaM  X  arcMC  =  — ; 
2  2 

hence 

2  I 

It  should  be  observed,  that  all  of  these  expressions  may  be     "'' 
found  precisely  as  in  the  corresponding  cases  in  rectilinear  co-ordi- 
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nates,  but  it  is  better  to  avail  ourselves  of  the  more  simple  process 
indicated  in  the  general  remark,  Art.  (91). 


121.  An  equation,  from  which  the  particular  equations  of  most 
of  the  spirals  may  be  deduced  by  assigning  particular  values  to  o 
and  n,  is 

u  =  at" 

If  »  be  positive,         t  =  0         will  give         «  =  0, 

I  and  the  spirals  represented  by  the  equation  have  their  origin  at 
I  the  pole. 

If  n  be  negative,         t  =  0         will  give         u  =  oo, 

land  the  spirals  have  their  origin  at  an  infinite  distance,  contin- 
lually  approach  the  pole,  and  u  becomes  equal  to  0  only  when 

<=    00. 


122.  Let        n  =  1,         then         m  =  erf, 

and  if  u'  and  t',  u"  and  t",  represent  the  co-ordinates  of  any 
two  points  of  the  spiral,  we  shall  have 

u'  =  at',  u"  —  at" ; 

iwhence 

u'  :  u"  '.'.  V  :  t'\ 

or  the  law  in  accordance  with  which  the  generating  point  must 
ove  is,  that  the  radius  vectors  shall  he  jn-oportional  to  the  correi- 
m^ponding  angles. 
1 1     The  curve  thus  generated  is  the  Spiral  of  Archimedes. 
22 
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If  we  take  for  the  unit  of  distance,  the  length  of  the  radius 
vector  after  one  revolution ;  then  m  =  1,  t  =  2*,  and  the 
equation  gives 


1  =  a.2ir, 


1 

2:;' 


and  the  primitive  equation  becomes 

u  =  — :  whence  du  =  — 

2ir  2* 

This  spiral  may  be  constructed  by  dividing  a  circumfei^nce  into 
any  number  of  equal  parts,  as  8,  and  the  radius  AB  into  the  same 
number  of  equal  parts.  On  the  radius  AC  lay  off  one  of  these 
parts ;  on  AD  two,  AE  three,  (fee. ;  on  AB 
eight,  then  again  on  AC  nine,  &c  The 
distances  thus  laid  off  will  be  proportional 
to  the  angles  BAG,  BAD,  <fec.,  and  the 
curve  through  their  extremities  the  re- 
quired spiral. 

Substituting  the  values  of  u  and  du  in 
equation  (2),  Art.  (120),  we  have 

AT  =  suhtangent  =  — . 

If        t  =  2*,         that  is,  if  the  tangent  be  drawn  at  the  extre- 
mity of  the  arc  generated  in  one  revolution,  we  have 

AT  =  2ir  =  circum/ere7ice  of  vieasuring  circle. 

If        t  =  m.2ir,         or  the  tangent  be  drawn  at  the  extremity 
of  the  arc  generated  in  m  revolutions, 

AT  =  m^2«r  =  m.2mne  ; 


y  1 

mN 

-  ■  1 

— :x' 
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it  is,  equal  to  m  times  the  circumference  described  with  the  raditu 
■  ior  of  the  point  of  contact. 

For  the  subnormal  we  find 

dt        2*' 


123,  K        n  =  i,         the  general  equation  becomes 

u  =  at^ ,  or  u^  =  a^t. 

ITiis  equation  being  of  the  same  form  as  that  of  the  parabola, 
the  curve  given  by  it  is  called  the  Parabolic  Spiral. 

It  may  be  constructed  by  first  constructing  the  parabola  whose 

■  [nation  is         y*  =  a'x,         and  then  laying  oflf  from  P  to  B,  C, 

D,  &C.,  along  the  circumference,  any  assumed 

_f  abscissas,  and  from  A  to  M,  M',  &c.,  the  cor- 

„';■?        responding  ordinates  ;  the  points  M,  M',  &c., 

"will  be  points  of  the  spiral,  since  for  each  we 

have 

y^  =.  a^x,  or  t^  =  aH. 

2tt' 
The  subtangent  at  any  point  is       AT  =  —^. 


124.  If        n  =  —  1,  M  =  at"        becomes 


u  =  atr^  =  -,        or        ut  ^  a, 


md  the  spiral  thus  given  is  called  the  Hyperbolic  Spiral. 
If  u'  and  V,  u"  and  f",  be  the  co-ordinates  of  any  two  points  of 
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the  spiral,  we  have  u!  =—,  and  u"  =  — ;  whence 

V      t" 

or  the  radius  vectors  are  inversely  proportional  to  the  angles. 

If  M  be  any  point  of  the  spiral, 

AM  =  u,  MAP  =  t. 

The  right-angled  triangle  MAP,  gives 

MP 
u  =  -V — . 

sin  ^  J 

I 

Substituting  this  value  of  «  in  the  equation  ut  =  a,  we  find 

Ti»-r,          sin  t 
MP  =  a . 

t 

As  <  is  diminished,  this  value  approaches  nearer  to  a,  and  since 
=  1 ;  when  <  =  0,  we  have  MP  =  a. 


/sin  A 


If  then  at  a  distance  AC  =  a,  a  line  be  drawn  parallel  to  AP, 
it  will  continually  approach  the  curve  and  touch  it  at  an  infiiiil[» 
distance. 

The  svhtangent  AT  =  !^  =  —  a.  \ 

du  I  • 

It  is  then  constant  and  equal  to  AC.     Also,  -  r 


—  =  tangAMT=  -  t; 
du 


i 


that  is,  the  tangent  of  the  angU  made  hy  the  tangent  and  radius 
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vector  is  equal  to  the  arc  which  measures  the  angle  made  hy  the  ror 
dius  vector  and  fixed  line. 

We  may  apply  these  properties  to  the  construction  of  the  curve 
by  points,  thus  :  With  A  as 
a  centre  and  radius  =  a,  de- 
scribe a  circle  ;  join  any  point 
T  with  A,  draw  the  indefinite 
radius  vector  AM  perpendic- 
ular to  AT.  Make  AD  = 
arc  PN  ;  join  D  and  N,  and 
draw  TM  parallel  to  DN,  M  will  be  a  point  of  the  curve ;  for  by 
the  construction 

AD  =  tang  AND  =  tang  AMT  =  arc  NT. 


125.  The  spiral  represented  by  the  equation 
t  =  log  u 
is  called  the  Logarithmic  Spiral. 

Differentiating,  we  find 

J.       Mdu 
at  = ; 


whence 


tang  AMT  =  —  =:U', 
^  du  ' 


that  is,  the  angle  formed  hy  the  radius  vector  and  tangent  is  con- 
stant, and  the  tangent  of  this  angle  is  equal  to  the  nriodulus  of  the 
gystem  of  logarithms  used. 

If  the  Naperian  system  be  chosen,   M  =  1,    and   AMT  =  46°. 
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Since  t  is  the  logarithm  of  «,  if  it  be  increased  uniformly,  so  that 
the  diflferent  arcs  t,  t',  V,  <fec.,  shall  be  in 
arithmetical  progression,  then  u,  «',  u'",  &c., 
must  be  in  geometrical  progression,  and  the 
curve  may  be  constructed  thus.  AVith 
AO  =  1  describe  a  circle,  and  divide  the 
circumference  into  any  number  of  equal 
parts,  and  draw  the  lines  AO,  Ap,  Ap',  &c 
The  distances  laid  off  on  these  lines  are  to 
be  in  geometrical  progression,  since  the  arcs  Op,  Op',  0;p",  &c.,  in- 
crease by  the  constant  diflference  Op.  To  find  the  ratio  of  this 
progression  let  /  =  0,  then  u  =  AO  =  1.  Now  make  t  =  the 
arc  0;p,  and  find  the  corresponding  value  of  u  in  the  system  of  log- 
arithms used,  which  lay  off  to  m,  then 

=  the  ratio. 

AO 


On     Ap',  Ap",  (fee,     lay  off    Am',  Am",     so  that 
AO  :  Am  :  Am'  :  Am"  :  Am'"  :   &c., 
TO,  m',  to",  &c.,  will  be  points  of  the  curve. 


PART   II. 
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126.  The  object  of  the  Integral  Calculus  is  to  explain  bow  to 
jiass  from  difterentials  to  tbe  functions  from  wbicb  tbey  may  be 
derived :  Or  in  any  particular  case,  to  find  an  expression  which, 
if  it  be  differentiated,  will  produce  the  given  differential. 

This  expression  is  called  the  integral  of  the  differential.  The 
symbol  f  when  prefixed  to  a  differential,  denotes  that  its 
integral  is  required,  thus 

fdu  =  tt,  ^ 

and  this  integral  {du  being  infinitely  small)  is  plainly  the  same  as 
the  sum  referred  to  in  article  (91). 


127.  "We  have  found,  article  (15),         dAu  =  Adu  ;  ^    there- 
fore   

J"  Adu  =/dAu  =  Au  =  A  fdu. 


From  which  we  see  that  a  constant  factor  may  be  placed  with- 
out the  sign  of  integration,  without  affecting  the  value  of  the  inte- 
gral ;  thus, 


I 
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/J(a  -  !>?)dx  =  hf{a  -  :^)dx,         J—  =  lf3?dx. 


Also  in  article  (18),  we  have 

d{u  +  t>  ±  &c.)  =  rf tt  +  <itJ  ±  &c ; 

hence 

f{du  +  dv±  &c.)  =/d{u  +  r  ±  <fec.)  =  u  +  v  ±  &c. 

^  ■=fdu  +fdv  it  &c. ; 

that  is,  the  integral  of  the  sum  or  difference  of  any  number  of  dif- 
ferentials, is  equal  to  the  sum  or  difference  of  their  respective  inte- 
grals. 

Also  in  article  (14),  we  have 

d{u  +  C)  =  du,  ^ 

no  matter  what  the  value  of  the  constant  C  may  be ;  hence  an 
infinite  number  of  expressions  differing  from  each  other  in  a  con- 
stant term,  when  differentiated  will  produce  the  same  diflerentiaL 
For  this  reason,  to  the  integral  immediately  found  we  always  add  a 
constant]  thus, 

fdu  =  u  +  c.  y 


INTEGRATION    OF    MONOMIAL    DIFFERENTIALS,    &C. 

128.  By  article  (22),  we  have 

aic^'  =  c{m  +  l)x"dx; 
and  from  this, 

cx-dx='^^=cd-'^' 


771  +  1  TO  +  1  ' 
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hence 


fcx'^dx 


cd = 1-  C. 

m  4- 1       m  +  1 


7 


Therefore,  to  obtain  the  integral  of  a  monomial  differential : 
Multiply  the  variable  with  its  primitive  exponent  increased  by 
unity,  by  the  constant  factor,  if  there  is  one,  and  divide  the  result  by 
the  new  exponent. 


Examples. 

1.  If  du  =  xdx, 

2.  K  du  =  — ,  fdu  =  -fx^dx  =  ^  +  C. 

c  c  4c 


fdu  =  f  xdx  = 1-  C. 


3.  If  du  =  bxHx,        u=—=  irf-  +  C. 


4.  If 


,         adx        3x  ^dx         c^x*dx 
5.  If  du  =  — —  +  1 1 


u=r—+  r^fl^  _/fj^ J^rt.  (127). 

The  application  of  the  above  rule  does  not  give  the  proper  in- 
tegral when  w  =  —  1,  as  in  this  case  we  have 
23 
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''  -1  +  1        0 

whereas 

fx-'dx=.f-  =.lx-\-  C Art.  (S?). 

X 

This  result  was  to  be  expected,  since/"  —  or  Ix  can  not  be  ex- 

X 

pressed  in  algebraic  terms,  Art.  (5). 

If  rf«  =  ^^, 

h  X 


ox        b 


or  M  =  log  a:  +  C, 


the  logarithm  being  taken  in  the  system  whose  modulus  is  — 


129.  Many  expressions,  by  the  introduction  of  an  auxiliary  va- 
riable, may  be  transformed  into  monomials,  and  then  integrated  as 
in  the  preceding  article. 

I.  Let 


du  =  {a+  hx^'Yc'ar-^dx. 

riace 

a  -^  huf  =  z^ 

then 

nbsT-'dx  =  dz                   nT-'dx  =  — . 
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Substituting  in  the  given  expression,  and  integrating,  we  have 

(•  J         r  c'z'"dz        c'  ^  _,  c'    2***'' 

f  du  =/—-—  =  —fTTdz  =  1. 


bn  bn  in  m  +  1  ' 

and  replacing  the  value  of  z,  we  have,  finally, 

^^^c-(a  +  6x"r-   +C; 
{ill  +  \)ub 

that  is,  to  integrate  a  binomial  diflferential  when  the  exponent  of 
the  variable  without  the  parenthesis  is  one  less  than  that  within : 
Multiply  the  binomial  with  its  primitive  exponent  increased  by  uni- 
ty, bi/  the  constant  factor,  if  there  is  one,  then  divide  this  result  by 
the  product  of  the  new  exponent,  the  coefficient  and  the  eocponent  of 
the  variable  within  the  parenthesis. 

Examples. 


1.  If     du  =  {a-\-  b3?)^exdx,         u  =  K^  +  ^•^)'    ^  c. 


2.  If     du  =  {2  —  33^)~^3x*dx,   u  =  -  -{2  -  3x»)'+  C. 


3. 


If     du={a-  bx^y^x'^dx,         u  =  ^(^  '-  ^^'')     +  C, 


m      p        "I 


4.  Let  <fu  =  a(i  —  C2  ")  »  z  »     dz. 

n.  Let 


,  aif^^dx 

du  = 


Jdbx" 
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Place 

b±  1^^=  z; 

then 

±  nar-^dx  =  dz             if^^dx  =  ±  -^ , 

n 

and 

u  =  ±/f^  =  ±  -  ?z  =z  ±  -/(i  rfc  «")  +  C. 
nz  n  n 

In  the  same  way  we  may  find  the  integrals  of  the  following^ 
expressions. 


1.  Let 


J     _  m^b  +  ^cx)dx 
a  +  bx  +  C3^ 


Place     a  +  bx  +  ex?  =  z,     then     {b  +  2cx)dx  =  dz, 


u  =  mf  —  =  mh  =  ml(a  +  bx  -\-  ca?)  +  C. 
z 


2.  If      cfM 


_2rfy_ 
a  —  y 


3.  If      ef^.=  (i±^^, 
2a;  +  a:" 


4.  Let 


Since  in  general 


du  = 


«  =  —  2Z(a  —  y)  +  C.  • 

u  =  l{2x  +  a?)+  C. 

2z^(Zz 
3' 

1— 2» 


/ =  alu, 

u 


we  see  that  in  all  cases  where  the  numerator  of  an  expression  is 
the  product  of  a  constant  and  the  differential  of  the  denominator, 
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its  integral  will  be  the  product  of  the  constant  and  the  Naperian 
logarithm  of  the  denominator. 


130.  If  we  have  an  expression  of  the  form 

rftt  =  (a  +  Jx  +  ex*  +  &c.)"x"(ic, 

in  which  wi  is  a  positive  whole  number ;  the  integral  may  be 
found  by  raising  the  quantity  within  the  parenthesis  to  the  mth 
power,  multiplying  each  term  by  xTdx,  and  then  integrating  it  as 
in  article  (128). 

Examples. 

1.  Let    du  =  (a  +x')Vda;,     or     du  =  {a'  +2at*  +x*ydx; 

then 

u  =r(a*3?dx  +  2aa^dx  4-x'dx)  =  ^-f-^+f!+C. 
J  \  4  6  8 

2.  Let  du=  {h  —  a^fx^dx. 

1     _x 

3.  Let  du=  {b  —  cx^fx  ^dx. 

131.  Every  expression  of  the  form 

du  =  karia  +  bxydx, 

can  be  integrated,  when  either  m  or  n  is  a  positive  whole  number. 

K  n  be  positive  and  entire,  we  may  integrate  as  in  the  preceding 
article. 
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If  m  be  positive  and  entire,  n  being  either  fractional  or  negative, 
place 


a  -f  Ja;  =  2,  then  x  = 


b     ' 
b-  \     *     /       * 

which  may  be  integrated  as  in  the  preceding  article.  The  value 
of  z  being  then  replaced,  the  integral  will  be  expressed  in  terms 
of  X. 


Examples. 

1.  Let  du  =  h3?{a  —  xydx. 

Place     a  —  X  =:  z,     then     a;  =  a  —  z,     dx  =  —  dz, 

u=f-b{a-  zYzhz  =  -  ?  Ja^zl  -\- ihaz^  -  Ibz^, 

and  finally,  by  replacing  the  value  of  2, 
tt  =  _  ?  Ja»(a  -  ar)^  +  f  Ja(a  -  a:)*  -  |  b{a—x)^  +  C. 

2.  If  du=_?f^i 

(l-3x)*' 

it  may  be  placed  under  the  form 
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lu  =  2x(l  —  3x)~^dx;      whence       u  =  _  -/(I  —  2)z~^dz, 
ind  finally, 

«  =  -  ^(1  -  3z)*  +  ±(1  _  3x)^  +  C. 

3.  Let      du=  —  -^.        4.  Let    du  = ??^( i 

1—  X  (3  —  2y)'* 

K  du  =  (A^  +  Ba^+C^+&c.,). 

(ax  +  J)»  ,   * 

ve  may  place  it  under  the  form 

J  Ax'^dx  Bafdx  „ 

du  = 4- u  &c., 

{ax  +  by  ^  {ax  +  b)"^       ' 

ind  may  then  integrate  each  fraction  as  above,  if  m,  p,  j,  &c^  are 
jntire  and  positive. 


132.  To  complete  each  integral  as  determined  by  the  preced- 
ng  rules,  we  have  added  a  constant  quantity  C.  If  in  the  par- 
icular  case  under  consideration,  we  happen  to  know  what  the  in- 
ic^ral  must  be  for  a  particular  value  of  the  variable,  this  constant 
be  determined.     Thus,  if 

fXdx  =  X'  +  C (1), 

5'  representing  the  function  of  x  obtained  at  once  by  the  applica- 
•ion  of  the  rules  for  integration ;  and  "we  know  the  integral  must 
'educe  to  N  when  a;  =  a,  we  have 

N  =  X',.„+C,  C  =  N-  X',.,. 

In  general,  however,  this  constant  is  entirely  arbitrary,  since 


.  f 
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whatever  value  be  assigned  to  it,  it  will  disappear  by  differenti 
ation,  Art.  (14).  This  arbitrary  nature  of  the  constant  enables  m 
to  cause  the  integral  to  fulfil  any  reasonable  condition.  Thus  if  ii 
equation  (1),  it  be  required  that  the  integral  reduce  to  the  par 
ticular  expression  M,  when  a;  =  a  ;  we  may  determine  the  value 
which  must  be  assigned  to  C,  by  -miting  M  iorfXdx,  and  substi 
tuting  a  for  a;  in  the  function  X'.  Calling  the  result  of  this  substi 
tution  A,  the  equation  reduces  to 

M  =  A  +  C ;        whence        C  =  M  —  A, 

and 

fXdx  =  X'  +  M  -  A (2), 

which  will  fulfil  the  required  condition. 

If     M  =  0,        C  =  -  A        and       fXdx  =  X'  -  A. 

The  integral         fXdx  =  X'  +  C  before  any  particular 

value  has  been  assigned  to  C,  is  called  a  complete,  or  vndefinite 
integral. 

After  a  particular  value  has  been  assigned  to  C,  as  in  equation 
(2),  it  is  c&Ued  a  particular  integral ;  and  if  in  this  particular  in- 
tegral, a  particular  value  be  given  to  x,  the  result  is  called  a  defi- 
nite integral.     We  should  thus  have,  when  x  =^  h, 


\ 


fXdx  =  B  +  M  —  A (3), 

B  representing         X',^;, . 

That  value  of  the  variable  which  causes  the  integral  to  reduce 
to  0  is  called  the  origin  of  the  integral ;  and  in  every  particular 
integral  this  origin  may  be  determined  by  placing  the  integral 
equal  to  0,  and  deducing  the  value  of  the  variable  from  the  result- 
ing equation. 

If  in  (1)  we  make     x  =  a,     and  then      x  =  b.     we  have 
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/(Xrfx)_„  =  A  +  C,  /(Xrfx),.»  =  B  +  C, 

whence  by  subtraction, 

J  {Xdx\_,  -  /{XdxU,  =  B  -  A. 

This  is  the  integral  taken  between  the  limits  a  and  b,  and  is  usu- 
ally written 


fxdx  =  B  —  A, 


the  limit  corresponding  to  the  subtractive  integral  being  placed 
below. 

K  a,  d,  c k,l,  be  several  increasing  values  of  x,  and  we 

have 

.       r  Xdx  =  A',  rXdx  =  B' r  Xdx  =  K' ; 

then  evidently 

r  Xdx  =  A'  +  B'  +  C +  K'. 

Example. 

fQa?dx  =  2ar»+  C; 

ts  a  complete  or  indefinite  integral. 

K  it  be  required  that  this  reduce  to  4,  when  x  =  1,  we  have 

4  =  2  +  C,  C  =  2, 

and 

jQcfdx  =  2x^+2,     the  particular  integral. 
24 
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For  the  integral  between  the  limits  a;  =  0  and  x  =  3, 
f{Qx'dx\.,  =  2,  /(6r^da:)_3  =  56 ; 

hence 


/ 


Q3?dx  =  54. 


The  origin  of  the  particular  integral  is  obtained  by  placing 
2x^  +  2  =  0  ;         whence         a^  =  —  I,         a;=  —  1. 


INTEGRATION      OF      THE      DIFFERENTIALS      OF 
CIRCULAR      ARCS. 


133.     I.  In  article  (42),  we  have  found 

du 


dx  = 


I 


Vl  -  u"' 
in  which  u  =  sin  x,  the  radius  of  the  circle  being  unity ;  then 

/du  .  _,      ,    ^ 

— ^^;::::^::=  =  Sin    'tt  +  C 
Vl  —  U^ 

Expressions  of  a  similar  form  may  be  readily  integrated  by  the 
aid  of  an  auxiliary  variable. 

1.  Let  dx  =        ^"       (1). 

Va^  —  «* 

Make    u  =  az,     then     du  =  adz,     ■\/a^  —  u'  =  a  -/l  —  r*. 
Substituting  these  values  in  (1),  we  have 
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dx  ■=.  —  \  X  =  sm  'z  =  Sin  '-  -}-  C. 

2.  Let  dy 


-/2  — X* 


This  may  be  integrated  directly,  by  placing  x  =  -y/JLs,  as  in 
the  last  example,  or  by  a  simple  comparison  with  it,  by  placing 
\/2  for  a.     Thus 

y^Z  C       ^         =  3  sin-'-4  +  C. 
2dx 


3.  Let  dy  = 


V9  —  3z^ 

2dx 


This  should  first  be  placed  under  the  form  dy  =  ^  -      ^ 

V3v3  —  X* 


n.  In  article  (42),  we  have  also 

du 

Vl  —  u 


dx  = =:^=  =  o  cos  'm  ; 


•  whence 

du 


-I- 


=  cos-'m  +  C. 


Vl  -  v? 
In  the  same  way  as  in  case  I,  if 

dx= ^"       .  a:  =  co8-»H+C. 

2(2u 


If  (ir  =  — 


V*—  tt* 
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du 


J         -1/4  -  u^  2  ' 


by  placing  4  for  a'. 


III.  We  have  also 


rfa;  =  ^  ^"       =  dver-sin-'w; 


whence 


/dxt        _ 
-v/2u  — tt* 


=  ver-sin  'm  +  C. 


1.  If  dx  =  ^^ 


-v/2aM  —  V? 
place  M  =  az,     then     du  =  adz,     and 

^  V2aM  —  m'       ^  V 2 


_  =  ver-sin~*z 


2—2== 


=  ver-sin    -  +  C 


2.  If 


dx  =        ^^"        ,  x  =  3  ver-«in-'^  +  C. 

-/4m  -  m»  2 


IV.  We  have  also 


dx  = =  d  tang-'u  ; 

1   +  u* 
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whence 


X  =    f    ^"        =  tang^'u  +  C. 
1.  If  dx  = 


du 


a'  +  tt" 
make  u  =  az,     then     du  =  adz,     and 


'  =  /  ^-i — 2  =  -  /  -; r  =  -  tang-'  z  =i  tang"'  _  +  C. 

J  a'  +  u'       aj    I  +  z^        a       ^  a       ^     a 

2.  K     dx  =  JpL  X  =  _ltang-'-^+  C. 

2  +  w^  V2        ^     ■y/2^ 

3    Let  rfy  =  .    ^'^'^ 


2  +3x* 


If  we  multiply  and  divide  the  fraction  by  a'  we  hare 

a*  -t-  tt* 

J  1      a^du 


a'  a'  +  u' ' 
whence 

the  radius  being  a  ;  and  in  a  similar  way,  all  the  above  expressions 
may  be  transformed. 


INTEGRATION    OF    RATIONAL    FRACTIONS. 

134.    Every   rational   fraction   which   is   the   differentiHl  of  a 
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function  of  ar,  will  appear  as  a  particular  case  of  the  general 
form, 

(Aa;'"  +  Bx"-^  +  C-c"^"  +  &c.)dx 
A'x"  +  B'x"-'  +  C'x'-'  +  &c 

in  wbicli-#»  and  n  are  whole  numbers  and  positive. 

If  m  be  greater  than  n,  tlie  numerator  may  be  divided  by  the 
denominator,  and  the  di\ision  continued  until  the  greatest  expo- 
nent of  X  in  the  remainder  is  one  less  than  in  the  denominator ;  the 
quotient  will  then  consist  of  an  entire  and  rational  part,  plus  the 
remainder  dixided  by  the  denominator,  and  may  be  written 

Ax"  +  Ex"-'  +  &c.)dx  _  xw    4.    (A"x-'  +  B^^x"-^  +  &c.)dx 
A'x-  +  B'x"-'  +  (fee.   -^"^  ^  A'x-  +  B'x"-'  +  (fee.     ' 

and  the  integral  of  the  primitive  fraction  will  be  the  sum  of  the 
integrals  of  the  two  parts. 

It  will  be  necessary  then  to  explain  only  the  manner  of  integra- 
ting the  second  part,  or  those  rational  fractions  in  which  the 
greatest  exponent  of  the  variable  in  the  numerator  is  at  least  one 
less  than  in  the  denominator. 

First,  suppose  the  denominator  to  be  di\Tided  into  its  simple  fac- 
tors of  the  first  degree,  and  let  them  be  represented  by 

X  —  a,     X  —  h,     X  —  c,  <fec. 

There  will  be  four  different  cases,  each  of  which  will  require  a 
separate  discussion. 

1.  When  the  factors  are  real  and  unequal : 

2.  When  they  are  real  and  equal : 

3.  When  they  are  imaginary  and  no  two  alike  : 

4.  When  they  are  imaginary  and  alike,  two  and  two. 
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135.     I.  As   an   example   of  the  first  case,  let  us  take  the 

fraction 

(ax  +  c)dx 

T'—b'' 


The  two  factors  of  the  denominator  are  x  +  b,  and  x  —  h] 

then 

{ax  +  c)dx   _      {ax  +  c)dx 
x'  —  h'      ~    {x+b){x-b) 

Place  ax  +  c  _      A  A'  ,^v 

'¥^^^~  ^TT  +  i^Tj- ^  '\ 

lA.  and  A'  being  constants  to  be  determined.     For  the  purpose  of 
idetermining  them,  clear  the  equation  of  its  denominators ;  then 

ax  -\-  c  ^  Ax  —  Ai  +  A'ar  +  Alb. 

By  placing  the  coefficients  of  the  hke  powers  of  x,  in  the  two 
imembers,  equal  to  each  other,  we  have 

a  =  A  +  A'  c  =  A'J  —  AJ 

.   _  ab-^c  .,_  ab  -\-  c 

~       26~  ~       2b 


Substituting  these  values  in  (1),  multiplying  by  dx,  and  prefix- 
11^  the  sign  f,  we  have 


/{ax  +  c)dx  _  ab  —  c    T     dx  ab  +  c    T    dx 

a^—b^  2b      J    ^^f~b  2b~J   ^^ 


^ljZll{x  +  b)  +  "^^LlUx  -b)  +  C. 
2b       ^    ^    ^  ^      2b       ^  ' 


b 
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llie  method  pursued  above  indicates  the  following  rule  for  all 
similar  expressions. 

Place  the  primitive  fraction  {omitting  the  differential  of  the  va- 
riable), equal  to  the  sum  of  as  mnny  partial  fra4;tions  a«  there  are 
factors  of  the  first  degree  in  its  denominator  ;  the  numerators  of 
these  fractions  being  constants  to  be  determined,  and  the  denominators 
the  several  factors  of  the  original  denominator  ;  clear  the  resulting . 
equation  of  denominators,  equate  the  coefficients  of  the  like  powers 
of  the  variable  in  the  two  members,  and  thence  determine  the  con- 
stants ;  then  multiply  each  partial  fraction  by  the  differential  of  the 
variable,  and  take  the  sum  of  their  integrals  as  in  case  11.,  article 
(129). 


2.  Integrate  the  expression 


3?  —  X 


The  factors  of  the  denominator  are,  x  +  \,  x  —   1,  and  x; 
then 

Z3?  —\  A  A'  A" 

= j J 

3^  —  X  X+1  X  —   \  X 

Clearing  of  denominators, 

3x*  -  1  =  Ax'  —Kx  +  AV  +  A'*  4-  A";c»  —  A" ;  ! 

•whence 

3  =  A  +  A'  +  A",        0  =  -  A  +  A',         1  =  A", 
and 

A  =  1  =  A'  =  A".  i( 
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Then 

=  l(x  +  1)  +  I{x  -1)  +h  =  l{x'  -  z)  4-  C, 

a*  may  be  seen  at  once,  since  the  numerator  of  the  given  differen- 
tial is  the  exact  differential  of  the  denominator. 

3.  Integrate  the  expression 

(1  —  y)dy 


f  -  2y  -2 
Placing  the  denominator  equal  to  0,  we  have 
y«  _  2y  -  2  =  0 ; 
iwlience     y  =  1  ±  V^,     and  the  corresponding  factors  are 
/  —  (1  +  V  3),     y  —  (1  —  -\/~3),     or    y  —m     and    y  —  n. 
Rnally, 

/(I  —  y\dy        "»— 1„            N       ^~^  n  \    ,   r> 

4 = l(v  —  m) lOy  —n)  +  C. 

4.  Integrate 

(2x  +  3)(ij; 
^  —  ^  —  Ix' 


6.  Integrate 


26 
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136  n.  In  the  second  case  it  may  be  remarked,  that  if  all  the 
factors  of  the  denominator  are  equal,  the  fraction  will  take  the 
form 

{AjT-'  +  BsT-'  +  &c.,)^ 

{x  —  a)" 

■which  may  be  integrated  as  in  article  (131). 

We  need  then  only  consider  the  case  where  a  portion  of  the 
factors  are  equal.  The  rule  of  the  preceding  article  is  not  appUca- 
ble  here,  as  will  be  seen  by  taking  the  expression 

adx 


{x  —  b)\x  -  c)' 

in  which  two  of  the  factors  are  equal  to  a;  —  b. 

By  an  apphcation  of  the  rule  referred  to,  we  should  have 

a  A       ,       A'       ,     A" 


(x  —  by{x  —  c)       X  —  b        X  —  b 


A  +  A'        A"  B  A" 

+ = J  + 


X  —  b         X  —  c       X  —  b       X  —  c 

since  A  +  A'  must  be  regarded  as  a  single  constant. 

If  this  equation  be  cleared  of  denominators,  and  the  coefficients 
of  the  like  powers  of  x  in  the  two  members  placed  equal  to  each 
other,  we  shall  evidently  form  three  independent  equations,  with 
only  two  unknown  quantities,  B  and  A". 

We  obviate  this  difficulty  by  writing,  for  the  equal  factors,  the 

two  fractions — -         -,        and  thus  have 

(x  —  by        X—  b 

a  B  B'  A 


{x-b)\x-c)        {x-bf    '   X  -  b 
which,  being  cleared  of  denominators,  gives 
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a  =  B(ar  -  c)  +  B'{x  -  b){x  -  c)  +  A(x  -  by ; 

irhence 

B'  +  A  =  0,  B  -  B'c  -  B'b  —  2A6  =  0,  B'bc  -  Bc+Ai»  =  a, 

three  equations  with  three  unknown  quantities,  which  can  then  be 
determined. 

And  in  general  if  there  be  n  equal  factors,  we  should  write  n 
(Murtial  fractions  of  the  form 

B  B^  B^ 

(x  _  6)»   ^  {x-  i)-' T=^' 

the  numerators  of  which  are  constants,  and  the  denominators  the 
different  powers  of  the  equal  factor  from  the  nth  down  to  the  first 
toower.  After  B,  B',  <fec.  are  determined,  each  partial  fraction,  be- 
ing first  multiplied  by  the  differential  of  the  variable,  will  be  inte- 
^ted  as  in  article  (129). 

Examples. 

1.  Integrate  ,    ^^t"^^\- 


Place 


2  +  x  _       B  B^         ^         A^ 


(x  —  l)\x  -  2)       {x-lf        X-  1  x-  2 

Clearing  of  denoniunators,  and   equating  the  coeflficienta  of  the 
ike  powers  of  x,  we  have 

=  B'  +  A,     1  =  B  -  3B'  -  2A,     2  =  -  2B  +  2B'  +  A, 

B  =  -  3,         B'  =  -  4,         A  =  4 ; 

lad  finally 
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(2  +  x)dx       _      3 


J  {x—  ly{x—  2)       x—l 


2.  Integrate 


a^  —  a^  —  x  +  1 


K  there  are  different  sets  of  equal  factors,  partial  fractions  must 
be  written  for  each  set ;  thus, 

2 A  A^  B  B^ 

(x  —  iy{x  +  ly ~  {x  —  If  "^  X—  1  "^ {x+iy  "•■  ^T+T 


137.  ni.  We  know  from  the  general  theory  of  equations,  that 
imaginary  roots  are  found  only  in  pairs,  and  that  for  each  pair 
we  must  have  a  factor  of  the  second  degree,  of  such  a  value,  that 
when  placed  equal  to  0,  it  will  give  the  imaginary  roots.  Each, 
pair  of  roots  will  always  appear  as  a  particular  case  of  the  general 
form 


x  =  a±\/^^' (1), 

and  the  corresponding  factor  of  the  second  degree  will  be 

x'  -  2ax  +  a'  +  b'  =  [x  —  (a  +  V^')]  [x-{a- \/=^)].     |l 

By  a  comparison  of  the  imaginary  factors,  in  any  given  ca 
with  these  general  values,  we  determine  the  corresponding  valued j 
of  a  and  h.     Thus,  if  the  factor  of  the  second  degree  be 

a^—2x+  5, 
we  place  it  equal  to  0,  and  find  the  two  roots 
ar  =  1  ±  V  —  i', 
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whence,  by  comparison,         a  =  1,         J*  =  4,         J  =  2. 

Now,  in  the  third  case,  for  each  pair  of  imaginary  factors,  let  a 
partial  fraction  be  written,  of  the  form 

Ma:  +  N  Ma;  +  N 


j^-1ax  +  a'  +  V      {x  —  a)«  +  J«    * 

By  clearing  of  denominators,  &c.,  as  in  the  preceding  articles, 
M  and  N  may  be  determined.  We  shall  have  then  to  integrate 
the  expression 

(Mx  +  ^)dx- 
(ar-af +  i»' 

For  this  purpose,  make  x  —  a-=  z^  then  x  =  z  +  a, 
ix  =  dz. 

Substituting  these,  the  original  expression  becomes 
(Mz+Ma+  N)^^. 

or  by  making    Ma  +  N  =  P,     and  dividing  the  expression  into 
two  parts, 

M%fx  Pdz 


w  + 


«»  +  6*  ^  2»  +  6» 

The  first  part  may  be  integrated  as  in  case  11.,  Art.  (129). 
Thus, 

j-^^  =  |/(^^  +  i=)  =mV^T^=  M/V(x-a)'+J*. 
The  integral  of  the  second  part  is 
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py_ii_  =  ^  tang-^  '- Art.  (133),  case  IV., 

or  by  substituting  the  values  of  P  and  2, 

i 

and  finally 

+  ljL^taBg-(lrL?)  +  C (2). 

Take  the  particular  example 

(x  —  l)iar 


a?  +  a^  +  2x 


The  factors  of  the  denominator  are  x  and  a;*  +  *  +  2,  the  last 
being  the  product  of  the  two  factors  corresponding  to  the  ima^- 
nary  roots 


2         V  —  T 


4 

which  compared  with  (1),  give     a  =  —  ^,     J*  =  J,     b  =  ivT. 
Place 

a:—  1        _:^.     Maj+N 


a!*  +  x*+2x       X       a^  +  X  +  2 
Clearing  of  denominators  <kc.,  we  find 


n 
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A  =   _    1,  M  =   1,  N  =   1. 

2                      2  2 
Substituting  these  values  of  M,  N,  a  and  6,  in  formula  (2),  ob- 
serving that          / =/ = Ix,         and  redu- 

X  2    X  2 

cing,  we  have 


/ 


(^  -  ^)^     =.-llx  +  ll  V^+x+2 
a^  +  x'  +  2x  2       ^2  -r^-r^ 

+  _^tang->/'^i^  +  C. 
2V7  \iVl  J 


138.     IV.  In  the  fourth  case,  "where  there  are  several  imagina- 
'■  ry  factors,  alike  two  and  two ;  those  of  each  pair  multiplied  to- 
gether will  give  the  same  factor  of  the  second  degree,  and  if 
there  be  p  such  pairs,  the  denominator  will  contain  a  factor  of  the 
1  form 

{xr^  —  2ax  +  a"  +  b^)'. 

For  this,  we  write  p  partial  fractions  ;  thus 

M.T  +  N  M'x  -f-  N'  M"^"'x -I-  N"^')" 


[{x  -  ay  +  b'Y  ^  [{x  -  ay  +  b""]"-'  {x  -  ay  +  }>' 

Clearing  of  denominators  &c.  the  values  of  M,  N,  M',  N',  Ac 
I  may  be  determined  as  before,  and  since  the  several  partial  frac- 
tions, after  multiplying  by  dx,  are  all  of  the  same  form,  we  have 
only  to  explain  the  mode  of  integrating  any  one  of  them  except 
I  the  last,  which  is  to  be  integrated  as  in  the  preceding  article. 
Take  the  first 

(Ma;  +  N)(/a; 
\{x-ay  +  bj' 
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and  make  x  —  a  =  z;  the  fraction  then  becomes 

(Mz  +  Ma  +  ^)di 
(z«  +  b'Y 

or  placing  Ma  +  N  =  P, 

Uzdz  Tdz 


vr  + 


The  first  part  is  integrated  as  in  case  I.,  Art.  (129).     Thus 

Mzdz      _    M(«M-  i')-^'  _  M 

PT^T  ~  (- F+~l)2       ~  2(1  -p){^+  b')'-' ' 


/ 

By  means  of  a  formula  hereafter  to  be  determined,  [Formula 
D,  Art  (151)],  we  shall  find 

/pjj  r  dz  c         z 


then 


/. 


Mz  +  P)rfz  M  ..  s       C'         _,  2   ,   ^ 

(7+T^")^  =  2(i-^)(z^+6^)-'+/(^)  +  T  ^g"  y+  ^' 


after  which,  substituting  the  value  of  z,  we  shall  obtain  the  com- 
plete integral  of  the  primitive  expression. 


139.  By  a  renew  of  the  preceding  discussion,  it  will  be  seen 

that  all  differentials  which  are  rational  fractions  can  be  intefjra- 

f 
ted ;  provided  the  factors  of  the  denominator  can  be  discovered ;  I 

and  that  the  integrals  will  depend  upon  one  or  more  of  the  four 

forms. 


f-^      ford.,     T-f^,      f 

J  «  +  a'        J  '       J  (x^  +  ay'        J 


dx    - 
3?  +  a» 
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INTEGRATION    BY    PARTS. 

140.  In  article  (19),  we  have  found 

duv  =  udv  +  vdu  ;     whence     uv  =^fudv  ^/vduj 

and 

/udv  =  uv —fvdu (1); 

from  which  we  see,  that  the  integral  of  udv  can  be  obtained, 
whenever  we  are  able  to  integrate  vdu.  This  method  of  integra- 
ting udv  is  called,  Integration  by  parts. 

Examples. 

1.  Integrate  the  expression     x^dxya  —  x'. 
This  may  be  divided  into  the  two  factors, 


a^         and         xdx^s/a  —  «*. 

Place  a^  ^=  u         and         xdx-^a  —  x'  =  dv ; 

then 

(a  -  «»)* 

du  =  2xdx,         V  =fxdx'v  a  —a^  = r • 

Substituting  these  in  formula  (1),  we  have 

fudv  = ^    g      '  +  J  ^     3     ^  2xdx; 

26 
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and  finally 

a. 

2.  Integrate  ^ —l . 


Place  {l-3^)^  =  u  and  ^=dv: 


then 


f  (I  -  3^)^^               Vl  —3^  •  -1      .   n 

/    ^^ ^—^dx  = sin  'x  +  C. 


3.  Integrate  dxVl  —  x*. 

Place  VT~— ~^=  «,  and  dx  =  dv; 

we  then  hare  by  formula  (1), 

/x^dx 
^  ^_^ (2)- 

If  we  multiply         dx  -y/l  —  a*        by         ^  _,         we 

may  write 

/d.vT^:^=  C-jt=-  C-4t= (3). 

Adding  equations  (2)  and  (3),  we  have 
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dx 


2fdx  V  I-  3^  =  xV  I—  3?  +    I     / 

J    VI  —  , 


fdx  VT^r^=  ±  VT^r^  +  -^^+  c. 


4.  Integrate ^. 


W-a?y 


INTEGRATION  OP  CERTAIN  IRRATIONAL  DIFFERENTIALS. 

141.  In  the  preceding  articles,  rules  have  been  given,  by  which 
every  rational  differential  may  he  integrated,  except  the  case  re- 
ferred to  in  article  (139).  It  may  then  be  taken  for  granted,  that, 
in  general,  every  irrational  differential  which  can  he  made  rational 
in  terms  of  a  new  variable,  can  also  be  integrated.     Let 

ax''  dx 


bx"-\-  cxi" 


be  a  differential,  the  irrational  parts  of  which  are  monomials. 
Make 

k_ 
z  =  i^:  then  «*  =  2*^, 


aF  =  z"*',  x'  =  z*"",  dx  =  Jlrnqz'"^^  d%. 

These  values  substituted  in  the  given  expression,  evidently  make 
it  rational  in  terms  of  z  and  dz.     It  may  then  be  integrated,  after 
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which  the  value  of  z  in  terms  of  x  must  be  substituted.  We  may 
then  enunciate  the  following  rule  for  the  integration  of  expressions 
of  this  kind.  Fw  the  variable,  substitute  a  new  one,  with  an  expo- 
nent equal  to  the  least  common  multiple  of  the  indices  of  the  radicals  ; 
tfien  integrate  by  the  known  rules,  and  substitute  in  the  result  tJie 
value  of  the  new  variable  in  terms  of  the  primitive. 

Examples. 


i  1 

1.  Let  du  =  ■ dx (l). 

5x^ 


The  least  common  multiple  of  the  denominators  or  indices  being 
6,  we  place 

1 

a  =  z®,         then  dx  =  ^T^dz,  z  =  x^. 

Substituting  in  (1),  we  have 


du  =    (2^^  -  ^^*)Q^dz  =  l^z'dz  -  l^dz, 
5z  6  6 


and  integrating, 


40  45  10  5 


2.  Let  d«  =  _i^^.  3.  Let     du=      ^^ 


2x 


i  _  rl^  b  —  c  \^x 


142.  If  the  irrational  parts  are  all  of  the  form         (a  +  ia^) 
the  expression  may  be  made  rational  in  terms  of  x,  by  placing 


' 
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a  -f  5x  =  z', 

r  being  the  least  common  multiple  of  the  indices  of  the  radicals. 
We  shall  thus  have 

which  substituted  in  the  primitive  expression,  with  the  value  of 
a  +  6x,  will  evidently  give  a  rational  result.     Take  the  examples ; 

1.  du  = 


(1  +  x)i  +  (1  +  x)* 

Place     1  4-  a;  =  2^ ;  then     dx  =  2zc?z,     z  =  (1  +  x)». 

These  values  substituted  in  (1),  give 

J           2z<fz           2<fz 
du  = =  ; 

7?  +Z  l+Z* 

whence 

u=2  f  ^^      =  2  tang-'z  =  2  tang-»  (1  +  x)*  +  C. 

2.  Integrate  the  expression 

,  xdx 

du  = 


(1  -  x)^  +  (1  -  X)* 
143.  Diflferentials  of  the  form 

\a'  +  h'xj 
X  being  a  rational   function   of  «,  may  be  made  rational  by 
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i 


placing      — — =  2",      deducing  the  values  of  x  and  ctr,  and 

a'  +  b'x 

substituting  them. 
For  example,  let 


1    +A3 
I   —  Xj    ' 


Place    — — —  =  2*,     then     x  =  — ,     dx  z= 


l-x         '  z^+r  (z'+l)' 

These  values  in(l),  give 

which  is  rational. 


144.  Every  radical  of  the  form       -x/a  -{-  bx  ±cx^       can  be 
written  thus, 


v^\/f+Jx±J=  ^cv^r+w^^, 


after  making  —  =  a,  and  —  =  jS. 
c  c 


To  render  rational  a  differential,  the  only  irrational  part  of 
which  is  a  radical  of  the  above  form,  it  will  then  only  be  necessa- 
ry to  find  rational  values  for  x,  dx,  and  Va  +  /3a;  ±  x*,  in  terms 
of  a  new  variable  and  its  differential. 


I.  Take  the  case  in  which  the  sign  of  a^  is  +,  and  place 


J 
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Va  +  jSxT^=  z  -  X (1). 

Squaring  both  members,  we  have 

a  +  ^x  =  z'  —  2zx ; 
whence 

«»— a 
''  =  WT2z (2). 

By  differentiating  this  value  of  x,  we  obtain 

''''  ~  (/3  +  22)"       ^^^' 

land  by  substituting  the  value  of  x  in  the  second  member  of  (1), 


V.  +  8x  +  :.=^+A+i^ (4). 


These  values  of  x,  dx,  and  -y/a  +  /3a;  +  a^,  substituted  in  the 
primitive  differential,  will  evidently  give  a  rational  expression  in 
«  and  dz.  After  integrating  this,  the  value  of  z,  taken  from  (1), 
imust  be  substituted. 

Examples, 
dx  dx 


1.  Let    du  = 


Va  +  bx  +  ex'      Vc  Va  +  ^z  +  «• 


Substituting  for  dx  and  V  a.  -\-  I3x  +  a^  their  values  as  found 
kabove,  and  reducing,  we  have 
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dx  2dz 


du  =■ — -=- 


VcVa.  +  ^x  +  x"      -/c(/3  +  2z)' 
whence 


u  =  -l=l{Q^2z)  =  i[^  +  2(V'a+  /3x  +  ^+x)\-^G (5) 

yc  y  c 


-  dx  dx 

2.  Let      du  = 


Vh+  c'x" 


c\/^+^ 


By  comparison   with  the  similar  expression  in  the  preceding 
example,  we  see  that 


=  VT,  0  =  ^, 


Substituting  these  values  in  (o),  we  deduce 


-5  =  a. 


<^\/^+^' 


12. 
and,  finally,  after  uniting  the  constant  — I — ,  with  the  arbitrary 

c    c 

constant, 

"  = /"AT^  =  7 '(V^T^V  +  ex)  +  C. 
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3.  Let  du  =    ^-^ygj  +  a* 

a* 

Comparing  this  with  formulas  (2),  (3),  and  (4),  we  see  that 


0  =  a,         2  =  li,  X  = 


2  -I-  2z 


,  2(2»  +  2z)dz  z*  +  2« 

^'  =       (2  +  2z)'    '  ^^^^^+^  =  ¥^1^' 


whence 


du  =  ii±l)!^ 

A^  +  1) 


4.  Let  du  =  dx  Vw*  +  «*. 


5.  Let  du  = 


xV^f^ 


145.  n.  If  the  sign  of  ar*  be  minus,  it  will  be  necessary  to 
pursue  a  different  method,  and  deduce  other  formulas  ;  for  if  we 
write 

Va  +  )Sx  —  X*  =  z  —  X, 

the  second  powers  of  x  in  the  squares  of  the  two  members  will 
have  contrary  signs,  and  not  cancel  each  other,  as  in  the  first 
case,  and  therefore  the  deduced  value  of  x  in  terms  of  z  will  not 
be  rational. 

Denoting  the  roots  of  the  equation  x*  —  /3x  —  a  =  0,  by  i  and 
5',  we  have 

:^  -  ^x  -  OL  =  {x  -  h){x  —  h% 
27 
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or,  changing  the  signs, 


a+^x-x'=(x-8){S'-x),       Vol  +  ^x  -!>?=  V{x  -  S){6'  -  x). 
Now,  if  we  make 


V{x  -  6)  {S'  -x)  =  {x-  S)z (1), 

square  both  members,  and  strike  out  the  common  factor     x  —  S, 
we  have 

S'-x  =  {x-sy,        ^  =  ^^'' 

x-S='l^L^-S=l^± (2). 

1  +  z"  1  +  z' 

Substituting  this  value  in  equation  (1),  we  obtMU 

, , (8'  -  8)z 

Va+^x-  a^  =  V{x-S)  {S'-x)  =  \  ^J  • 

By  differentiating  equation  (2),  we  find 
^^_         2{S'-S)zdz 

(1  +  zy 

These  values  of  x,  -y/a  +  /3a;  —  x^  and  dx,  substituted  in  the 
primitive  expression,  will  make  it  rational. 


1.  Let  du  = 


Examples, 
dx 


■yoi+^x  —  a? 
By  substituting  the  values  of  dx  and  -y/a  +  ^x  —  a^j  we  obtain 
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«  =  -  2  /y—  =  -  2  tang-'r  +  C, 
and  since  from  equation  (1), 

we  have  finally 

u  =    /*__=i_  =  _  2  tang-'  \/^!EI  +  C. 

If  in  this  we  make  /3  :=  0         a  =  1,  the  expression  reduces  to 

"  =   f-.     "^      ,  =  C  -  2tang-'\/iE5, 

since  by  placing  a^  —  1  =  0,  we  find 

x=  dzl     or     S  =  —  1         6'  =  1. 

If  we  now  introduce  the  condition  that  the  integral  shall  be  0, 
when  a:  =  0,  we  have 

0  =  C  —  2  tang-*  1  =  C  — -,    *       C  = -, 


and 


fvr=^  =  *2-'^^-'Vl 


+  x 

The  direct  integral  of  the  first  member  is  sin"'*,  Art.  (133); 
hence 
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I  ie       ^  1      /l  —  * 

sin~'a;  = 2  tanff"'  \/ 

2  ^      ^ I +x 


2.  Let    .  du  =  dxVlax-^^ 

or 

Placing  lax  —  a:*  =  0,  we  deduce  a;  =  0,  and  a;  =  2a ;  hence 
5  =  0  and  h'  =  2a.  Substituting  these  in  the  formulas  <kc^  we 
■have 

dxV^ax  —  ^  _         2z^dz 

a  simple  rational  fraction. 

3.  Let  du=        '^ 


4.  Let  du  = 


Vix  —  ^ 
dx-\/2  —  «■ 


INTEGRATION    OF    BINOMIAL    DIFFERENTIALS. 

146.     1.  K  we  have  a  differential  of  the  form 

x"^'(ir(ax"  +  6x")7, 

sf  (r  being  supposed  less  than  n),  may  be  taken  out  of  the  paren- 
thesis, and  for  the  primitive  expression  we  may  write 

x"'-'dxx''{a  +   hxT^f  =  af-^—^  dx{a  +  1x^)7, 

in  which  but  one  of  the  terms,  in  the  parenthesis,  contains  the  va- 
riable X,  and  the  exponent  of  this  variable  \^ill  be  positive. 
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2.  If  after  this,  the  exponent  of  x  should  be  fractional,  eilbor 
within  or  without  the  parenthesis,  or  both,  we  can  substitute  for  x 
another  variable,  with  an  exponent  equal  to  the  least  common 
multiple  of  the  denominators  of  the  given  exponents,  and  thas  get 
rid  of  the  fractions,  as  in  the  example 

by  making    x  =  z®,     we  obtain 

j^dx{a  +  lo^)T=  6z'dz{a  +  bz^y, 


in  which  the  exponents  of  z  are  whole  numbers.     Hence  every  bi- 
nomial differential  can  be  placed  under  the  form 

ar^^dx(a  +  bx")h 
in  which  m  and  n  are  whole  numbers  and  n  positive. 

147.     1.  The  binomial  differential  being  placed  under  the  pro* 
posed  form  ;    if  -  is  entire  and  positive,  it  may  be  integrated  as 

in  article  (130)  ;  if  —  is  entire  and  negative,  we  have 
9 


x^'dx{a  +  bx")  "  =     '''^'^^ 


(a  +  bx")9 
which  is  a  rational  fraction. 


2.  If  ^  is  a  fraction,  either  positive  or  negative,  place 
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a  4-  6jf  =  2' ; 
then 

(a  +  ixrf  =  2" (1),     or  =  ^^, 


.=,i^Y      ."-<^=i(--^Y-^.. (.). 


The  values  (1)  and  (2),  substituted  in  the  primitive  expression 
give 

x^'dx{a  +  h3rf=  ilzH^' dz /?lz^Y~' (3), 

nJ  \     ^      / 

which  is  rational  in  terms  of  z  and  dz,  when  —  is  a  whole  number.    . 

n 

Example. 


I 


Let 

du  =  ar'dx{a  —  hx^^, 
in  which 


m  —  1  =  3,    n  =  2,     — =  2,     J?  =  3,      <?  =  2,      J  =  —  J. 
n 


These  values  in  equation  (3),  give 


a^dx{a  -  b3?f  =  z*dz  i^JZJ?}, 


in  which 
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7?  —a-   h3?. 


3.  If  —  is  not  a  whole  number,  we  may  write 
n 


3!r^^dx{a  4-  hx"f  =  x'^'dxlx"  {—  +  b)]f 


=  ar+j-^  dx^aar"  +  by , 

and  in  accordance  with  the  preceding  principle  this  will  be  tar 
I  tional  if 

«,   .  '^P 

/m 

. i.  =  —  I h  —  )        **"  whole  number. 

—  n  \^        9  / 

To  obtain  the  proper  rational  expression  in  terms  of  z,  we  need 
;  only  make  in  equation  (3), 

np 
'  m  =  m  -\ ,      n  :=  —  n,       a  =  b,       b  =  a. 

Thus 

«"^T-*(ir(aar-+6)r  =  -  i^z**^' d/?— 5VM"' (4). 

na  \    ^     J 

Example. 


Lot 


in  wliifh 


du  =  xdx{a  -\-  6x^)3, 
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m —1  =  1,     n=3,    p  =  1,     q=S,—+I.=l. 

n       q 


These  values  in  equation  (4)  give 


xdx{a  +  ha^)^ 


Hz  fz^  -  h\r 
a    \      a      J 


in  which  ^  =  ax~^  +  h. 

From  what  precedes,  we  see  that  every  binomial  differential  of 
the  proposed  form  can  be  integrated  :  if  the  exponent  of  the  paren- 
thesis is  a  whole  number  ;  if  the  exponent  of  the  variable  without 
the  parenthesis  plus  unity,  divided  by  the  exponent  of  the  variable 
within,  is  a  whole  number ;  or  if  this  quotient,  plus  the  exponent 
of  the  parenthesis,  is  a  whole  number. 


148.  Let  us  now  write  p  for  i ,  and  then  divide  the  expression 

ar-^dx{a  +  hary  =  x"^"ar-^dx{a  +  buT)", 
into  the  two  factors 

x"*""  =  u  and  af^^dx(a  +  bx^Y  =  dv ; 

whence 

du  =  {m-  n)ar-^'dx,         v  =  (<»  +  ^^)'^' Art.  (129). 

{p  +  l)nb 

Substituting  these  values  in  the  formula 

fudv  =  Mr  — fvdu Art.  (140), 


I 


f 
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d  making  (a  +  hx")  =  X,  we  have 

far-'dxX"  =   a^'^"X'^'    _    {m-n)    r ^^..-^-xj^^ph /^v 


{p  +  l)nb       {p  +  l)nJ-' 
But  since 

X*^'  =  X''X  =  X''(a  +  Aa;")  =  aX"  +  Jx-X', 
/x— "-»rfxX'^»  =  af  ar-'^'dxX"  +  bfaT-'dxX'. 

Substituting  this  vdue  in  (1),  and  clearing  of  denominatoTs, 
{p  +  l)nbfaf^^dxX''  =  «— "X*^' 

-  {m  —  n)  [afx'^"-'dxX''  +  bfsr-'dxX'] ; 
itransposing,  &c^  we  obtain 


/x-yzX"  =  ^''X'>^'-«("^-n)/:r"'dxX^ ^^ 

By  a  single  application  of  this  formula  we  cause 

f3r~^dxX'  to  depend  upon         /x'—^'c^zX', 

in  which  the  exponent  of  the  variable  without  the  parenthesis  is 
iminished  by  the  exponent  of  the  variable  within.  By  an  appU- 
ition  of  the  same  formula  to  f  3f*~'*~^dxX^,  it  may  be  made  to 
depend  upon  f  x"^^''~^dxX'',  and  finally,  by  repeated  applica- 
itions,    f  a^^dxX^     will  depend  upon  the  expression 

a{m  —  m)f3f*''^^^dxX^, 

in  which  r  represents  the  number  of  times  m  will  contain  n.     If  m 
an  exact  multiple  of  n,  then  m  —  m  =  0,  the  term  containing 
28 
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the  expression  to  be  integrated  disappears,  and  the  integration  is 
complete. 

K  pn  +  "2^  =  0,  the  second  member  of  the  formula  becomes 
infinite,  and  it  fails  to  answer  the  purpose ;   but  in  this  case 

p  ■\ =  0,     which,  substituted  in  equation  (4)  of  article  (14 "7), 

n 

^ves  an  expression  which  may  at  once  be  integrated. 

149.  "We  may  also  write 

Tf  now  in  formula  i\  we  change  m  into  wi  +  »,  and  p  into 
jp  —  1,  we  have 

b[pn  4-  m) 

Substituting  this  value  in  the  preceding  equation,  and  reducing, 
we  obtain 

fx'-^dxX"  =  ^'"^''  +  Pnaf^'dxX''-^ ^  ^ 

pn  ^  m 

by  which  the  primitive  expression  is  made  to  depend  upon  ano- 
ther, in  which  the  exponent  of  the  parenthesis  is  one  less  than 
before.  By  repeated  applications,  this  exponent  may  be  reduced 
to  a  fraction  less  than  unity,  either  positive  or  negative. 

150.  The  use  of  the  preceding  formulas  may  be  illustrated  by 
the  example 


fa?dit{a  +  hi?)^. 


INTEGRAL   CALCULUS.  219 

Place  a  +  hx'  =  X,  m  =  3,         n  =  2,         J>  =  }, 

then  from  formula  ^9 


6b 


Applying  formula  ffi  to  the  expression     fdxX'     after  making 
m  =  1,     n  =  2,    />  =  f ,     we  have 


r^^^^_xX^  +  3a/dxX^ 


I  and  by  another  application 

xX^  +  af^ 

/dxX^= — . 

2 

Substituting  these  values,  we  have  finally 

I  _  xX^  _    axX^  _  a^xX^ a^     f  dx 


The  expression =:  —  may  be   integrated  as  in 

Art  (144). 


151.  Kin  the  primitive  expressions,  m  and^  are  negative,  the 
effect  of  the  application  of  formulas  il  and  £39  would  evidently 
be  to  increase  them  numerically.  Other  formulas  are  then  re- 
quired. 

1.  From  i^  by  transposition  and  reducticm,  we  find 
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a{m  —  v) 

If  in  this  we  dtange  m  into  —  wi  +  n,  we  have 

/x— WxX"  =  -  x-"X^'  -  &(n  -  m  +  np)/.-^-^X^^^^ 
•^  am  • 

by  the  application  of  which,  —  m  will  be  numerically  diminished 
by  the  number  of  units  in  n. 

2.  From  13,  by  transposition  and  reduction,  we  find 

/•x'-'rfxX'-'  =  -  ^^'  +  {m+  np)fx'-'dxX'' 
•^  pna 

If  in  this  we  change  p  into     —  p  -\-  1,     we  obtain 

r^'dxX-^  -  ^"X-^'  -  (m  +  n  -  n;>)/x-'rfxX-^^ 
jte-iUcA.     _  an(i)-l)  ^» 

in  which,  the  exponent  of  X  is  numerically  one  less  than  in  the 
primitive  expression. 

K  p  —  1  =  0,  the  second  member  becomes  infinite,  but  in 
this  case  j9  =  1,  and  the  primitive  expression  reduces  to  a  ra- 
tional fraction. 


152.  Let  us  illustrate  the  use  of  these  formulas  by  the  example 

Making  in   ®,  w  =  1,  a  =  2,   J  =  —  1,   n  =  2,  ^  =  —  |, 
we  have 


/x-»(ia:(2  -  «*)"*  =  _  ^_I^_  +/(LrX"« (1). 
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By  formula  Q>,  after  making  m  =  1,  n  =  2,  a  =  2,  i  =  —  1, 
^  ^  1,  we  have 

fdxX^  =  ^* 
Making  the  proper  substitutions  in  (1),  we  obtain  finally 


in  which         X  =  2  —  a?. 


153.  By  the  aid  of  formula  Q>  we  are  now  able  to  integrate  the 
expression 

^-^^=.<lz{f  +  hr^ Art  (138). 

By  making    m  =  1,    x  =■  z,    a  =:  ¥,    6=1,    n  =  2,      we 

/dz 
— —         to  depend  upon  the  integration  of  ano- 
ther expression  in  which  the  exponent  is  one  less,  and  by  repeated 
applications,  we  shall  find  that  the  integral  will  depend  upon  the 
expression 


/'-^L_=ltang-1+C. 
J  %"  +  ¥        b      ^    b  ^ 


154.  For  the  expression 


/afdx 
1 
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we  may  write 

f3f'dx{2cx  -  3^)~^  =fx^^dx{2c  -  arf*, 
to  which  applying  formula  £L,  after  making 

w»  =  ?  +  i,     o  =  2c,     6  =  —  1,    p  —  —  ^,     n  =  1, 

and  recollecting  that  x'~'  =  a;*"^  a;*,    and    a;*"  ^  =  ajr-i  x~^^    we 
obtain 

a^'fi'a;  a:«-V2ca;  —  x* 


/ 


■v/2cx  —  x^  ? 

?       »/  V2cx   —   a:» 


By  repeated  applications  of  this  formula,  when  j  is  a  whole 
number,  we  make  the  primitive  expression  depend  upon 


/ 


^^         =  ver-sin-^—  +  C Art.  (133). 


■^2cx  —  a? 


INTEGRATION   BY    SERIES. 

155.  Kit  be  required  to  integrate  the  expression  X<ir,  X  being 
any  function  of  x\  it  is  often  convenient  and  useful  to  develope 
X  into  a  series  by  any  of  the  known  methods,  generally  by  the 
binomial  formula ;  and  then,  after  multiplying  by  dx,  to  integrate 
each  term  separately.  This  is  called  integrating  by  series  ;  since 
we  thus  obtain  a  series  equal  to  the  integral  of  the  given  expres- 
sion, from  which,  when  the  series  is  converging,  we  can  for  par- 
ticular values  of  the  yariable  deduce  the  approximate  value  of  the 
integral. 
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I.  Let  us  take  the  example 

du  =  -Jf—  =  dx(l  +  x)-\ 

By  the  binomial  formula,  we  have 

(1  +  x)-'  =  1  -  X  +  x""-  a^  +  &c 
Multiplying  by  dx,  and  prefixing  the  signy, 

I =f{dx  —  xdx  +  x^dx  —  a^dx  +  &c.)  ; 


whence 


/dx  35*  ,  X^  X*  t  ,  rt 
z=  X I-&C.  +C, 
1+  X                23         4 


or  smce 

dx 


;  (1  +  a:)  =  a:  —  ^  +  ^  _  ^  +  &c.  +C. 
2  3         4 


But  when  z  =  0  the  first  member  becomes  ^1)  =  0  ;    hence 
C  =  0  and 


1(1  -\-x)  =  x-  —  +---  +  &c Art.  (39). 

V  /  2         3         4 


2.  Let  du  =  x^(l  —  a^)idx. 

By  the  binomial  formula  we  have 
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(1  -  a^)^  =  1  _    ^    -   t.   -    Z.   -kc. 

^  2  8  16 

Multiplying  each  term  by  x^dx,  &c. 


S.  £ 

/«*(!  -  x'fdx  =f{x^dx  -— &c. ; 

whence 

u 

fx^ll  -  <i^Ydx  =  ±x«  _  i-a;2  _  ^  _  &c +  C. 

■^      ^  ^  3  7  44 

3.  Let  du  =  <fdx. 

In  article  (36),  we  have  found 

a*  =  1  -^ 1-  (fee. ; 

1  1.2  1.2.3 

hence 


i-r'2  1.2^  jt3«4 

/a-rfx  =  X  +  ^  +  ^  +  ^  +  &c +  C, 


in  which  k=  la.     If  a  =  e,     then  ^  =  Ze  =  1,     and 
'  ^2624^ 


A    T   J.  J  dx  dx 

4.  Let  du  z= 


Vx—3^  V^  Vl   —  X 

Make  Vx  =  u ;     then  dx  =  2  '\/xdu,  and 

&?  _        2du 

VxVl  —  X        Vl  —  V? 
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which  may  be  readily  integrated,  and  we  shall  obtain 

r      ^^      =  2sin~i/x  =  2  Vg(l  +  —  +  JfL-  +  Ac )  +C. 

J  -V/^^^*  ^    ^  2.3  ^    2.4.5    ^  ' 

5.  Let  du  =  dx  V^ax  —  x*; 

6.  Let  du  =  — 

Developing  •/!— e'V  =  (1  —  e'V)^,  we  have 

Vl—  c'V  =  1—1  e'V  —  11  e'V  —  <fec. ; 
2  2  4 

hence 

fdWiz^^  r(,  _  ie.^_  ii,.v_&,Y_^\ 
•^    ^/ri::?     -^  v      2        24  yv^vTupy 

After  the  multiplication,  each  term  of  the  second  member  will 
be  of  the  form  A  /      ^    ^      ,  which  by  formula  iig 

may  be  made  to  depend  upon 

f—± =  sin-'x  +  C. 

J  ^  \-  ^ 

dx  dx 


1.  Let      du  =  — -: 


y/(2cx  —  r')(6  -  X)  V2CX-X'  Vh—x 

Ifwedevelope  ^        =  (i  -  x)~^.  and  multiply 

Vfi  —  a; 
29 
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by ,      each  term  will  be  of  the  form 


■v/2cx  —  X*  V2cx  —  nf 

■which  may  be  reduced  and  integrated  as  in  the  preceding  article. 

156.  By  the  application  of  the  formula  for  integration  by  parts, 
Art.  (140),  to  the  expression  Xrfx,  we  obtain 

/X(fx  =  Xx  -/xdX (1), 

and  then  to         art/X,  &c. 

•^  J  dx  2  dx      J  2    dx  ^  ^ 

J  2    dx   ~J   dx?  ~2'  ~  2J  di^~J  23  d? ' 
&c. 

Substituting  in  succession  the  values  above  deduced,  equation  (1) 
will  become 

fXdx  =  Xx .  ^  _  (fee, 

•^  dx  1.2  ^  dx^   1.2.3 

a  series,  expressing  the  integral  of  Xdx  in  terms  of  X,  and  its 
differential  coeflBcients  ;  which  has  received  the  name  of  its  distin- 
guished discoverer,  John  BernouiUi. 

151.  If  in  the  integral 

fXdx=J[x)  =  u, 
we  make  «  =  x  +  ^  we  have 


\t- 


INTEGRAL   CALCULUS.  227 

(/X<ia;),.,+A  =/(x  +  h)  =  u'', 
and  by  Taylor's  formula, 

u'  —  u  =  — h  -\ \-  &c (1). 

dx    ^  dx'  1.2  ^  ' 


But  since 


fK-dx  =  M,        'K.dx  =  rfw,        —  =  X, 

dx 


dx^        dx  dj?        dx^ 


These  values  substituted  in  (1)  give 


u'  —  u  =  Xh  -\- u  — u  &c. 

da;  1.2       dx*   1.2.3 


If  in  this  series  we  make  x  =  a,        h  =  b  —  a,        and  denote 

by        A,  A',  A",  &c.,        what  X,        — ,        — ,  <fec.      be- 

dx  dx^ 

come  under  this  supposition,  it  is  plain  that  what  u  becomes  will' 
represent  the  value  of  the  integral  when  x  =  a ;  what  u'  be- 
comes, its  value  when  x  =  a  +  J  —  a=J;  then  what  u'  —  u 
becomes,  will  be  the  value  of  the  integral  between  the  limits 
X  =  a,     and    x  =:  6  ;     whence 

fxdx  =  A(6  -a)  +  ^{b  -  ay  +-^(J  -  af  +  Ac, 

a  series  from  which  the  approximate  value  of  a  definite  integral 
may  be  obtained.  If  6  —  a  is  so  large,  that  the  series  does  not 
converge,  or  does  not  converge  rapidly  enough,  then  let  it  be  divi- 
ded into  n  equal  parts,  so  that 
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b  —  a  =  noL, 


and  take  the  value,  first  between  the  limits  a  and  a  +  a,  then  be- 
tween a  +  a  and  a  +  2a,  &c.,  and  suppose  the  results  to  be 


Ba  +  B' JL    +  B"_^l_  +  &c., 
1,2  1.2.3 


Ca  +  C'-^  +  C"— ^1—  +  &c., 
1.2  1,2.3 

Da  +  D'—  +  D"_^  +  (fee, 
1.2  1.2,3 


^ (2), 


<fec. ; 
then  by  article  (132)  we  have 

f'xdx  =  (B  +  C  +  D  +  &c.)a  +  (B'  +  C  +  &c.)  —  + 

&c (3), 

and  as  a  is  arbitrary,  the  separate  series  (2)  [and  of  course  the  final 
series  (3)]  may  be  made  to  converge  as  rapidly  as  we  please. 


INTEGRATION    OF    DIFFERENTIALS    CONTAINING     TRANS- 
CENDENTAL   QUANTITIES. 

158.  But  few  of  these  differentials  admit  of  exact  integrals. 
We  can,  however,  by  the  aid  of  formulas  previously  deduced,  ob- 
tain, by  series,  their  approximate  integrals. 

By  the  examination  of  a  few  expressions,  we  will  endeavour,  as 
far  as  possible,  to  indicate  to  the  pupil  the  general  method  to  be 
pursued,  and  then  leave  to  his  ingenuity  and  industry,  its  applica- 
tion to  the  different  cases  with  which  he  may  meet. 
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159.  Take  first  the  expression 

Xa'dx, 

in  which  X  is  an  algebraic  function  of  x.     If  wo  ^vide  it  into  the 
two  factors  X  and  a'rfx,  and  recollect  that 

a'ladx  =  da' Art.  (36), 

whence 

a'dz  =  — — ,  and  /a'dx  =.  _  ; 

la  la 

we  shall  have  from  the  formula  for  integration  by  parts 

fXa'dx  =  —  —    r£  dX (1). 

la  J    la 

If  now  we  take  the  successive  differentials  of  X,  and  place 
dX  =  X'dx,        dX'  =  X"dx,        dX"  =  X'"dx,  Ac, 
we  obtain 

/a'dX  _  X'a'  _    C  a'    jv' 
~"^  Wf       J  IJaf       ' 

/(fdX'  _   X"a'  _     r  a'    ^^„ 
IJ^  ~  lldf       J  JJdf 

These  values  in  equation  (1)  give 

fXa'dx  =  ar(^-lL ±^U    f^ (2). 

•^  \la        {lay       {la)"+')  ^  J  (la)-^'       ^  ' 

K  the  function  X  is  of  such  a  nature  that  one  of  its  differential 
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coeflicients  X',  X",  &c.  is  constant,  the   differential  of  this  will  be 
0,  and  the  corresponding  term 


t 


{lay 

The  integral  will  then  be  exact. 
The  expression  x"d^dx, 

admits  of  an  exact  integral  when  n  is  entire  and  positive. 

If  n  be  fractional  or  negative,  we  write  for  a'  its  development, 
Art.  (36),  and  then  integrate  as  in  Art.  (155). 

160.  Take  now  the  expression 

X{lxydx. 
If  we  divide  it  into  the  two  factors 

Xdx  =  dv,  and  {Ix)"  =  u ; 

whence 

fXdx  =  t)  =  X',         .     du  —  n{Jxy~^ — , 

X 

and  then  substitute  in  the  formula  of  Art.  (140),  we  have 
fXilxydx  =  X'(Zx)"  -  nfX'(lx)'^'— (1). 

By  this  the  integral  of  the  primitive  expression  is  made  to  de- 
pend upon  the  integral  of  another  similar  one,  in  which  the  expo- 
nent of  (Ix)  is  one  less  than  at  first. 
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If  then  n  be  entire  and  positive,  after  repeated  applications  of 
the  formula,  the  exponent  of  (Ix)  will  become  0,  and  the  exprea- 
Mon  upon  which  the  integral  depends,  algebraic. 


For  a  particular  case,  let 


ar** 


X  =  a",  then  fx^dx  =  JlZL  —  X' 

m  +  1  ' 

and  this  in  (1)  will  give 

far{hYdx  =  -^(Ix)"  _  .    "     /;r»(/x)-'rfx (2). 

*/•      I      X  Tit   "J"    X 

If  in  this  we  substitute  for  n,  in  succession 

n  —  1,       n  —  2,      n  —  3,  Arc, 
we  have 


fx-{h)'-'dx  =  ~m-'  -  "L—lf^ihy-^dx, 

m  -\-  \  TO  +  1 


fx-{h)-^dx=J^{h)-'  -JL^f^{lx)'-^dx, 


.&c. 


These  values  in  (2)  will  give  a  general  formula,  in  which,  if  n 
be  positive  and  entire,  the  last  term  will  be 

±  ^(^-'"y-^fx-iixydx  =  ±  "^\~^2-:|^. 


We  shall  therefore  have 
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/..(fa)*=^[(fa)--  «iM=!+  ...±  ^--^] + c...(3). 

m-\-l  m  +  1  (?n+l) 

The  sign  of  the  last  term  will  be  plus  when  n  is  even,  and  mi- 
nus when  n  is  odd. 

If      wi  =:  1     and  n  :=  1,     we  have 

fxlxdx  =  —fix  _  iV  C. 

If    w  =  0     and      n  =  1,     we  have 

flxdx  =  x{lx  —  1)  +  C. 

If    m  =  —  1,     the  second  member  of  (3)  becomes  infinite. 
In  this  case  the  differential  becomes 

{IxY-. 

X 

Making    Ix  =  z,     we  have     —  =  dz,     and 

X 

filxY^  =fz''dz  =  ^  =  (^  +  C, 

X  «   +  1  71+1 

which  is  true  for  all  values  of  n,  except  when  n  =  —  1.     In  this 
case  the  expression  becomes 

dx 

xlx 

dx 
Making     Ix  =  z,     we  have     —  =  dz,    and 

X 

fj±=  f^  =  iz  =  i{ix)  +  a 

J  xlx       J  z 


nt 
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(:)jl       161.  Take  now  the  expression 

X.dx  8in~'a;. 
Place         Xctr  =  dv,         and         sin~'x  =  «,         then 

fXdx  =  v  =  X'  and  du  = ^1_. 

(1  -  x«)* 

Substituting  in  the  formula  of  Art.  (140),  we  have 


/Xdx  sin~'«  =  X'  sin~'a;  —  I  . 


X'dx 


(1  -  X*)* 

Thus  the  integral  of  the  primitive  expression  is  made  to  depend 

upon  the  integral  of  the  algebraic  expression . 

(1  -  X*)*  • 

Let  X  =  x», 

then 

fXdx=/3f'dx  =  J. :=X', 

n  +  1 

and  we  have 

x^'dx 


/  X  dx  sin  'x  = sm  'x  — I  . 

•^  »  +  1  n  +  ij  ^ 


(1-xf 


By  the  application  of  formula  il  or  ®,  when  n  is  entire,  the 
last  term  may  be  reduced,  and  then  integrated;  except  when 
n  =  —  1,  in  which  case  the  expression  becomes 


dx  .     I 
—  sm-'x, 

z 


80 


234  INTEGRAL    CALCULUS. 

whicli  can  only  be  integrated  by  series. 

In  the  same  way,  like  expressions  may  be  found  for  * 

fX.dx  cos~'x,  f^dx  tang~'a:,  &c 

162.  By  article  (41)  we  have 

d  saxnx  ^  ndx  cos  nx,  d  cos  nx  ^  —  ndx  sin  nx ; 

hence 

y.  J     .  cos  nx  r  J  sin  Tix 

Jdx  sin  nx  = ,  /  ax  cosnx  = . 

»  n 

In  the  expression 

dx  sin*x, 

we  can  place  for    sin*x,    its  value, ,  and  then  have 

^  '  2  2 

/.J     •  o  r^x         C  cos  Ixdx         X         1    •    n     1   rt 

J  dx  sm''  X  =    I  —  / = sm  2x  +  U  : 

•^  J   2         J  2  24  ' 

and  in  general  the  integral  of  similar  erpressions  containing  any 
power  of  either  the  sine  or  cosine  of  x,  can  be  obtained  b}'  first 
substituting  the  value  of  the  power  in  terms  of  the  double,  triple, 
&c.  arc,  as  determined  in  trigonometry. 

The  expressions 

dx  sin"**,  dx  cos"*, 

when  m  is  entire,  may  also  be  integrated  as  follows.    Make 

sin  X  =  z,         then         x  =  sin~'z         dx  = ; 


i 
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whence 


fdxsm'"x=    C ^— 

^  i^  —  *s\i 


(1  -  :?)' 

This  expression,  by  repeated  applications  of  formula  il  or  <9, 
may  be  made  to  depend  upon 

,  or  / 

(1    _   z«)2  *^     (1    -    «*)* 

In  the  expression 

dx  tang^a?, 

place  tang  x  ■=  z 

then 

dz  fj  1.      m  r  ^""dz 


dx  = 


fdx  tang^a;  =  j  ~ 


1  4-  2"  ./  1  +  z» 

which  is  a  rational  fraction. 

Examples. 

dx 


Integrate     1.  du  =  dx  sin'a?.  2.     du  = 


8.  du  =  4^  .  4.  du=  dx  tang»x. 


163.  In  the  general  expression 
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dx  sin"*  X  cos"x, 
we  may  place 

then         cos  ar  =  (1  —  2*)  ,      dxz=  


sin  X  =  z. 


(1-z-')*' 


and  finally, 

n— I 

fdx  sin^j;  cos"j;  =  /  z^dz{l  —  z^)  ^  , 

which  may  be  reduced  by  formulas  il,  13,  (Q,  and  Q),  and  in 
some  cases  integrated,  as  in  the  example 

du  =  dxsin*xcoa,*x;  whence  u  =^fz*dz(l  —  2*)* 


INTEGRATION    OF    DIFFERENTIALS    OF    THE 
HIGHER     ORDERS. 

164.  By  an  application  of  the  rules  previously  demonstrated,  w© 
may  readily  obtain  the  primitive  function,  from  which  differentials, 
containing  a  single  variable,  and  of  a  higher  order  than  the  first, 
may  have  been  derived. 

Let  there  be  the  differential 

dTu  =f[x)dxr. 
Dividing  by  rfx""',  we  have 
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and  since  cfaf^'  is  a  constant,  this  may  be  written,  Art.  (24), 
Integrating  both  members,  we  have 

After  multiplying  both  members  of  this  equation  by  dx,  it  may 
be  written 


d(^^^=f(x)dx  +  Cdx', 


I  and  integrating  as  before. 


dxT-* 


=f"{x)  +  Cx  +  C'; 


which  by  another  transformation  and  integration,  may  be  reduced 
one  degree  lower,  and  finally  after  n  integrations,  we  shall  obtain 

u  =  F(x)  +  — ^^ —  +  — — + a-'". 

^  ^  ^  1.2. ..(n  -  1)       1.2.. .(n  -  2)  ^ 

The  above  operation  may  be  indicated  thus, 

u=f"A^)dx"', 

the  symbol  f"  indicating  that  n  successive  integrations  are  re- 
qtdred. 
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Examples. 

1.  Let  d^u  =  cut^da?. 

The  reqiiired  operation  is  indicated  thus, 

and  may  be  read,  the  double  integral  of  aa?ds^. 

Let  the  expression,  after  dividing  by  dx,  be  written 


=  <£)  = 


.        .  =  cL3?dx ; 
dx 


■whence  by  integration 


^Ji  =  ^  +  C,  du  =  "J^dx  +  Cd^, 

dx         3  3 


Litegrating  again,  we  obtain 


12  ^ 


2.  If 

d'u  =  Wa^,  u  =/^bd3^, 

which  is  called  a  triple  integral.     We  may  write 


whence 
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=  bx  +  C, 

and  filially  as  in  the  last  example 

u  =nhdx^  =  ^  -f  ^  +  C'a;  +  C". 
•^  6  2 

3.  Let  d*u  = -.       4.  Let  d?u  =  V^da?. 


INTEGRATION   OP    PARTIAL    DIFPERJENTIALS. 

165.  Hitherto,  we  have  explained  the  mode  of  integrating 
only  the  differentials  of  functions  of  a  single  variable.  It  yet  re- 
mains to  extend  our  rules  to  the  integration  of  those  which  con- 
tain more  than  one  variable. 

These  differentials  are  either  partial  or  total,  Art.  (49).  When 
I  partial,  they  belong  to  one  of  two  classes. 

I.  Those  obtained  from  the  primitive  function  by  differentiating 
with  reference  to  one  variable  only. 

n.  Those  obtained  by  differentiating  first  with  reference  to  one 
variable,  and  then  with  reference  to  another,  <fec.,  Art.  (46). 


166.  The  differentials  of  the  first  class  may  be  expressed  gene- 
rally thus, 

d'u  =  f(x,  y,  z,  <fec.)  dx"         d'u  =f'(x,  y,  z,  4:c.)rfy",  Ac, 

in  which  u  is  a  function  of  x,  y,  z,  <fec.,  and  may  evidently  be  ob- 
itained  by  successive  integi-ations,  precisely  as  in  article  (164);  all 
the  variables,  except  the  one  with  reference  to  which  the  differen- 
tiation was  made,  being  regarded  as  constant,  and  care  being  taken 
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to  add,  instead  of  constants,  arbitrary  functions  of  those  variables 
which  are  regarded  as  constant  during  the  integration. 

Examples. 
1.  Let  d^u  =  bs^ydx^, 

"which,  after  dividing  by  dx,  may  be  written 

d(  --]=  hs^ydx ; 
\dx) 

whence 

ax  o 


and 


du  =  ^^  +  Ydx, 
8 


u  =phx''ydx'  =  ^  -}-  Yx  +  Y', 


in  which  Y  and  Y'  are  arbitrary  functions  of  y. 
2.  Let  d^u  =  C3?f:?df. 

167.  The  diflFerentiak  of  the  second  class  may  be  written  gene- 
rally thus, 

d"+^-u  =Jlx,  y,  2,  <fec.)dir*  dtf  dz' , 

and  the  mode  of  integrating  is  plainly  to  integrate  first,  m  timet 
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■*     with  reference  to  x,  then  n  times  with  reference  to  y,  and  so  on 
until  all  the  required  integrations  are  made. 

To  illustrate,  let 

d^u  =  (p(a;,  y)dxdy, 
which  may  be  written 

^  =  (p(x,  y)dy,  or         d{^\  =  (p(x,  y)dy ; 

whence  by  integration  with  reference  to  y, 

and 

M  =fdxf(^{x,  y)dy  +fXdx  -j-  Y, 

or 

u  =/V(«,  y)<iydx  +/Xda:  +  Y, 

there  being  no  necessity  of  indicating  with  reference  to  which  va- 
riable the  integration  is  first  to  be  made,  Art.  (47). 

Examples. 
1.  Let  d^u  =  ax^ydy'dx. 

This  may  be  written 

^  =  a^y^,         or         ■*(§)  =  <^ 
31 
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Integrating  with  reference  to  x, 

whicli  may  now  be  integrated  as  in  the  preceding  article. 

2.  Let  d^u  =  axz^dxdydz. 

3.  Let  d*u  =  {x  +  y)-dx'dy\ 


INTEGRATION    OF    TOTAL    DIFFERENTIALS    OF    THE 
FIRST    ORDER. 

168.  If  «  =f{x,  y), 

we  have  found.  Art.  (49), 

J         duj        duj 

du  =  —dx  4-  —rfy, 
dx  ay 

in  which,         —dx      and      — dy         are  the  partial  differentials 
dx  dy 

oi  fix,  y) ;  and  also,  Art.  (47), 

_^  =  _^         or  V!/    ^  YL) (1). 

dxdy  dydx  dy  dx 

If  then  an  expression  of  the  form 

Vdx  +  qdy (2) 

be  the  tofal  diffenMitial  of  a  function  of  r  and  y ;  Vdx  and  Qdy 
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must  be  the  two  partial  diflFerentials  of  the  function,  and  by  the 
integration  of  either,  we  shall  obtain  the  function  itself. 

To  ascertain,  in  any  given  expression  of  the  above  form,  whether 
Tdz  and  Qdy  are  such  partial  differentials,  we  have  simply  to  see 
if  the  condition  (1),  or 

dF^_  dQ^ 
dy         dx 

is  fulfilled.     If  so,  the  given  expression  is  the  differential  of  a 
function  of  x  and  y,  and  we  have 

u  =fPdx  +  Y (3), 

Y  being  a  function  of  y,  which  is  to  be  determined  so  as  to  satisfy 

the  condition   —  =  Q. 
dy 

To  determine  this  value  of  Y,  let  equation  (3)  be  differentiated 

with  reference  to  y.     Then 

du  _  d/Tdx       dY . 
dy  ~      dy  dy  ' 

or  representingyPda;  by  w, 


whence 


du dv       dY Q . 

dy        dy        dy 


^^=Q_^,      Y=/(Q-^Wy, 


=<«-!> 


dy  dy 

and  finally 

u=fTdx+f(Q-^Ady 
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Examples. 

1.  Let 

du  =  {2axy  —  Zb3?y)dx  +  (ax^  —  bi^)dy, 
which  compared  with  equation  (2),  gives 

P  =  laxy  —  3bx^,  Q  =  oj^  —  bx', 

^^  =  200.-36^  =  ^. 
dy  dx 

This  condition  heing  fulfilled,  we  then  have 

u  =^f{2axy  —  3bx^y)dx  =  a3?y  —  bya?  +  Y. 

To  determine  Y,  we  have 

V  ^fPdx  =  aa^y  —  bya?, 

and 

^  =  ai^  -h?;       whence         Q  _  ^  =  0,  Y  =  C. 
dy  dy 

2.  If  cfu  =  ^+(2y_-^y, 

u=  r^=f +Y. 

J  y      y 


Since      t  =fTdx  =  — ,      we  have 

y 

dv  X 

^  "  "  7  ' 
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hence 


and 


Y  =f(Q  _  ^\fy  =/2yrfy  =  5^  +  0, 


u=^  +  f  +  C. 


3.  If  du  =  yJ^Z:^,  u  =  tang- ^+  C. 

s?  +  f  y 


4.  Let  du  =  (Qxy  —  /)cte  +  {Zs?  —  2xy)dy. 


169.  If  sc  function  of  two  variables,  composed  of  entire  terms,  is 
homogeneous  with  reference  to  them,  its  differential  will  also  be 
homogeneous ;  and  such  a  relation  will  exist  between  the  function 
and  its  partial  differential  coefficients,  as  will  enable  us  at  once  to 
obtain  the  function,  when  the  differential  is  given. 

To  explain  this  relation,  let 

and  m  denote  the  sum  of  the  exponents  of  x  and  y  in  each  term. 
For  X  and  y  substitute  tx  and  ty  respectively,  the  primitive  function 
then  becomes     fu. 

In  this  expression,  for  t  put  (1  +  «) ;  then 

Tm  =  (1  +  s^u. 

Under  these  suppositions,  x  and  y,  in  the  primitive  function, 
have  become,  respectively,    x  -j-  sx,    and    y  +  sy. 
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Developing  this  new  state  of  the  primitive  function,  as  in  article 
(46),  we  have 

fdu  du     \       1/d^u  o  o   .   n  d^u  o       \   ,    • 

u  +  /  —sx  -j sy  \  +  -I  -5-t/^  +  2        s^xy...  \  +  &c. 

\dx      ^  dy     J^  2\dx'        ^    dxdy     '    J 

m{m  -  \)u^  ^  ^^ 


=  (1  +  «)"«  =  M  -|-  mus  + 


1.2 


Equating  the  coefficients  of  the  first  powers  oi  tne  indeterminate 
s,  we  have 

du     ,    du  /,x 

^"  +  sp*  =  ""* <'>• 

Hence  in  the  differential 

du  =  Vdx  +  Qidy, 

if  P  and  Q  are  homogeneous  of  the   (m  —  l)th  degree,  we  shall 
have,  by  comparison  with  equation  (1), 


Pa;  +  Qy  =  mu  ; 


u  = 


'Px-hQy 


For  example,  let 

du  =  4:xy^dx  +  ay^dx  +  4:a?ydy  +  3ajry*c?y, 
in  which,     m  —  1=3,     w.  =  4, 

4:xy''  +  ay3  =  P,  ix'y  +  Zaxf  =  Q ; 

whence 

u  =  ^^-^^^  =  2x«/  +  axf. 
4 


Ir 
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no.  The  method  of  obtaining  the  integral  of  a  differential, 
containing  several  variables,  is  readily  deduced  from  what  pre- 
eedes.     Let 

du  =  Vdx  +  Qdy  +  Rdz  =  df{x,  y,  z) (1). 

K  for  a  moment  we  regard  2  as  a  constant,  and  then  in  succes- 
sion y  and  x,  it  is  plain  that  we  shall  have  the  three  expressions 

Ydx  +  Q,dy,         Vdx  +  Rdz,         Qrfy  +  Yidz (2), 

which,  taken  separately,  are  differentials  of  functions  of  two  va- 
riables, if  the  primitive  expression  is  a  differential  of  a  function 
of  three,  and  the  reverse. 

But  the  conditions  that  these  be  each  an  exact  differential,  are 

^  _  rfQ         ^  _  _rfR  dxl__  dR        ,g. 

dy  dx  '  dz  dx^         dz  dy 

hence  if  we  have  given  an  expression  of  the  form 
Vdx  +  Q,dy  +  Rdz, 

and  the  conditions  (3)  are  fulfilled,  it  will  be  the  differential  of  a 
function  of  three  variables,  and  we  can  obtain  the  function  by 
integrating  either  of  the  expressions  (2),  as  in  Art.  (168),  taking 
care  to  add  to  the  integral  a  function  of  that  variable  which  is  re- 
garded as  constant.  Thus,  denoting  the  integral  of 
Vdx  -J-  Qjdy  by  v,  we  have 

f{Vdx  +  Qdy  +  Rdz)  =  v  -{-  Z (4), 

Z  being  independent  of  x  and  y,  and  a  function  of  z  alone. 

K  now  we  differentiate  equation  (4)  with  reference  to  z,  we 
find 
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T5       dv       dZ 
J\  =  —    +  —  ? 
dz       dz 


whence 


^  =  R  _  ^ ;  Z=ffR-^\dz  +  G, 

dz  dz  \  dzj 


(■ 

and  finally 

u  =f{Fdx  +  Qdy  +  Udz)  =  V  +//'r  _  j\dz  +  C. 

By  a  similar  course  of  reasoning,  we  may  deduce  the  integral 
of  the  differential  of  a  function  of  any  number  of  variables. 

171.  In  article  (168)  we  have  denotedyPda;  by  v  ;  whence 

—  —V. 
dx 

Differentiating  this  with  reference  to  the  variable  y,  we  find 

^rdv\  ^/dv\ 

\dx  I       dF        \<iy  I 


whence 


'(a, . 


\-U  dx  =  — dx. 
dx  dy 

Integrating  with  reference  to  the  variable  x,  we  have 
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dy       J    dy 
or  since  {dV)dx  =  d(^dx), 

dfVdx  _     r  d{Vdx) 

dy       ~  J        dy  . 

By  which  we  see  that  we  may  differentiate  with  reference  to 
another  variable,  the  indicated  integral  of  a  partial  differential,  by 
simply  diffei-entiating  the  quantity  under  the  sign. 


INTEGRATION    OF    DIFFERENTIAL    EaUATIONS. 

172.  These  equations  when  of  the  first  order,  and  when  de- 
rived from  equations  containing  but  two  variables,  will  appear  as 
particular  cases  of  the  general  form 

Vdx  +  Qdy  =  0, 
and  may  of  course  be  integrated  as  in  article  (168),  when 

dP  ^  dQ 

dy   ~    dx^ 

and  give 

fTdx  +  Y  =  C. 

In  practice,  however,  it  will  in  general  be  found,  that  in  con- 
sequence  of  the  disappearance  of  a  factor,  common  to  both  tern« 
of  the  differential  equation,  or  when  the  differential  equat.on  has 
been  obtained  by  the  elimination  of  a  constant  from  the  pnm- 
itive  and  its  immediate  differential  equation,  Art  (56),  th,s  condi- 
tion is  not  fulfilled;   hence  other  means  of  obtaining  the  integral 

must  be  sought  for. 
32 
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In  the  fii*st  place,  it  is  endent  that,  if  by  any   transformation 
the  equation  can  be  placed  under  the  form 

Xdx  +  Ydy  =  0, 

X  being  a  function  of  x  and  Y  of  y,  the  integral  can  be  found  by 
taking  the  sum  of  the  integrals  of  the  two  terms  ;  thus 

fXdx-\-fYd!/  =  C. 


173.  Among  the  most  simple  forms  with  which  we  meet,  are 

I.  Ydx  +  Xdy  =  0. 

n.  XYdx  +  X'Y'dy  =  0. 

The  variables  may  be  separated,  in  I.  by  dividing  by  YX,  and 
in  II.  by  di^■iding  by  YX'.     The  results 

^  +  ^  =  0, 

X  ^  Y 


and 


X  Y' 

dx  -f  —dy  =  0, 


are  under  the  proposed  form.     In  general,  if  the  value  of  -i,    de- 

dx 

duced  from  the  equation,  be  under  the  form 

^=XY, 
dx 


we  have 


dy 
Y 


=  Xrfx;         and  r^=fXdz 
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Ul 


Examples. 

1.  Let  ydx  —  xdy  =  0. 

Dividing  by  yx,  we  have 

dx       dy       ^  ,         ,         ^ 

^  =0,  Ix  —  ly  =  G, 

X         y 

or  making  C  =  IC,  we  have 

2.  Let  xy^dx  -\-  dy  =  0. 
Dividing  by  y", 

xdx  +"^1  =  0; 
f 

integrating,  and  reducing 

x^y  -    2  =  2Cy. 

3.  Let  (1  —  xfydx  —  (1  +  y)3?dy  =  0 ; 
whence 

sr  y 


and 


Ilx  +  a;  —  ly  —  y  =  C 


4.  Let  (1  +  a^)rfy  —  Vy  dr  =  0. 
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6.  Let  !Ji?ydx  —  (3y  +  1)  Vl^dy  =  0. 

174.  III.  In  all  cases  where  the  equation  is  homogeneous  with 
reference  to  the  variables,  they  can  be  separated,  and  the  equation 
placed  under  the  proposed  form. 

Suppose  the  general  form  of  the  given  differential  to  be 

Ax"y'"dx  +  Bx^i/'dy  =  0, 

in  which  n-\-m=^h-\-k  =  ff.  , 

Make    y  =  zx,     and  substitute  ;  we  thus  obtain 

Aafz'"dx  +  Bx^i^dy  =  0  ; 

dividing  by  a/,  and  putting  for  dy  its  value,     zdx  +  xdz ;     we 
have 

A.z"'dx  +  Bz\zdx  +  xdz)  =  0  ; 

dividing  by  (Az"*  +  B2^')a;,  we  have 

dx  'Bz''dz         f. 

which  is  under  the  proposed  form. 

Examples. 

1.  Let  x^dy  —  y^dx  —  xydx  =  0. 

Make         y  =  zx,  then  dy  =  zdx  +  xdz. 

Substituting  in  the  given  equation,  we  have 

x^zdx  +  a?dz  —  zVdx  —  x'^zdx  =  0 ; 
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reducing  and  integrating, 

xdz  —  ^dx  =  0,  -  1  —  Ix  =  C. 

z 

Putting  for  z  its  value,  we  have  finally 

Ix   =-{C  +  f ). 

2.  If     t±J^dy  =  ydx,        lx=±-  lyjl  +  C. 
X  —  y  2y  ^  X 

3.  Let  xdy  —  ydx  =  dx  V«*  +  y*. 

176.     IV.  The  equation 

(a  -\-  bx  -\-  cy)dx  +  (a'  +  b'x  +  c'y)dy  =  0, 

may  be  so  transformed,  that  the  variables  can  be  separated  and  the 
integral  found.     For  this  purpose  let  us  make 

x  =  t  +  S  y  =  u  ■}•  S'; 

■whence 

dx  =  dt,  dy  =  du. 

These  values  in  the  primitive  equation,  give 

(a  +  bS  +  c8'  +bt  +  cu)dt  +  (a'  +  h'h  +  c'8'  +  b't  +  c'u)du  =  0. 

By  placing 

a  +  b8  +  cS'  =  0,  a'  +  h>8  +  c'8'  =  0, 

we  can  determine  proper  values  for  the  arbitrary  quantities  i  and 
5',  and  our  equation  reduces  to 
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{bt  +  cu)dt  +  {b't  +  c'u)du  =  0 ; 

which  being  homogeneous  with  reference  to  t  and  u  may  be  treated 
as  in  the  preceding  article. 

This  transformation  is  always  possible,  save  when  the  values  of 
S  and  S'  become  infinite,  which  will  be  the  case  only  when 

be'—  cb'  =  0; 

whence 

c'  =  ^;  h'x  +  c'y  =  ^{bx  +  cy). 

0  b 

The  primitive  equation  thus  becomes 

V 

adx  +  o,'dy  +  {bx  +  cy){dx  -| dy)  =  0, 

b 

in  which  the  variables  may  be  separated  by  making 

bx  -\-  cy  =  z. 

Substituting  this,  and  the  resulting  value  of  dy,  the  equation  re- 
duces to 

dx  + ia'h  +  b'z)dz  _ 

^  abc  —  a'b'+  {be  —  bb')z  ~ 

If  Jc  -  JJ'  =  0, 

we  have  at  once  the  integral 

"^  2{abc  -  a'b")  ~     * 
in  which  the  value  of  x  is  to  be  substituted. 
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17  6.     V.  In  the  equation 

dy  +  Yydx  =  Qrfar (1),* 

?  and  Q  being  functions  of  a;,  the  variables  may  be  readily  sepa- 
ated  by  making  , 


y  =  ^x (2), 

K  being  a  function  of  x,  for  which  a  proper  value  is  to  be  deter- 
oained.     By  differentiating  equation  (2),  we  have 

dy  =  zdX  +  Xdz, 

land  by  substitution  in  (1), 

zdX  +  X{dz  +  Tzdx)  =  Qdx (3). 

Suppose  X  to  have  such  a  value  that 

zdX=  Qdx (4); 

equation  (3)  then  becomes 

X{dz  +  Fzdx)  =  0 ; 

•whence 

^=-Tdx;  lz=-fFda, 

z 

or  taking  the  numbers 


*  Note.— Equations  of  this  kind  being  of  the  first  degree  with  reference 
to  y  and  dy,  are  sometimes  improperly  called  linear  equatima. 
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From  equation  (4),  we  have 

z 
whence 

These  values  of  z  and  X,  in  equation  (2),  give 
y  =  e-^^-^/Qe^'^dx. 

1*77.  Equations  of  the  form 

ai/"'x"dx  +  bx''dx  +  cafdy  =  0, 
may  sometimes  be  rendered  homogeneous  by  making 

k  being  a  constant  to  be  determined.     From  this,  we  have 
dy  =  tz*-'dz,  y"  =  2*". 

These  values  in  the  primitive  equation  give 

as^'^x'dx  +  bafdx  +  cksfs^-^dz  =  0, 
which  will  be  homogeneous,  if 

km-\-n=p  =  q  +  k  —  1, 
that  is,  when 

p  —  n 


1 
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178.  It  has  been  remarked,  article  (172).  that  differential  equa- 
tions soraetimes  fail  to  fulfil  the  condition  of  iutegrability,  in  con- 
sequence of  the  disappearance  of  a  common  factor.  Whenever 
this  factor  can  be  discovered,  by  trial  or  otherwise,  the  integral  can 
at  once  be  found,  as  in  article  (168). 

Let 

Tdx  +  Qdy  =  0 

be  a  differential  equation,  in  which  the  condition  is  not  fulfilled, 
and  suppose  that 

2  =/(^.  y) 

is  the  factor  by  the  disappearance  of  which  the  given  equation  has 
resulted.     The  immediate  differential  equation  will  then  be 

Tzdx  +  Qzdy  =  0, 
from  which  we  have  the  condition 

dPz  _  dQz 
dy         dx 

or  performing  the  differentiation 

zdV       Vdz  _  zdQ       Qdz 
dy         dy         dx         dx 


or 

This  equation  expresses  a  relation  between  z,  x,  and  y,  but  its 
33 
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solution  in  the  general  case  is  so  diflBcult,  that  nothing  will  h 
gained  by  attempting  it. 

In  the  particular  case,  however,  where  z  is  a  function  of  x  onlj 
its  value  can  be  determined,  as  we  shall  then  have 

ay 


and  equation  (1)  will  reduce  to 
Qdz 


dx 


/^  -  ^V  =  0, 
ydy        dx  J 


or 


^V 


dx  J 


dz  _  1  fdP  _ 
But  by  hypothesis  «  is  a  function  of  x,  therefore 
(i\dy        dx)      ■'^' 


then 


whence 


/f=/X^; 


Iz  =fXdx,  z  =  e^^. 

Let  this  be  illustrated  by  the  example 

dx  +  2xydy  +  2y'dx  =  0, 
in  which 


H 
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P  =  1  +  2y=  Q=2xy ; 


jrhence 


and 


Q  \dy        dx  J        X 


z  =  e^"^  =  e^"^  =  e^  =  «, 

X  being  the  common  factor,  the  immediate  differential  equation 
must  be 

xdx  +  23^ydy  +  2ary*da;  =  0, 
which  can  be  integrated  as  in  article  (168). 
.     In  a  similar  way,  if    z=f'{y),      its  value  may  be  determined. . 

179.  Differential  equations  of  the  first  order,  containing  the 
higher  powers  of  dy,  may  arise,  as  in  the  last  case  of  article  (56), 
from  the  elimination  of  the  higher  powers  of  a  constant.  Such 
equations,  after  division  by  dx",  may  be  put  under  the  form 

^Y  +  U'  (^\~' U"'  =  0 (1).       . 

The  determination  of  the  primitive  equation  will  then  depend 
upon  the  solution  of  equation  (1),  or  upon  the  division  of  the  first 
member  into  its  factors  of  the  first  degree.  There  are  n  such 
factors,  and  it  is  plain  that  each,  when  placed  equal  to  zero  and 
integrated,  will  give  an  equation  between  y  and  x  which  may  be 
rewarded  as  a  primitive  equation. 
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If,  then,  the  values  of    —     be  denoted   by  V,   V,  V",   <fec., 
dx 

equation  (1)  may  be  written 

which  may  be  satisfied  by  placing 

|f_V=0,  ^_V'=0,&c (2); 

and  if  the  integrals  of  these  equations  be  denoted  by  P,  K,  P", 
(fee,  respectively,  we  shall  have 

PFF'&c  =  0 (3), 

for  the  most  general  primitive  equation,  particular  cases  of  which 
may  be  obtained  by  placing  P  =  0,  P'  =  0,  or  the  pro- 
duct of  any  of  these  factors  taken  two  and  two,  or  three  and 
three,  <kc. 

It  would  appear,  since  a  constant  is  to  be  added  in  the  integra- 
tion of  each  of  the  equations  (2),  that  (3)  ought^  to  contain  n  ar- 
bitrary constants  ;  but  equation  (1)  can  only  be  deduced  from  its 
primitive  equation  by  the  elimination  of  the  «th  power  of  a  con- 
stant :     [Or  by  raising  (—  —  V)  to  the  nth  power,  in  which  case 

the  primitive  equation  must  be  y  =/Wdx].  It  is  plain  then  that 
the  constants  added  ought  to  be  equal,  or  that  the  same  should  be 
added  in  each  integration. 

The  n  differential  equations  of  the  first  degree  which  are  factors 
of  (1)  are  readily  accounted  for,  by  supposing  the  primitive  equa- 
tion to  be  solved  with  reference  to  C,  which  will  have  n  values, 
each  of  which  diflFerentiated  will  give  one  of  the  equations  re- 
ferred to. 
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^Bls  there  will  be  difSculty  in  the  solution  of  equation  (1),  wlx-n 
f^e  degree  is  higher  than  the  second,  it  will  be   well  to  discuss 

some    particular    cases    which    admit    of   integration     by    other 

means. 


180.     I.  K  the  proposed  equation  does  not  contain  y,  and  it  be 
easier  to   solve  it  with  reference  to  x   than  with   reference    to 

-^,  which  we  will  denote  by  p,  we  can  then  obtain 
ax 


^=Ap) (1). 

But 

rf y  =  pdx, 

and  by  parts,  article  (140), 

y  =  px  -  fxdp  =  pz  -  ff{p)dp  +  C  ; 

whence,  if  f{p)dp  can  be  integrated,  p  may  be  eliminated  by 
the  aid  of  equation  (1),  and  the  primitive  equation  between  x, 
y  and  C,  deduced. 

n.  If  the  proposed  equation  does  not  contain  z,  and  may  be 
solved  with  reference  to  y,  we  shall  have 


y 

=  Ap)- 

(3), 

dy  =  df{p) 

or 

pdx=  df{p)\ 

whence 

P 

J      p 
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Conabining  this  with  equation  (3),  and  elimiuating  />,  a  primM 
tive  equation  will  result  betweeu  x,  y  and  C. 

III.  When  both  variables  enter,  but  y  enters  only  to  the  first    " 
power,  we  may  take  its  value  in  terms  of  ^  and  x,  ditTt?rcntiate  it. 
and  thas  obtain 

dy  =  Rrfr  +  S(/jt>; 

or,  since     dy  —  pdx, 

(R  —  2^)dx  +  ^dp  =  0. 

If  this  can  be  integrated,  the  result  may  be  combined  with  the 
proposed  equation,  p  eliminated,  and  a  primitive  equation  between 
y  and  x  determined. 

Suppose  the  deduced  value  of  y  to  be 

y  =  px  +  P (4), 

in  which     P  =  f{p).      By  differentiation,  we  obtain 

djy  =  pdx  +  xdp  -\ dp ; 

dp 

or 

(.  +  |)*  =  0, 

which  may  be  satisfied  by  making 

x+^=  0 (5),        or         dp  =  0 (6). 

dp 

Equation  (6)  gives        p  =.  C; 
whence  by  substitution  in  (4), 
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y  =  Cx  +  C, 

y  being  what  P  becomes  when  p  =  G. 

Equation  (5)  expresses  a  relation  between  x  and  p,  and  if  it  be 
onibined  with  (4),  audp  be  eliminated,  an  equation  between  x  and 
will  result,  which  will  contain  no  arbitrary  constant. 

Let  there  be  for  a  particular  example 

ydx  —  xdy  =  n\^dx^  +  di/^\ 
'vhence 

y  =px  +  nVl  +  P^- (7), 

dy  =  pdx  -)-  xdp  -f-        ^  ' 


\      Vi  4-  yy 


i?hence 


X  +  '. !^ =  0,    (Zp  =  0     or    ^  =  C. 

This  value  of  ^  in  (7)  gives 

y=Cx  +  nVl  +  G\ 
From  the  other  factor  we  have 

P=   ± 


(which  in  (Y),  gives 
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f  +  x'  =  n\ 

a  result  cont-jining  no  arbitrary  constant,  which  will  be  further 
explained  in  the  following  article. 


SINGULAR     SOLUTIONS. 

181.  It  has  been  seen,  that  manj'  differential  equations  of  the 
first  order  result  from  the  elimination  of  a  constant,  from  the  pri- 
mitive equation  and  its  immediate  differential.     Thus,  let 

./l^,y,c)  =  o (1), 

be  the  primitive  equation  containing  the  variables  x  and  y,  and  the 
constant  C, 

Vdx  +  Q,dy  =  0 (2)     ^ 

its  immediate  differential  equation,  and 

T'dx  +  Q'dy  =  0 (3), 

the  result  obtained  by  the  elimination  of  C  from  (1)  and  (2).  It 
may  now  be  asked  ;  may  not  such  a  function  of  x  and  y  be  substi- 
tuted for  C,  that  the  result  of  the  combination  of  equation  (1)  un- 
der this  supposition,  and  its  immediate  differential,  shall  be  the 
same  as  before  ?  To  answer  this,  let  equation  (1)  be  differentiated, 
X,  y,  and  C  being  regarded  as  variables,  we  thus  obtain 

Fdx  +  Qdy  -}-  C'dC  =  0 (4). 

Now  if  C'dc  =  0,  it  is  plain  that  equation  (4)  will  be  the  same 
as  equation  (2),  and  the  result  of  the  elimination  of  C  between  it 
and  (1),  will  then  be  the  same  as  equation  (3). 
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If  then  for  C  in  equatioa  (1),  we  substitute  the  vaiiable  value 
I  deduced  from  the  equation 

C'dC  =  0, 

I  that  equation  will  contain  no  arbitrary  constant,  and  yet  will  be 
as  much  a  primitive  equation,  as  any  one  containing  the  arbitrary 
•  constant. 

Such  results  are  termed  singular  solutions,  inasmuch  as  they  can 
not  possibly  be  obtained  from  the  complete  integral,  Art.  (132),  by 
assigning  to  the  arbitrary  constant  a  particular  value ;  the  latter 
results  being  called  particular  integrals. 

The  equation         C'rfC  =  0         can  be  satisfied,  by  making 
dC  =  0  or  C  =  0. 

The  first  gives  C  =  a  constant,  the  particular  values  of  which 
when  substituted  in  equation  (1)  give  particular  integrals. 

The  values  of  C  deduced  from  C  =  0,  if  variable,  will  then  give 
'the  only  singular  solutions. 

To  illustrate,  let  us  resume  the  complete  integral  of  equation 
I  (7),  in  the  preceding  article, 


y  =  Cx  +  nVl  +0^ (5). 

Differentiating  with  reference  to  C,  we  have 

nCrfC 


0  =  xdC  +  -^_  , 
Vl+C«' 


'whenue 

34 
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*  +  -,=£_=0 (6), 


1  +C^ 
and 

3?  +  a^a^  =  n^C\        or        C  =  — 


1 


■Vn^-  3^' 


the  negative  value  of  C  being  plainly  the  only  one  which  will  sat- 
isfy equation  (6).     Its  substitution  in  (o),  gives 

^  ,      .  /      «^ 

y=  — 7- +«v-i 5' 

y  =  's/ifi  —  y?         or         3^^  +  a:^  =  «^, 
the  singular  solution  found  in  the  preceding  article. 


INTEGRATION     OF     DIFFERENTIAL    EQUATIONS    OP 
THE    SECOND    ORDER. 


182.  Of  these  equations,  which  in  their  most  general  form  con- 
in     —~i    -^■,  y,  X,  and  constants,  we  s] 
dar      ax 

particular  cases  which  admit  of  integration. 


tain     -~,    —-■<  y,  *j  and  constants,  we  shall  only  discuss  those 
dar      ax 


L  The  proposed  equation  may  contain  only  ^-,   x,   and  con 

stants  ;  in  wliich  case,  solving  it  with  reference  to  — -^ ,   we   hav< 
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irhkh  may  be  integrated  as  in  article  (164). 


183.     II.  It  may  contain  only    _^,  y,  and  constants.     Solv- 

dxr 


ng  the  equation  as  before,  we  obtain 


I 

dx" 

=  Y. 

^lultiplying  by  2dy, 

2dy 
dx 

dx 

=  2Ydy, 

md  integrating, 

^=/2Y.,  +  C,         or         |=V2/Y.,  +  C; 


whence 


dx  = 

^y            ^-  r      ^y        ,  c 

-/2/Ydy  +  c'               J  V2fYdy  +  C 

Examples. 

a^d^y  +  yrfx^  =  0, 

cPy               y               2dy   cPy   _         2ydy 
djt?    ~          «■'              dx     dx    ~           a^ 

dar  a'  dx      ^  or 
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+  C', 


•which  may  be  integrated  as  in  case  I,  article  (133). 
2.  Let  d^yy/ay  =  d:^. 

184.     in.  The  equation  may  contain  only     —i:,    Ji,    and  con 
stants,  being  expressed  generally  thus, 

^(5-l)  =  » (')• 

Make    — ^  =  p\        then         — -iL  =  -f-.     and  (1)  becomes 
d.c       ^  dx"        dx  ^  ' 


'(P')  =  °' 


which  is  of  the  first  order  with  reference  to  dp,  and  may  be  solved 
with  reference  to  dx ;  whence 

dx  =  F'{p)dp (2),  X  =fF'{p)dp  +  C (3). 

Multiplying  (2)  by  p,  we  have 

pdx  =  dy=  p¥'{p)dp;  y  =fpF'{p)dp  +  C (4). 

Eliminating  p  from  (3)  and  (4),  we  have  the  primitive  equation 
between  .r,  y,  and  the  two  arbitrary  constants  C  and  C. 

For  an  example,  let 

(dr«  4-  dy^^  _  dx(l  +  /)^  _  „. 
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whence 

dx  = 

— fLZ_-,                  pdx  =  dy  = 

apdp 

26D 


Integrating  the  last  two  expressions,  we  have 
x=C4.     _  "^    -,  y  =  C' 


land^eliminating  p^ 

[x  -  C)^  +  (y  -  C')*  =  a\ 

as  was  to  be  expected,  since  the  proposed  equation  expresses  a 
constant  radius  of  curvature. 


185.     IV.  If  the  given  equation  does  not  contain  y,  it  may  be 
expressed 

y{%    'y-,i\=^,       or  Ff*   ;,,.\=0, 

\  dx-       ax      J  \dx  I 

which  is  of  the  first  order  with  reference  to  dp.     Its  integral  will 
give  an  equation  of  the  form 

f{p,  x)=0, 

in  which,  p  being  replaced  by  -^,  and  the  result  integrated,  we 
shall  have 

/'(y,  X)  =  0, 
with  two  arbitrary  constants. 


270  INTKQBAL    CALCULUS. 

For  an  example,  let 

d^y   _  dy    1 
djc^         dx   X 

or 

dp p  dp dx 

dx        X  p  X 

Ip  =  Ix  -\-  C,  p  =  C'x, 

^  =  C'x,         and  y  =  ^  4-  C". 

dx  2 


186.     V.  If  the  given  equation  does  not  contain  x,  it  may  be 
expressed 

\^dx^'    dx    " )  ^  ' 

Since     dy  =  pdx, 

dx  =  -I         £l.  =r  ^  =  i^ 
p  dx^         dx  dy 

and  equation  (1)  may  be  written 

which  is  of  the  first  order  with  reference  to  dp  and  dy.     Its  inte- 
gral will  then  be  expressed 


F'(i',y)  =  0,  or 


"(^■^)  =  <'. 


i 
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and  this  may  be  treated  as  in  case  11.  Art.  (180). 
18Y.     VT.  If  the  equation  be  of  the  form, 

^+4:+^'^=<'- <^)- 

Make  y  =  e^""^ (2); 

then 


dx  da?  \  dx  J 


These  values  in  (1)  give,  (since  the  common  factor  e^"^  dis- 
appears,) 

—  +  tt=  -f-  X«  +  X'  =  0, 
dx 

which  is  of  the  first  order  with  reference  to  du.  After  integration, 
the  value  of  u  being  determined  and  substituted  in  (2),  will  give 
the  required  primitive  equation. 


r 

INTEGRATION  OF    DIFFERENTIAL  EQUATIONS  OF  HIGHER 
ORDERS    THAN    THE    SECOND. 


188.  Of  these,  it  will  also  be  sufficient  for  our  purpose  to  discuss 
a  few  of  the  most  simple  cases. 
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L  Suppose  the  equation  to  contain  only  — ^,    i[,  and  con- 

stants,  it  may  then  be  expressed, 


,/dy 


'""'^^^  =  0 (1). 


da;-' 

Make 

^  =  u  ;         then  — i  =  —  . 

dx— '  dx"       dx 

These  values  in  (1)  give 

which  is  of  the  first  order,  and  its  integral  will  give  u  in  terms 
of  X,  or 

''  =  ^  +  °'        ^  =  ^  +  °' 

and  finally, 

y  =f"-\X  +  C)d3r-K 

189.     n.  Suppose  the  equation  expressed  thus, 

^/dy      d--y\  

\^dx^      dx"-' J  ^^ 


Make 


ch-*y  .  dy        d}u 

,  _^  =  u,  then  — ±.  =  — _, 

dr-*  dx"        1^ 
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and  equation  (1)  will  become 


(S-)-. 


which  may  be  integrated  as  in  article  (183),  and  the  value  of 
u  =  f{x)  determined ;  we  shall  then  have 

-^  =  f{x)  and  y  =  f«-y^^)dar-\ 


190.     III.  Suppose  the  equation  to  be  of  the  form 

d?y  +  AcPydx  +  Bdydx'  +  Dyda?  =  0 (1). 

Make 

y  =  e" .(2), 

u  being  an  arbitrary  function  of  x ;  then 

dy  =  e"du  dhj  =  e^id^u  +  dv?) 

d?y  —  e''{d^u  +  Sdud^u  +  du^). 

These  values  in  (l)  give 

d^u  +  Sdud^u  +  du^  +  A{d^u  +  du'')dx 
+  Bdudx"  +  Bda?  =  0 (3). 

Since  u  in  equation  (2)  is  arbitrary,  let  such  a  value  be  assigned 
to  it,  that  its  differential  shall  be  constant,  in  which  case 

du  =  mdx,  d^u  =  0,  <?u  =  0. 

Equation  (3),  under  this  supposition,  reduces  to 

^1  TO^  +  Am»  +  Bw  +  D  =  0 (4). 
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From  this  equation  we  may  determine  the  value  of  the  constant 
m.     Denoting  the  three  roots  by 

m,    m',    m", 

■we  have  for  du  the  three  values 

du  =  mdx,  du  =  m'dx,  du  =  m"dx] 

whence 

M  =  »ix  +  C,         «  =  /n'x  +  C,       u  =  m"x  +  C", 


and 


y     ^      gm^^  y     ^      e^'X+C'^  y     _     gm-'X+C-/  . 


or  calling 

ec  =  c,  c<='  =  C,  c''"  =  C", 

y  =  Ce*",  y  =  C'e""'',  y  =  C'V""". 

But  since  these  values  of  y  each  contain  but  one  arbitrary  con- 
stant, they  must  be  particular  cases  of  the  general  value  of  y, 
which  must  be  of  such  a  form  that  either  of  the  above  particular 
values  can  be  deduced  from  it ;  that  is, 

y  =  Ce""  +  C'e""'  +  C"e""", 

from  which  the  first  particular  value  is  deduced  by  making  C  and 
C"  =  0  ;  and  in  a  similar  way,  the  others. 

Ktwo  of  the  roots  m,  m',  m",  are  equal,  that  is,  if  m  =  m\  we 
should  have  the  equation 

y  =  (C  +  C')e'"  +  Ce""'  =  Ce'"  +  C'e-"'", 

containing  but  two  arbitrary  constants,   C  +  C'    being  denoted 
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1 '  \  C.     It  is  not  then  general.     But  in  this  case,     y  =  Cc""     be- 
in^  a  particular  value, 

y  =  C'xc"" (5) 

'  will  be  another ;  for,  diflerentiating  it,  we  have 

dy  =  C'e"*'(l  +  mx)dx, 

d'y  =  C'c'"(2»i  +  nv'x)d3*, 

d?y  =  C'e'"(3m2  +  m'x)(ir«, 

and  these  substituted  in  equation  (1),  give 

{m?  +  Am*  +  Bm  +  D)z  +  (3ffi»  +  2A7ft  +  B)  =  0 (6). 

But  the  coefficient  of  x  is  the  same  as  the  first  menaber  of  equa- 
tion (4),  which  has  two  roots  equal  to  m  ;  and  Zm^  +  2Am  -f-  B 
is  its  first  derived  polynomial,  which,  when  placed  equal  to  0,  must 
have  one  root  equal  to  m  (see  Algebra) ;  hence  both  terms  of  (6) 
are  0,  and  y  =  C'xc""  satisfies  the  given  differential  equation,  and 
must  therefore  be  a  particular  value  of  the  general  one, 

y  =  Cc*"  +  Care""  +  C'e""'. 

If  m-=  m'  =  m",  it  may  be  shown  also  by  trial,  as  above, 
that 

y  =  C'x'e'" 

is  a  particular  value ;  whence  the  general  value  must  be 

y  =  e""(G  +  C'x  +  C"3^). 

Two  of  the  roots  may  be  imaginary,  but  as  the  discussion  in 
this  case  is  quite  complicated,  and  of  little  value  to  the  student,  we 
"omit  it. 
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To  illustrate  the  above,  let 

6^y  +  2d^ydx  —  dyrfx*  —  2yda^  =  0. 
CJomparing  this  with  equation  (1),  we  have 

A  =  2,  B=-l,  D=-2; 

and  equation  (4)  becomes 

ot'  +  2m^  —  nz  —  2  =  0  ; 

whence 

m  =  —  2,  1,  and      —  1, 

and  the  general  value  of  y  is 

y  =  Ce-^  +  C'e*  +  C"e-*. 

191.  It  is  plain  that  the  preceding  principles  can  readily  be  ex- 
tended to  the  general  equation 

dy  +  M'^^ydx  +  Bd"-Va^ +  Mydx"  =  0, 

and  that  the  general  value  of  y  will  be 

y  =  Ce*"  +  C'e""'  4-  C"e"""  +  <fec 

192.  If  the  equation  be 

^y  +  Xd-ydr  +  X'dyda?  +  'SJ'ydi^  =  0 (1), 

in  which  X,  &c.   are  functions  of  x,  the  diflSculty  of  integration  is 
much  increased.     K,  however,  we  know  three  particular  values  of 
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y,     Cy',     Q'y",     C"y"',     each  of  which  will  satisfy  the  given 
equation,  then  the  general  value  of  y  will  equal  their  sum,  that  is 

y  =  Cy'  +  C'y"  +  C"y"' (2). 

To  verify  this,  let  equation  (2)  be  differentiated  three  times  and 
the  proper  values  substituted  in  (1),  we  shall  thus  obtain 

C(flPy'  +  XcPy'dx  +  X'dy'dx"  +  X"y'rf«») 
+  C'{(Py"  +  Xd?y"dx  +  X.'dy"da*  +  X'*y"d3?)        1=0, 
+  C"{d?y"'  +  Xd?y'"dx  +  X'dy"'dx*  +  X"y"'da*)  ^ 

which  is  satisfied,  since  each  of  the  three  terms  is  by  hypothesis 
equal  to  0. 


193.  The  above  demonstration  can  be  generalized,  and  a  similar 
result  obtained  for  the  equation 

d"y  +  Xd"-^ydx  + yX("-'>'da:"  =  0. 

This,  and  the  equations  discussed  in  the  three  preceding  arti- 
cles, belong  to  the  class  termed  linear.     See  note  to  article  (176). 


INTEGRATION    OF    PARTIAL     DIFFERENTIAL     EQUATIONS 
OF    THE    FIRST    ORDER. 

194.  A  partial  differential  equation  of  the  firet  order,  derived 
from  an  equation  between  the  three  variables  z,  y  and  x,  z  being 
regarded  as  a  function  of  x  and  y,  contains  in  its  most  general 
form,  the  three  variables,  the  two  partial  differential  coeflBdents, 
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—  and  — ,   and  constants.     Without  attempting  to  discuss  the 
dx  dy 

most  general,  we  will  confine  ourselves  to  a  few  of  the  most  simple 

cases. 


I.  If  the  equation  contains  but  one  partial  diflFerential  coeflBcient, 
and  the  two  independent  variables,  that  is,  if 

(^  _  p 

dx 

P  being  a  function  of  x  and  j^ ;  we  integrate  at  once  as  in  article 
(166).     For  example,  if 

dz  X  , 


195.     11.  Let  the  equation  be 


dx 


K  being  a  function  of  the  three  variables.  Since  the  partial  dif- 
ferential coefficient  has  been  obtained  under  the  supposition  that 
y  is  constant,  the  proposed  equation  may  be  regarded  as  a  differ- 
ential equation  between  z  and  x,  and  may  be  integrated  as  in 
article  (172),  taking  care  to  add  an  arbitrary  function  of  y. 

Examjples. 

1.  Let  ^=vZ^x. 

dx  2 


•5 
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By  the  separation  of  the  variables,  we  have 


and  by  integration 


2.  Let 


I-  =  _  vV^^^  +  <p  (y) 

A%  _  y*  +  z* 
dx         y*  +  ar* 


196.     rH.  Let  the  equation  be 

■J,  dz        XT  dz       -, 
M  —  -f  N  —  =  0, 
rfy  dx 

M  and  N  being  functions  of  x  and  y. 

dz 
Solving  the  equation  with  reference  to  — ,  we  have 

dy 

dz  N  rf  z 

dy  M  dx 


I 


But  since  z  is  a  function  of  x  and  y, 

dz=  -j-dx  -\-  -y-dy, 
dx  dy 


dz 
or  by  the  substitution  of  the  value  of  r=— , 
•'  dy 

J        dz/j  Nj\        rfz/ Mtic  —  NrfyA        /,\ 
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If  S  be  the  factor  which  will  make  Mdx  —  'Ndy  integrable,  we 
may  write 


« 


which  in  (1),  gives 


&{Mdx  —  Ndy)  =  du, 


J  ^    dzj 

az  =  —  . — au, 
SM  dx 


to  satisfy  which,  it  is  only  necessary  that  — .  —  =:  F(m)  ;  whence 

dz  =  F(u)du  z  =  <p(w), 

the  form  of  this  function  being  arbitrary. 

Examples. 

t    le  dz  dz       f. 

1.  If  X —  —  y  —  =  0, 

dy  dx 

Mdx  —  Ndy  =  xdx  +  ydy, 

which  is  made  integrable  by  the  factor  2,  and  we  have 

a^  -\-  y^  ^  u,         and         z  =  (p^x^  +  y'), 

which  is  the  general  equation  of  a  surface  of  revolution. 


2.  If  y       +  x—=  0, 

dy  dx 

Mdx  —  Nrfy  =  ydx  —  xdy, 
which  may  be  integrated  by  the  aid  of  the  factor  —  ;  whence 


f 
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-  =  u,  and 


=<f) 


RECTIFICATION   OF   CURVES. 


197.  The  operation  by  which  the  length  of  a  curve  is  deter- 
mined, is  called  its  rectification ;  and  when  a  right  line  can  be 
constructed  equal  in  length  to  a  definite  portion  of  it,  the  curve  is 
said  to  be  rectifiable. 

If  X  and  y  are  the  co-ordinates  of  any  point  of  a  curve  z,  we 
have,  article  (86), 

dz  =  y^d?~+df,        or         z=fVdj^  +  dy\ 

which  is  a  general  expression  for  the  length  of  an  indefinite  por- 
tion of  any  curve. 

In  order  then  to  obtain  the  length  of  a  particular  curve  ;  we 
differentiate  its  equation,  and  by  combining  the  result  with  the 
given  equation,  deduce  the  value  of  dy  in  terms  of  x  and  dx,  or 
of  dx  in  terms  of  y  and  dy,  and  substitute  in  the  general  expres- 
sion for  the  differential  of  an  arc.  This  will  then  contain  but  one 
variable  and  its  differential,  and  the  integral  vnll  express  the  length 
of  an  indefinite  portion  of  the  curve. 

If  the  length  of  a  definite  portion  be  required,  the  integral  raust 
be  taken  between  the  limits,  designated  by  the  two  values  of  the 
variable  belonging  to  the  extremities  of  this  definite  portion,  Art. 
(132).  If  the  expression  thus  obtained  can  be  constructed  geo- 
metrically, the  curve  is  rectifiable. 
86 
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198.  Let  these  principles  be  applied  to  the  rectification  of  the 
parabolas  given  by  the  general  equation 

This  can  be  written 


1     m 
y  =  pnxn    =  p'sf (1). 


By  differentiation,  we  have 

dy  =  rp^nT'^dx', 
hence 

z  =f^/dx'  +  df  =fdx{l  +  r^p'^j^^^)^. 

This  admits  of  an  integral,  in  a  finite  number  of  algebraic  terms, 
and  may  be  constructed,  when  either 


2r  — 2 


(2^2  +  \) 


is  equal  to  a  positive  whole  number,  Art.  (147). 
Denoting  these  numbers  by  k  and  k',  we  have 


2r 
whence 


—  2  \2r  —  2        2/ 


2ik  +  1  ,  2k' 

r  = ! ;  and  r  = 


2k  2k>  +\ 

These  values  of  r  in  equation  (1),  give 
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M+l  Vf 

y  =p'x  '"' ,  and  y  =^'a^'+' (2). 

Whenever  the  equation  is  a  particular  case  of  either  of  these 
forms,  the  parabola  represented  by  it  is  rectifiable. 

As  the  second  of  equations  (2)  will  become  of  the  same  form  as 
the  first,  by  changing  x  into  y  and  y  into  x,  they  will  represent 
curves  of  the  same  kind,  and  all  the  cases  of  rectification  may 
therefore  be  deduced  by  the  discussion  of  either. 

If  in  the  first,  we  make     A:  =  1,     we  have 

y  =  p'x^,         or         y'  =  p'^3^, 

which  is  the  equation  of  a  cubic  parabola.     In  this  case   r  =  — 
and 

z  =/Ar(l  +  ly^x)^  =  -J-^(l  +  Ip-x)^  +  C. 
4  2ip'^  4 

If  we  wish  the  length  from  that  point  whose  abscissa  is  a,  to 
that  whose  abscissa  is  6,  we  take  the  integral  between  the  limits  o 
and  b. 

Let  us,  however,  estimate  the  arc  from  the  vertex,  or  suppose 
the  origin  of  the  integral  to  be  a:  =  0,  Art.  (132);  we  then  have 

0  =     ^       +  C,  or  C  = ?_ ; 

27 p'^  27p'^ 

whence,  denoting  this  particular  integral  by  z', 

''  =  W^K' +  !''"">'-']• 

for  the  length  of  any  arc  whose  abscissa  is  x. 
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199.  By  diflFerentiating  the  equation 
y^  =  2px, 
we  obtain 

2ydy  =  2pdx,  dx  =  J-JL  . 

P 

This  value  in  the  expression       ^  =  f  ydj?  +  dy'^,       gives 

^  =fdyJ  1  +  t  =  ^fdy{f  +   f)^, 
V  f        p 

which  by  formula  13  may  be  reduced  to 


yV  f  4-  y^   y    P    C      dy 


p.r 

2^1 


2p  2     J       ^  pi      J^     yJ 

But 

/:;7==  =  nVf+J'  +  y)  +  C Art.  (144)  ; 


hence 


.  =  yiZ±Z  +  tiiV7T~?  +  y)  +  c. 

If  we  estimate  the  arc  from  the  vertex,  where     y  =  0,    we  have 


0  =  Lip  +  C,  or  C=-Llp, 


and  finally,  denoting  the  particular  integral  by  z', 
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^  =  ^^  +  f  [Z( V/F+-?  +  y)  -  Ipl 

which  is  transcendental  and  can  not  be  constructed.     Hence  the 
common  parabola  is  not  rectifiable. 

200.  For  the  arc  of  the  circle,  we  have,  Art.  (86), 

dx 


which  can  only  he  expressed  by  a  series  and  therefore  admits  of  no 
construction. 

Differentiating  the  equation  of  the  ellipse,  we  deduce 

dy  = 5-  rfa; ; 

ay 

whence 

.  =fdx  JZ^  =  1  f''^^^'  --("-^  -  'K 

-^        V      ^aV        a  J       V^iTT^ 
which  can  only  be  expressed  by  a  series. 

201.  The  differential  equation  of  the  cycloid,  Art.  (114),  is 


ix  = 


ydy 


^2ry  —  f 
By  the  substitution  of  this  value  of  dx,  we  obtain 

X  =fVdm^  =fdyJj^y     =  V^/(/y(2r  -y)-*; 
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whence,  article  (129), 

z=  —  2-/27(2r  —  y)^  +  C  =    —  2-v/2r(2r  —  y)  +  C. 

If  we  estimate  the  arc  from  the  point  D,  where     y  =  2r,     we 
have 


0  =  0  +  C,         or         C  =  0, 
and 


^-^-^ 


z'  =  DM  =  —  2-v/2r(2r  —  y) (1). 

From  the  figure  we  see  that 

DF=   -/DC  X  DH  =   V'2r{2r  -Y\ 
hence 

DM  =  -  2DF, 

or  the  arc  is  rectifiable  and  equal  to  twice  the  corresponding  chord 
of  the  generating  circle. 

If  in  equation  (1)  we  make  y  =  0,  and  denote  the  definite  in- 
tegral by  2",  we  have 

z"  =  DMA  =  -  4r  =  —  2D0, 

as  in  article  (118). 

202.  For  the  rectification  of  the  spirals  we  take  the  expression 
in  article  (120), 

dz  =  Vdu'  +  ay^*. 
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By  differentiating  the  general  equation  u  =  ar,  we 

Idfduce 


whence  by  substitution,  <fec., 

z  =  fae-Ht  vV~Hr7] 
For  the  logarithmic  spiral,  when  M  =  1,  we  have 

du 


t  =  lu,  dt  = 


u 


z  =fduV2=  u\^  +  C; 
or,  estimating  the  arc  from  the  pole,  where  «  =  0,  we  have 

z'  =  M-v/2, 
or  the  diagonal  of  the  square  upon  the  raditis  vector. 

QUADRATURE    OP    CURVES. 


203.  The  quadrature  of  a  curve  is  the  operation  by  which  the 
iwea  included  within  it  is  determined ;  and  a  curve  is  quadrable 
■when  a  square  can  be  constructed  equivalent  to  this  area. 

In  article  (88),  we  have 

Js  =  ydx,  or  s  ■=fydx (1), 

in  wliich  s  represent,s  the  indefinite  area  limited  by  the  curve  and 
{he  axis  of  X. 
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To  obtain  the  value  of  s  for  any  particular  curve,  we  take  the 
value  of  y  in  terms  of  x  from  the  equation  of  the  curve,  or  the 
value  of  dx  in  terms  of  y  and  dy  from  its  differential  equation, 
and  substitute  in  the  formula  s^fydx\  tlie  result  obtained 
by  integration  will  be  the  indefinite  area. 


204.  The  value  of  y  taken  from  the  general  equation  of  para- 
bolas, Art.  (198),  is 

y=p'x' (1), 

which,  in  the  formula,  gives 


s  —  fp'x^'dx  =  L f-  C. 

''  r  +  1    - 


If  Tve  estimate  the  area  from  the  origin,    where         a;  =  0, 
we  have 

C  =  0; 

whence 

.      p'x^^  yx 


r  +  1       r  +  1 

that  is,  the  area  of  a  portion  of  a  parabola,  included  between  the 
curve,  the  axis  of  X,  and  any  assumed  ordinate,  is  equal  to  the 
rectangle  of  the  ordinate  and  corresponding  abscissa,  divided  by 
r  +  1.     Hence  all  parabolas  are  quadrable. 

The  same  resiUt  may  be  obtained  otherwise,  thus  :  The  value 
of  X  from  (1)  is 
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I^  1 

a;  =  11,  whence  dx  =  lll^ 


I — ' 


I  and  this,  in  the  formula,  gives 

J      ,1      r  + 1    ,i  ^  ^rrrj  +  ^' 

I  before. 
For  the  common  parabola,  we  have     r  =  ^  ;     whence 


.         yx  2 

8  =  — ^ —  =  —xy. 
i  +  l         3 


For  the  cubic  parabola,     r  =  f  ;     whence 


2 


205.  The  value  of  y  taken  from  the  equation  of  the  ellipse  re- 
ferred to  its  centre  and  axes,  is 

y  =  -  Va=  —  3?  ■ 
a  ' 

hence 

«  =  -/(«'-  ^)^<^«- 
By  formula  IB^  we  have 

37 
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fdxia'  -  3^)'^  =    f      ^        =  sin-'-  +  C; 
whence,  finally, 


ab  .  _^  X 


s  =  — xVa^  —  a?  -I sin~^ f-  C : 

2a  ^2  a 


which  can  not  be  constructed. 

Taking  the  area  between  the  limits       a;  =  0       and       a;  =  a, 
we  have 


for    a;  =  0,     s  =.  —  sin~^  o  +  C  =  C  : 
2 


s  =  —  sin'l   +   C  = +t'; 

2  2   2 


and  for  the  difference,  or  definite  integral, 


s"  =  --*  =  CDB  =  1th  of  the  ellipse  ; 
4  4  ^     ' 


hence  the  entire  area  is     irab. 

If     a  ^  b,     the  ellipse  becomes  a  circle  of  which  a  is  the 
radius  ;  whence  the  area  of  the  circle  is 

ira^  =  AT  (radius)*. 

The  same  result  may  be  obtained  by  taking  the  value 
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whence 

8  =fdxV2rx  —  a:*; 
for  the  area  of  an  indefinite  portion  of  the  circle. 
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206.  In  order  to  find  an  expression  for  the  area  of  a  portion  of 
I  the  hyperbola,  it  will  be  best  to  take  its  equation  when  referred  to 
I  the  centre  and  asymptotes, 

xy=m, 

I  and,  since  the  asymptotes  are  oblique  to  each  other,  we  must  use 
I  the  formula  deduced  in  article  (88), 

ds  =  sin  u  ydx, 

6)  being  the  angle  included  by  the  asymptotes. 


The  value  y  =  —  being  substituted  in  the  formula,  gives 

X 


<fe  =  sin  w  —  ;       whence         «  =  sin  co  mix  +  C. 

X 


If  we  call  the  distance  CB  =  1, 
and  estimate  the  area  from  the  or- 
dinate AB,  for  which  a;  =  1,  we 
Lave 


VI  =  \     and     C  =  0 ; 


whence 


s*  =  sin  w  Ix : 
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or  since  sin  w  may  be  regarded  as  the  modulus  of  a  new  system 
of  logarithms,  we  have 

«'  =  log  X  ; 

or,  the  area  between  the  curve  and  asymptote  estimated  from  the  or- 
dinate of  the  vertex  is  equal  to  the  loffarithm  of  the  abscissa  of  its 
extreme  point,  taken  in  a  system  whose  modulus  is  the  sine  of  the 
angle  made  by  the  asymptotes. 


207.  The  value  of  <ir  taken  from  the  differential  equation  of  the 
cycloid,  and  substituted  in  the  expression  s  =fydx,  gives 


-h 


y'dy 


V2ry  —  y* 

which  can  be  reduced  by  formula  IS^  and  finally  integrated. 

A  more  simple  method,  however,  is  to  obtain  directly  the  area 
ALD.     If  we  denote 

P'M  =  2r  —  y  by  z,     we  shall  have 

d  ALP'M  =  ds  =  zdx. 


ds  =^  (2r  —  y)dx  =  dy  '\/2ry  —  \f ; 
whence 


*  =f^y  V2ry  —  f. 

But  this  is  evidently  the  area  of  a  portion  of  a  circle  whose 
radius  is  r,  and  abscissa  y,  Art.  (205) ;  that  is,  the  area  of  the 
segment  CFH.     If  we  estimate  these  areas ;   the  first  from  AL, 
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and  the  second  from  the  point  C,  they  will  both  be  0,  when 
y  =  0  ;  the  arbitrary  constant  to  be  added  in  each  case  will  then 
be  0,  and  we  have 

ALP'M  =  CFH, 

and  when  y  =  2r, 

ALD  =  CFD  =  —. 
2 

But  the  area  of  the  rectangle 

ALDC  =  AC  X  CD  =  flrr.2r  =  2«-r'; 

hence 

area  AMDC  =  ALDC  -  ALD  =  1  ^r*, 

2 

double  of  which,  or  the  area  included  between  one  branch  of  the 
cycloid  and  its  base,  is  equal  to  three  times  the  area  of  the  genera- 
ting circle. 

From  this  we  see  also,  that  the  area,  included  between  one 
branch  of  the  cycloid  and  its  base,  is  equal  to  three  fourths  of  the 
rectangle  described  upon  the  base  and  axis,  and  this  particular 
area  would  therefore  appear  to  be  quadrable ;  but  in  reality  it  is 
not  so,  for  the  base  of  this  rectangle  is  the  circumference  of  the 
given  circle,  to  which  it  is  not  possible  to  construct  a  right  line 
equal.  In  fact,  y  being  the  independent  variable  in  the  equation 
of  the  cycloid,  Art.  (114),  it  is  impossible  for  any  assumed  value 
of  y,  to  construct  the  corresponding  abscissa,  and  thus  the  position 
of  the  points  C,  B,  &c.,  can  only  be  determined  approximately. 

.  208.  For  the  logarithmic  cxirve 
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y  =  \ogx; 
hence  s  :=f\og  xdx, 

or 

s  =  xlog  X  —  Mx  +  C Art.  (140). 

M  being  the  modulus. 

If  we  estimate  from  the  point  B,  where  x  =  1,  we  have 
0  =  -  M  +  C,  C  =  M, 

and 

s'  =  X  log  X  —  Ma;  +  M. 
K  we  take  the  area  included  between  the  curve  and  axis  of  Y, 

s  =fxdy  =fxU  —  =  Mx  +G, 

or  estimating  from  the  line  AB,  for  which  x  =  1, 

C  =  —  M ;         whence         s'  =  M(a;  —  1). 
.If        X  =  0,     we  have     s"  =  —  U  =  area  Y'ABM'. 
If        X  =  2,  "  s"  =  M  =  area  ABMS'. 


209.  The  curve  given  by  the  equation 


X 


_F      to  which,  as  in  the  figure,  the  axes  of  co-ordinates 
^      *         ^    are  asymptotes,  presents  a  case  worthy  of  notice. 
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By  differentiation,  we  obtain 


Avhence 


Estimating  the  area  from  the  Une  AY,  where  y  =■  oo ,  we  have 


0  =  A  +  C,         C  =  0, 

00 


and 


^  —  — 

~  y' 

By  making         y  =  1  =  MP,         we  have 

s"  =  2  =  APMD : 

that  is,  the  area  APMD  is  finite  and  equal  to  twice  the  square 
APMC,  although  the  curve  does  not  touch  the  axis  of  Y  at  a  finite 
distance. 

If  we  take  the  area  between  the  Umits   y  =  1  and  y  =  0,   we 
have 


area  FMPX  =  -i  _  2  =  co  . 


210.  For  the  quadrature  of  spirals,  we  take 
ds  =  !^ Art.  (120),         or  .  =    f^ (1). 
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The  value  of  u*  taken  from  the  general  equation  of  spirals,  Art. 
(121),  is     t^  =  a^t^".     This  substituted  in  formula  (1),  gives 


~J       2~  ~  4n  +  2 


Estimating  the  area  from  the  pole,  where  t  ^  0  when  n  is 
positive,  and  oo  when  n  is  negative,  we  have,  in  all  cases  except 
when  n  is  negative  and  numerically  less  than  ^,    0=0,    and 


4»  +  2 


For  the  spiral  of  Archimedes,  «  =  1     and    a  =  — :  whence 
^  2«' 


e 


If  in  this  we  make     t  =  2^,     we  have 


3 


which  is  the  area  PMA  included  within  the  first  spire,  or 
that  described  by  one  revolution  of  the 
radius  vector.  Since  PA  =1,  *  re- 
presents the  area  of  the  circle  PA; 
hence 


area  PMA  =  —  of  the  circle  PA. 
3 


—  —f 
24*«   ""3*' 
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which  is  the  whole  area  described  by  the  radius  vector  during  two 
revolutions.  But  it  is  plain  that,  during  the  second  revolution, 
the  part  PMA  will  be  described  a  second  time  ;  hence,  to  obtain 
the  area  PAM'B,  we  must  subtract  that  described  during  the  first 
revolution  ;  we  then  have 

PAM'B  =  1*  _  1*  -  1^: 
3  3  3 

and  in  general  it  will  be  seen,  that  by  each  revolution  of  the 
radius  vector,  the  area  before  described  will  be  increased  by  the 
area  from  the  pole  out  to  the  last  spire  ;  hence,  to  obtain  the  area 
from  the  pole  out  to  the  mth.  spire,  from  the  whole  area  described 
during  m  revolutions,  take  the  area  described  during  m  —  1 
revolutions,  or  take  the  integral  between  the  limits 
t=(m  —  1)2'^',         and         t  =  m2if,         which  gives 

(m2'>rY  _  \{m  -  l)2or]»  _  m^  —  {m  —  If 
~24^        "        2iir^  ~  3 

The  area  terminated  by  the     {m  +  l)th     spire  is  then 

{m  +  1)'  —  m^ 


and  the  difference  between  the  two  expressions  gives  the  area  in- 
cluded between  the  mth  and  {m  +  l)th  spires,  thus 

(m  +  If  -  2m'  +  (m—  If  ^  „ 

3 

If  m  ■=■  \  in  this  expression,  we  have  the  area  included  be- 
tween the  first  and  second  spire  equal  to  2* ;  hence,  in  general, 
the  area  between  the  with  and  (ra  +  l)th  spires  i*  equal  to  m  timet 
that  included  between  the  first  and  second. 

38 
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If  tlie   area    PAC    be  required,    AC   being  a  portion  of  the 

second  spire  corresponding  to  the  arc       AD  =  — ,       we  should 

ft' 

have  for  the  whole  area  generated  \^hea  the  generating  point  has 

arrived  at  C,  since     t  =  2ir  -] , 

n' 


(2.  +  ^rT 

8"  =  \ ILL. 


from  which,  subtracting  the  area  PMA,  we  have 

(2^  +  ?5Y 

24*=*  24*^         n'\      ^  ft'    ^  3n'^  ) 

or  if  we  call  AP  (which  has  been  regarded  as  unity)  r, 
APC  =  ^  A  +  L  +  J_ 


ft'  \  ft'         3n' 


If   AC'  =  —  circumference  =  — ,  then  n'  =  4,  and 

4  4 


APC  =  -{1  +1  +  i-V- 

4  I      ^   4    ^  48   ' 


For  the  hyperbolic  spiral     n  =  —  1,     and  the  general  value 
of  s'  becomes 

2t 

which  is  infinite  when     t  ■=  0.     For  the  integral  between  the 
limits     t  =  h     and     /  =  c,     we  have 
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8"  = 


In  the  logarithmic  spiral,  when     M  =  1, 


u 


s  =  f"^  =    C—  =  -  +  C 
J     2  J     2  4    ^     ' 

or  estimating  from  the  pole  where   m  =  0  and  C  =  0 ;    we  have 

that  is,  equal  one-fourth  the  square  described  upon  the  radius  vector 
of  the  extreme  point  of  the  curve. 


AREA  OF  SURFACES  OF  REVOLUTION. 

211.  In  article  (89),  we  have  found  for  the  differential  of  the^ 
area  of  a  surface  of  revolution  du  =  2iryVdz'  +  dy^\  whence 
for  the  indefinite  area,  we  have 


u  =/2^  Vdl+df (1), 

the  axis  of  X  being  the  axis  of  revolution,  and  -y/rfx*  +  rfy*  the 
differential  of  the  arc  of  the  generating  curve. 

The  indefinite  area  of  any  particular  surface  will  then  be  ob- 
tained, hy  deducing  from  the  equation  and  differential  equation  of 
the  meridian  or  generating  curve,  the  values  of  y  and  dy  in  terms 
of  X  and  dx  ;   or  of  dx  in  terms  of  y  and  dy,  and  substituting  in 
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formula  (1).     The  result  of  the  integration  will  be  the  area  re- 
quired, u 

212.  Let  the  line  AC,  by  its  revolution  about  AB,  generate  the 

surface  of  a  right  cone.     The  origin  of  co-ordinates 
c 
^^      being  at  A,  the  equation  of  AC  is 

■*  °  y  ■=  ax  \         whence         dy  :=  adx, 

and 

«  =f2ifaxdx  Va^  +  1    =  itcu^yjd^  +  1  +  C. 

Estimating  the  area  from  the  vfertex,  where   a;  =  0,  we  have 
C  =  0,  and 


u'  =  vraa^Vo'^  +  1- 

Making  x  =  AB  =  A,  we  have  the  area  of  the  cone  whose  alti- 
tude is  A,  and  the  radius  of  the  base  BC  =  b, 

u"  =  *oAV«*  +  1, 


or  since  a  =  — , 
h 


u"=.?J±^^^±K=2^b^; 
2  2 

that  is,  the  circumference  of  the  base  into  half  the  side. 


213.  From  the  equation  of  the  circle,  we  have 

/- 3  ,         (r  —  x)dx 

y  =  V  2rx  —  :r,  dy  =  ^ '— 

y 

llie  surface  of  the  sphere  is  then 
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:/2*y  y^rf7+l^E3^=/ 2*r(/x, 


or 


tt  =  2ifrx  +  C. 

Taking  the  area  between  the  limits     x  =  0,     and    x  =  2r, 
we  have 

u"  =  4*r'  =■  four  great  circles. 


214.  From  the  equation  of  the  ellipse,  we  have 

y  =  -Va'  -  x",  dy  = dx ; 

o  '  ary 

whence  for  the  area  of  the  ellipsoid  of  revolution, 

'2*6 


/2<if6  _^^_^_^_^_^__^ 


or  placing 


^V^r^^C,     and       -^ 
u  =  C'fdxVW^^. 


=  R'«, 


But  fdxV^'^  —  x^  =  area  of  a  circular  segment  whose  ra- 
dius is  R',  and  abscissa  x,  Art.  (88).  Integrating  this  between 
the  limits  a;  =  0,  and  x  =  CB  =  a, 
and  calling  the  segment  CBFG  =  D,  y'' 

we  have 


u"  =  CD  =  —  area  of  Ellipsoid.      e    a  c 


A     s 
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If    a  =  6  in  the  primitive  value  of  u,  we  shall  have 
u  =f2iradx  =  2irax  +  C, 
for  the  surface  of  the  circumscribing  sphere. 

Let  the  area  of  a  paraboloid  of  revolution  be  determined. 

214.  By  the  substitution  of  the  value  of  dx,  Art.  (201),  in  the 
general  expression  for  u,  we  have  for  the  surface  generated  by  the 
revolution  of  a  cycloid  about  its  base, 

u  =  2*  V^fydy{2r  —  y)~^. 
Placing  2r  —  y  =  z,  and  integrating  as  in  Art.  (131),  we  have 

u  =  2'r-/2r(  —  4r(2r  —  y)^  -|-  A(2r  -  y)^  \  +  C. 

Taking  the  area  between  the  limits  y  =  0,  and  y  =  2r,  we 
have 

u"  =  ^*r*, 
3 

for  one-half  the  surface.     The  whole  is  ^J  the  area  of  the  genera- 
ting  circle. 


CUBATURE    OP    SOLIDS    OP    REVOLUTION. 

215.  The  operation  by  which  the  solid  content,  or  solidity  of  a 
sohd,  is  determined,  is  called  its  cubature. 

For  the  differential  of  a  solid  of  revolution  we  have  found, 
Art.  (90), 
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dv  =  ifi/dx,         or         V  :=f9i^dx. 


•0); 


in  which  y  and  x  represent  the  co-ordinates  of  the  curve  which 
generates  the  bounding  surface,  the  axis  of  X  being  the  axis  of 
revolution. 

For  the  cubature  of  any  particular  solid  ;  we  find,  from  the  equa- 
tion of  its  meridian  curve,  the  value  of  y*  in  krms  of  x  ;  or  from 
the  differential  equation  of  the  curve,  the  value  of  dx  in  terms  of  y 
and  dy,  and  suhtstiiute  in  the  above  formula  (1)  ;  the  result  of  the 
integration  mil  be  an  expression  for  an  indefinite  portion  of  the 
iolid. 

216.  Let  the  rectangle  A^CD  revolve  about  AB  and  generate 
a  right  cylinder.  The  origin  of  co-ordinates  being  at  A,  the  equa- 
tion of  DC  will  be, 


then 


y  =  AD  =  J, 


V  =  ficyHx  =  fiiV^dx  =  ie¥x  -f-  C. 


Taking  this  between  the  Umits  x  =  0,  and  x  =  AB  =  h,  we 
have 

r"  =  veb^  =  the  base  into  the  altitude. 


211.  The  equation  of  the  ellipse  gives 
f  =  ^'{a^-x'); 


•whence  for  the  ellipsoid  of  revolution 

a*  o*  8 
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Estimating  the  solidity  from  the  plane  througli  the  centre,  per- 
pendicular to  the  transverse  axis,  we  have  a;  =  0,  C  =  0,  and 

a'^  3  ^ 

Making  a:  =  a,  we  obtain  for  one  half  the  solid 

a'^  S'         3         ' 


and  for  the  whole 


— te¥a  =  —irb^  x  2a: 
3  3 


or,  equal  to  two-thirds  of  the  circumscribing  cylinder. 

If  the  same  ellipse  revolve  about  its  conjugate  axis,  we  have 

V  =f',(3?dy  =/*      (6^  —  y^)dy, 
which  between  the  limits  y  ■=  —  b  and  y  =  b,  gives 


v"  =  'Lira^'b  =  -*o'  X  26. 
3  3 


The  latter  solid  is  called  the  oblate  spheroid,  and  the  former  the 
prolate  spheroid,  and  we  have  the  proportion 

4  4     9 

the  prolate  :  the  oblate  :  :  —leVa  :   -^ab  :  :  b  :  a. 
^  3  3 

If  in  either  expression  a  =  J,  we  have 

_flra^  =  solidity  of  a  sphere. 
3 
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Let  the  origin  be  now  taken  at  A,  when 

and  the  solidity  be  determined. 

Give  ako  the  cubature  of  a  sphere  directly,  by  asing  the  equation 

218.  Give  also  the  cubatures  of  the  following  solids  of  revolu- 
tion : 

1.  The  right  cone,  v"  =  base  X  i  of  altitude. 

2.  The  paraboloid,  v"  =  ^  circumscribing  cylinder. 

3.  The  solid  generated  by  a  given  portion  of  the  common  para- 
bola revolving  about  the  tangent  at  its  vertex, 

v"  =  1  cylinder  with  same  base  and  altitude. 

4.  The  solid,  the  bounding  surfiace  of  which  is  generated  by 
the  curve  whose  equation  is  y*  =  -  • 

5.  The  solid,  the  bounding  surface  of  which  is  generated  by 
one  branch  of  the  cycloid  revolving  about  its  base. 


APPLICATION    OF    THE    CALCULUS    TO   SURFACES. 

219.  Since  the  equation  of  every  surface  expresses  the  relation 
between  the  co-ordinates  of  its  points,  it  must  contain  three  varia- 
bles, and  may  be  generally  vsTitten 
39 
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tt  =  F(x,y,z)  =  0 (1); 

or  since  either  two  of  these  variables  may  be  assxuned  at  pleasure, 
and  the  remaining  one  determined  from  the  equation,  the  latter 
may  be  regarded  as  a  function  of  the  other  two,  they  being  entire- 
ly independent  of  each  other,  and  the  equation  of  the  surface  be 
thus  otherwise  expressed, 

^=A^.y) (2). 

In  the  equation  of  every  surface  considered,  z  will  be  regarded 
as  a  function  of  x  and  y ;  and  the  co-ordinate  planes  will  be  taken 
at  right  angles  to  each  other. 

The  differential  equation  of  a  surface  may  then  be  obtained, 
either  by  differentiating  equation  (1),  as  in  article  (54),  or  by 
differentiating  equation  (2),  as  in  article  (49).  By  the  latter 
method  we  obtain 


^'  =  dx^  +  dy^y (^>- 

220.  Let  M  be  any  point  of  a  surface,  a  portion  of  which  is  re- 
/  presented  in  the  annexed  figure. 

The  co-ordinates  of  this  point 
are 

a:  =  AJ,   y  =  AC,    z  =  MP. 

Let  a  plane  be  passed  through 
M  parallel  to  YZ.  For  every 
point  of  this  plane 

x  =  A.b  =  x"  . 

li,  then,  in  the  equation  of  the 
surface,  we  make  ar  =  x" ,  and 
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suppose  z  and  y  to  vary,  they  can  only  belong  to  points  in 
the  curve  dMd',  the  intersection  of  the  plane  and  surface ;  and  if 
•we  suppose  y  to  receive  the  increment  CC  =  k,  we  shall  have, 
by  Taylor's  formula, 

in  which  x  is  regarded  as  constant  and  equal  to  x". 

In  the  same  way,  if  y  =  y"  in  the  equation  of  the  surface, 
and  z  and  x  vary,  we  shall  have  the  curve  eMN,  and  if  x 
receive  the  increment  hV  =  A, 

dz         dh  h^ 
m=A-  +  h,y")=z  +  ^h  +  ^-  +  &c 

K  now  X  and  y  at  the  same  time  receive  the  increments  h  and 
k  respectively,  we  have,  Art.  (46), 

dz  d^z  h^ 

M'F  =  z'  =J{x  -{-  h,y  +  k)  =.  z  +  ^J  +  -,  —  +  &c. 

+  J-* +3-r^*  +  «fec• 
ay         dxdy 

dy'  1.2 


or 


Z>  -Z=ph-\-p'k  +  l  {qh'  +  2q'hk  +q'-k')  +  &C. ; 
by  making 
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Wlien  X  =  x",  equation  (3)  gives 

dz                                      dz 
'^'""d^'^y  P'^y '       ^^        dy"" P' (^)  ' 

equations   which    evidently   belong    only    to    the   section   cTMc?' 
parallel  to  YZ. 

K   y  =  y",    the  corresponding  equations  for  the  section  paral- 
lel to  XZ  are 


dz  =. — dx'=pdx,         or         —  :=  p (5), 

dj;  dx 


dz 
The  value  of  t-  ,   equation  (4),   is   the   tangent  of  the  angle 

•which  a  tangent  to  the  section-  dMd',  at  any  point,  makes  with 

dz 
the  axis  of  Y,  or  with  the  plane  XY ;  and  -j- ,  equation  (5),  the 

corresponding  expression  for  the  section  cMN;  and  since  these 
angles  are  the  same  as  those  made  by  the  curves  at  the  point  of 
contact,  with  XY,  they  give  the  inchnation  or  slope  of  the  surface 
in  the  direction  of  these  curves. 


221.  If  it  be  required  to  find  the  slope  of  the  surface  at  any 
point,  as  M,  along  the  section  MM'  made  by  the  plane  MM'PP', 
we  take  the  equation  of  this  plane 

y  =  ax  +  /3 (1)  ,  z  indeterminate  \ 

a.  being  the  tangent  of  the  angle  made  with  the  axis  of  X  by 

dy       k 
the  trace  PP',  and  equal  to  -j-  =  r  • 

Now  in  order  that  z  shall  represent  only  the  ordinates  of  points 
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in  the  section  MM',  the  relation  expressed  in  equation  (1)  must 
exist  between  the  variables  x  and  y,  and  we  must  have 

dy  =  adx, 
which  in  equation  (3)  of  article  (219),  gives 
d%  =  {p  +  ap')dx. 

M'P'  —  MP  . 
The  limit  of  the  ratio  ^^-^^ is  evidently  the  tangent  of 

the  angle  (S)  which  the  tangent,  and  consequently  the  curve  at 
the  point  M,  makes  with  PP',  or  with  the  plane  XY. 

But  since 

PP'  =  Vpq'  +  PQ^  =  A-/1  +  a», 
■we  have 

M'P'  -  MP  z'  -z 


PP'  ~AVTT^»' 

the  limit  of  which  is 

1  dz  p  +  ap'        .        a 

— — =  X  —  =      ,  ^  -J—  =  tang  S. 
Vl  +  oC'        dx         Vl  +  a? 

To  find  the  direction  in  which  the  section  MM'  must  be  made 
in  order  that  the  slope  at  a  given  point  M,  along  the  curve  cut  out, 
be  greater  than  along  any  other,  it  is  only  necessary  to  obtain  that 
value  of  a  which  will  render  the  expression 

p  +  ttp' 


a  maximum,  the  values  oip  and  p'  being  taken  at  the  given  point 
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M.     Differentiating  the  expression  with  reference  to  a,  and  placing 
the  result  equal  to  0,  we  have 

P'  —  P«-    _  n. 

J  -  "' 

(1  +  a})^ 

whence 

p'  —  j9a  :=  0,  a  =.  —  . 

P 

This  value  of  a  substituted  in  equation  (1),  (/3  being  first  deter- 
mined by  the  condition  that  the  line  PP'  shall  pass  through  P), 
will  give  an  equation,  which,  combined  with  that  of  the  surface, 
will  determine  the  line  of  greatest  slope. 

222.  The  co-ordinates  of  a  given  point  M,  being  x",  y",  and  z"  ; 
the  equations  of  a  tangent  to  the  section  parallel  to  XZ  at  this 
point,  will  be 

z  —  z"  ■=  m{x  —  x"),  y  '=  y"  'i 

and  to  the  section  parallel  to  YZ, 

z  —  z"  =^  n{y  —  y"),  x  =  x"  \ 

in  which  m  and  n  represent  what    _-     and     — ,      equations  (5) 

ax  dy 

and  (4)  of  article  (220),  become,  when  ar",  y"  and  z"  are  substitu- 
ted for  x,  y  and  z. 

The  line,  of  which  the  equations  are 

z-z"=-y^{x-x"),         z_z"  =  _l(y_y/), 

is  perpendicular  to  both  of  these  tangents,  and,  of  course,  to  their 
plane,  which  is  tangent  to  the  surface.     This  line  is  then  a  nor- 
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inal  to  the  surface  at  the  given  point.     The  equation  of  a  plane 
passing  through  this  point  is 

A{x  -  x")  +  B  {y—y")  +  C(z  —  z")  =  0. 

To  make  this  plane  tangent  to  the  surface,  it  is  necessary  to  in- 
troduce into  its  equation  the  conditions  that  it  be  perpendicular  to 
the  normal,  which  are 

A  =  —  mC,  B  =  —  nC; 

whence 

—  m{x  —  x")  —  n{y  —  y")  +  (z  —  z")  =  0, 

dz"  dz" 

or   substituting  for  m  and  n  their  values,  -j—-  and  -r-r. ,   and 

dx"  ay" 

reducing 

tJr"  dt" 

^(^  -  ^")  +  df'^y  -  y")  -  (^  - "')  =  0 (^)' 

The  equation  and  differential  equation  of  the  Ellipsoid  are 
Mz«  +  Ny  +  Lar"  —  P  =  0,    and    Mxrfz  +  ^ydy  +  ladx  =  0 ; 

■whence 

dz"  _  _  j^  ^  _  _  ^y" 

d^~       m7''  rfy"~       M7'' 

which  in  equation  (1),  after  reduction,  give 

'Lx"{x  —  x")  +  Ny"(y  —  y")  +  Mz"(z  -  z")  —  0, 
or  since 
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-  Lx'"  -  Ny"2  —  Mz"'  =  -  P, 

Mzz"  +  Nyy"  +  Lxx"  —  P  =  0, 

for  the  tangent  plane  to  the  ellipsoid  at  a  given  point. 

If  M  =  N  =  L,  we  have,  for  the  tangent  plane  to  the  sphere, 

zz"  +  yy"  +  xx"  —  R*  =  0. 

The  distance  from  any  point  of  the  normal  to  the  point  of 
contact  is, 

D=  V  (a;  —  x"Y  +  (y  -  y")'  +  (^  —  i"f 


=  (z"  — z)-/l  +m^  -f-»*. 
If  2  =  0,  we  have 


D  =  z"V  1  +  m«  +  «*, 

for  the  distance  from  the  point  of  the  normal  in  the  plane  XY,  to 
the  point  of  contact. 


223.  One  surface  is  osculatory  to  another,  when  it  has  with  it 
a  more  intimate  contact  than  any  other  surface  of  the  same  kind ; 
and  the  conditions  which  must  exist  in  order  that  a  surface,  given 
in  kind  only,  shall  be  osculatory  to  a  given  surface  at  a  given  point, 
can  be  determined  by  a  method  similar  to  that  pursued  in  article 
(OY).  But  from  the  nature  of  the  case  these  conditions  are  more 
numerous  and  complicated,  and  their  determination  more  difficult ; 
so  much  so  as  to  render  osculatory  surfaces  of  little  use  in  the 
measure  of  curvature ;  hence  another  method  has  been  devised 
•which  will  now  be  explained. 
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Let  M  be  any  point  of  a  surface,  at  which  it  is  proposed  to  ex- 
amine the  curvature.  Let  this  point 
be  taken  as  the  origin  of  co-ordinates, 
and  let  the  normal  at  this  point  be  the 
axis  of  Z,  the  axes  of  X  and  Y  having 
any  position  in  the  tangent  plane 
XMY.  The  equation  of  the  surface, 
Art.  (219),  will  be 

2=yi^,y) (!)• 

Through  the  nonnal  let  any  plane  ZMX',  making  an  angle  9 
with  the  plane  ZX,  be  passed  ;  it  will  cut  from  the  surface  a  curve 
MO.  For  any  point  of  this  curve,  as  O,  denoting  the  abscissa 
MX'  by  a;',  we  shall  have 


X  =  x'  cos  9, 


y  =  x'  sin  9. 


•(2). 


and  these  values,  substituted  in  equation  (1),  will  evidently  give 

the  equation  of  the  curve  referred  to  the  two  axes  MZ  and  MX'. 

Now  by  varying  the  angle  (p,  all  the  normal  sections  at  the  point  M 
I  may  be  obtained,  and  by  examining  the  curvatures  of  these  differ- 
i  ent  sections  at  the  given  point,  an  accurate  idea  of  the  curvature 

of  the  surface  may  be  formed. 

The  general  expression  for  the  radius  of  curvature  of  one  of 
these  sections.  Art.  (105),  may  be  put  under  the  form 


R  = 


1  + 


rf'z 


.(3). 


DiflFerentiating  equations  (2),  we  have 

dx  =  dx*  co6(pf  dy  =  dx'  sin  (p (4) ; 
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and  substituting  these  values  in  equation  (3),  Art.  (219)j 

dz  =  p  cos  cpdx'  +  p'  sin  (fxix',  or  —  =  j^cosip  -\-  p'  sin  (p (5). 

dx' 

Differentiating  again,   recollecting  that  p  and  p'  are  implicit 
functions  of  x*,  we  have,  Art.  (220), 

d^z  /    dx  ,  du\         .       f    ,dx  ,,dv\ 


y  dx'   ^    ^    dx')  ^y  dx'  ^  ^   dx'J 


-^  =  cos(p(?_+    q- 


or  since  equations  (4)  give  -—  =  cos  (p     and    -=-  =  sin  9, 
dx'  dx" 


d^z 

— -  =  q  cos'ffl  4-  2^  cos(p  sin(p  +  q"  sin*(p (6). 

dx'^ 

If  these  values  of and  — -  be  substituted  in  expression  (3), 

we  shall  have  the  general  value  for  the  radius  of  curvature  of  any 
one  of  the  normal  sections.  But  as  we  only  desire  this  value  for 
the  point  M,  we  may  fii-st  substitute  the  co-ordinates  of  this  point, 
which  are 

x"  =  0,         y"  =  0,         2"  =  0  ; 

and  since  the  normal  at  this  point  coincides  with  the  axis  of  Z,  we 
must  also  have,  Art.  (222) 

^=»'     |^='>'     -     '  =  »•    ^■  =  »- 

substituting  these  values  in  equations  (5)  and  (6),  and  the  results 
in  equation  (3),  we  obtain 


p  ^ f>j\ 

9cos"9  4-  29*  co8;<p  sin^  +y"sin*(p 
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in  which  y,  q'  and  q"  are  what  the  partial  differential  coefficients 
of  the  second  order  of  the  function  z  become,  when  0  is  substituted 
for  X,  y  and  z. 

Dividing  by  cos'  9  and  recollecting  that =  1  +  tang'  <p, 

cos*q> 

this  value  may  be  put  under  the  form 

R  = ]  +tang'y^^ ^g^ 


q  +  Iq'  ting  9  +  q"  tang*  9' 


We  have  taken  the  positive  value  of  R,  Art.  (105),  since,  as  the 
surface  is  represented  in  the  figure,  the  sections  are  above  the  axis 

of  X'  and  convex  towards  it ;   — ^  must  thereforie  be  positive.  Art. 

(8.3),  and  the  value  of  R  positive,  as  it  should  be  when  laid  oflf 

from  M  above  the  plane  XY.     If  the  section  at  the  point  M  lies 

below  the  plane  XY,  it  must  still  be  convex  towards  this  tangent 

rf-z 
plane  ;  — -  will  be  negative,  and  R  negative,  and  must  therefore 

be  laid  off  from  M  below  XY. 

By  assigning  all  values  to  9  from  0  to  360°  in  equation  (8),  we 
shall  obtain  a  value  of  R  for  each  normal  section.  Among  these 
values  there  must  be  one  which  is  greater,  and  another  which  is 
less  than  all  the  others.  The  values  of  9  which  will  give  these 
principal  values  of  R  will  be  obtained  as  in  Art.  (66). 

Differentiating  equation  (8),  we  have 

rfR      _  2(y^  tang'9  4-  (y  —  g'O  tang  9  —  ?') 
d  tang  9  ~         (<7  +  "i-q'  tang  9  +  q"  tang*  9)* 

If  the  denominator  be  placed  equal  to  0,  we  shall  obtain  values 
of  the  tang  9,  which,  when  real,  will  reduce  the  value  of  R  to  in- 
finity. Tlie  curvature  of  the  corresponding  section  will  then  be 
zero,  and  the  section  itself  a  right  line,  or  the  point  M  a  singular 
point.  Art.  (92),  cases  which  do  not  occur  in  all  surfaces.  Let  us 
then  place  the  numerator  equal  to  0,  we  thus  have 
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tang^(p  +  ? ?_tang  9  —  1  =  0 (9). 

This  being  either  of  the  first  or  second  form  of  equations  of  the 
second  degree,  the  roots  Tvill  always  be  real  and  iheir  product 
equal  to  —  1,  that  is,  denoting  them  by  tang  9'  and  tang  9" 

tang  9'  tang  9"  +  1  ^  0  ; 

hence  the  normal  planes  in  which  the  greatest  and  least  radii  of 
curvature  are  found,  must  be  perpendicular  to  each  other.  Their 
exact  position  will  be  determined  by  solving  equation  (9). 

The  values  of  tang  9'  and  tang  9"  being  determined  and  the 

traces  of  the  normal  planes  con- 
structed as  in  the  figure ;  let  us 
take  MX"  as  a  new  axis  of  X, 
and  MY"  as  a  new  axis  of  Y, 
and  suppose  the  surface  to  be  re- 
ferred to  them  with  MZ  as  an 
axis  of  Z.  Then  we  must  have 
for  these  new  axes 

tang  9'  =  0,       tang  9"  =  ao  ,       tang  9'  -f  tang  9"  =  00  , 

which  requires  in  equation  (9)  that  q'  =  0.  Substituting  this 
value  of  q'  in  equation  (7),  we  have 


R  = 


g  cos*  9  -f-  q"  sin*  9 


.(10). 


Substituting  in  this  the  values  of  9,  corresponding  to  the  maxi- 
mum and  minimum  radii  as  above  determined,  viz.  9  =  0  and 
9  =  90°,  and  denoting  the  values  of  the  principal  radii  thus  deter- 
mined by  R'  and  R",  we  have 


R'  = 
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R"  =  i., 

9" 


and  finally  from  equation  (10), 

—  =  g  cos^  9  +  q"  %\v?  9  =  TT-,  cos*  9  4-  ^,  sin*  (p, 

which  expresses  the  reciprocal  of  the  radius  of  curvature  of  any 
normal  section,  in  terms  of  the  principal  radii  and  the  angle  9. 

If  R'  and  R"  are  both  positive,  all  values  of  R  will  be  positive, 
and  the  greatest  of  the  two  will  be  a  maximum,  and  the  least  a 
minimum,  and  all  the  normal  sections  at  the  point  M  will  lie  above 
the  plane  XY. 

If  R''  and  R"  are  both  negative,  the  sections  will  lie  below  XY. 
If  one  is  positive  and  the  other  negative,  a  part  of  the  values  of  R 
will  be  positive  and  a  part  negative,  and  a  part  of  the  sections  will 
be  above  and  a  part  below  the  plane  XY,  and  this  plane  will  cut 
the  surface  at  the  point  M,  giving  a  point  analogous  to  the  point 
of  inflexion.  Art.  (92). 

If  R'  =  R",  all  the  values  of  R  become  equal  to  R'  or  R", 
and  the  curvature  of  all  the  sections  will  be  the  same ;  as  at  any 
point  of  a  sphere,  or  at  the  vertex  of  a  surface  of  revolution. 


224.  To  determine  a  general  expression  for  the  solidity  of  any 
solid  ;  denote  the  solid  AJPc-MZ,  included 
by  the  surface,  the  co-ordinate  planes  and 
the  parallels  ece'  and  dbd\  by  v.  Since,  by 
the  equation  of  the  bounding  surface,  z 
will  always  be  given  in  terms  of  x  and  y, 
the  solid  may  be  regarded  as  a  function  of 
X  and  y.  Let  x  be  increased  by  A,  y  re- 
maining the  same,  we  shall  have  the  solid 
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dx     ^  dx^  1.2 


If  y  be  increased  by  k,  and  x  remain  unclianged,  we  shall  have 
the  solid 

cPQ'c'-N'e  =  t,"  -  V  =  ^  /{;  +  ^  —  +  &c. 
dy  d]f  1.2 

If  now  X  and  y  be  increased  at  the  same  time  by  the  variables 
h  and  h  respectively,  we  shall  have  the  solid  whose  base  is 
cPftJ'P'c',  or 

<^tj ,       d?v  ¥     .    , 

"'"-''  = +  Si''  +  S?iJ  +  *'=- 

dv  ,         d~v  , , 
dy  dxdy 

"^dy^Ul"'^'' 
Subtracting  the  sum  of  the  first  two,  from  the  last,  we  have 

solid  PQP'Q'  -  MM'  =  -^  M  +  — ^^  h^k  +  &c. 
dxdy  \.1dxHy 

If  through  M  and  M',  planes  be  passed  parallel  to  XY,  two  par- 
alk-lopipedons  will  be  formed,  having  the  common  base  PQP'Q' 
and  the  altitudes  MP  and  M'P' ;  the  limit  of  the  ratio  of  these 
solids  will  evidently  be  equal  to  unity,  and  since  the  solid 
PQP'Q' -MN  is  always  less  than  one  and  greater  than  the 
other,  the  limit  of  its  ratio  to  either  will  also  be  unity.  Art.  (85). 

The  solidity  of  the  first  parallelopipedon  being  AAr.MP,  we  have 
the  ratio 
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hkM? i i 

and  passing  to  the  limit 


d*v 


dxdy 


ox. 


<% 


^  -  2  dl  ^  I  =  zrfx. 


dx 
Integrating  with  respect  to  x, 


«7)  = 


From  this 

dv  =  dyfzdx  +  Ydy, 

Integrating  both  members  with  reference  to  y, 

V  =f  dyfzdx  •\-fXdy  +  X, 
or  Art.  (164), 

V  =pzdydx  +/Ydy  +  X. 

Since  the  integral /zia;  +  Y  is  evidently  the  area  of  one  of  the 
parallel  sections  as  e'Sle' ;  to  obtain  the  whole  solidity  represented 
in  the  fia:ure,  we  must  first  take  the  integral  between  the  limits 


320 


INTEGRAL    CALCTTLUS. 


a;  =  0  and  x  ^=  ce' ,    and  then  the  second  integral  between  the 
limits  y  =  0  and  y  =  AY. 

To   illustrate,   let  us   determine  the  solidity  of  the  pyramid 
ABD  -  C ;  the  equation  of  the  plane  BDC,  being 

a;  +  2y  +  32  —  2  =  0  ; 

whence 

2  —  2y  —  X 

Tlie  equation  of  DC  is 
x  +  2y  =  2,  or  a;  =  2  —  2y, 


AD  =  1,        AC  =2,        AB  =  -, 


V  =fhdxdy  =-fdyfdx 
Integrating  with  respect  to  «, 


(2  -  2y  -  x) 


..   /2x  —  2yx      x*  ,   ^\ 


or  taking  the  integral  between  the  limits 

a;  =  0         and         a;  =  cc'  =  2  —  2y, 

Integrating  now  with  reference  to  y,  between  the  Hmita 
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y  =  0         and 
-we  obtain  for  the  solidity 


y  =  AD  =  1, 


18       2       3  3       2  3 


.   =  BAD  X  ±  AC. 
3 


225.  Let  BMM'  be  any  curve  in  space,  and  B'PP'  its  projec- 
tion on  the  co-ordinate  plane  XY. 
ILet  the  plane  of  the  curve  MM' 
make  an  angle  /3  with  the  plane 
tXY,  and  let  its  intersection  with 
that  plane  be  taken  for  the  axis 
f'f  X.  Then,  if  the  ordinate  MQ 
lenoted  by  y',  the  area  of  the 
curve  MM'  will  be 

s  =fy'dx. Art.  (203). 

But  any  ordinate  PQ  of  the  projection  is  plainly  equal  to 
I  the  corresponding  ordinate  MQ  of  the  curve  multiplied  by 
cos  MQP  =  cos  /3,    or 

y  =  y'  cos  /3  ; 

hence  the  area  of  the  projection  B'PP',  denoted  by  S,  is 

S  =fyix  =/y'cos  ^  dx  =  cos  ^fy'dx  =  cos  /3  *; 

that  is,  the  projection  of  any  plane  area  is  equal  to  the  area  multi- 
plied by  the  cosine  of  the  angle  included  bettoeen  its  plane  and  the 
plane  of  projection. 
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226.  Now,  let  u  denote  the  area  of  any  curved  surface.  It  will 
be  a  function  of  x  and  y.  By  a  process  identical  with  that  of 
Art.  (224),  we  shall  find  the  surface 


dxdy  cL'dy   1.2  ^  ' 


If  a  tangent  plane  be  drawn  at  M,  and  the  four  planes  PN, 

QM',  &c.  be  produced,  they  will  form  on  the  v, 
tangent    plane    the    parallelogram      MORS* 
The  limit  of  the  ratio  of  this  parallelogram 
and  the  surface  MNM'N'  will   be    unity,  as 
may  be  proved  by  a  process  similar  to  that 

pursued  in  article  (89). 

> 
The  area  of  the  parallelogram  is  equal  to 
its  projection  PQP'Q'  divided  by  cos  /3 ;  j3 
being  the  angle  which  the  tangent  plane  makes  with  XY.  But 
/8  is  also  the  angle  which  the  normal  MR'  makes  with  MP  or  the 
axis  of  Z ;  hence 


cos  13  = 


V  1  +  f«'  +  n* ' 


—  m  and  —  n  representing  the  tangents  I  —  -r-  and  —  -7-  |  of  the 

ambles  which  the  projections  of  MR'  make  with  the  axis  of  Z, 
Art.  (222) ;  hence 


area  MORS  = 


PQP'Q' 


hk 


COS  j3 


_  =  M-VT+l^T^. 


Vl+m^  +  n^ 
Dividing  equation  (1)  by  this,  we  have 
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dru  dPu      h     ,    , 

L  -^ U  (fee. 

MNM'N'       dxdy  ^  dx'dy  1.2  ^ 


:i>3 


1 

MORS                 V  1  +  „i«  +  n" 

Passing  to  the  limit,  we  have 

1 

<2Hi 

r 

L           ^^            - 1  • 

Vl  +  »i*  +  n" 

T 
■whence 

and 

M  =  /*  rfa;rfy  -/!+»»*  +  »"• 
For  the  sphere,  we  have 

•  whence 

dz  X  —  X 


dx  z  ^R2  -  ^-  f 


=  OT, 


dz  y  -  y 


dy  z        VR'  -^  -  / 


=  =  n, 


R 


and 


^^1+^+"*   =  VR^-a^-/' 


- 
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Making     \^W  —  y^  =  R',     and  integrating  with  reference  to 
a;,  we  have 


u  z=fRdi/  /     ^       ^       :  =f'Rdy  sin  '^ 


=fRdy  (sin~' 


VR-'  -  y' 


+  Y). 


Taking  the  integral  between  the  limits, 

X  =  0        and          x  =  ce'  =  VR^  —  y^, 
we  have 


M  =  fB^dy — . 


Integrating  again,  with  reference  to  y,  we 
have 

R*        I     n 

u  =  -—y  +  C, 


and  between  the  limits     y  =  0,     y  =  R, 


for  one-eighth  of  the  surface.     The  entire  surface  is  then 

4irR». 


PART    III. 

CALCULUS     OF    VARIATIONS. 


FIRST     PRINCIPLES. 

227.  A  function  may  be  regarded  as  given,  when  the  form  of 
the  algebraic  expression,  which  determines  the  relation  between  it 
and  the  variable  or  variables,  is  given,  and  the  constants  which 
enter  this  expression  are  known. 

In  this  case,  the  only  change  which  the  function  can  be  made 
to  undergo,  is  that  which  arises  from  a  change  in  the  variables. 
When  these  variables  receive  infinitely  small  increments,  the  cor- 
responding infinitely  small  increment  or  change  of  the  function  is 
taken  for  the  differential  of  the  function,  kri.  (91).  All  our  pre- 
vious applications  of  the  Calculus  have  been  made  to  functions  of 
the  kind  above  referred  to,  and  the  term  differential  can,  with  pro- 
priety, be  applied  to  no  other  change. 

It  will  at  once  be  seen,  that  if  a  function  be  not  given  as  above 
described,  but  merely  subjected  to  certain  conditions,  it  may  be 
made  to  undergo  a  change  by  altering  the  relation  which  exists 
between  it  and  the  variables  ;  and  this  may  be  done  by  changing 
either  the  form  of  the  expression  or  the  constants  which  enter  it, 
in  any  way  consistent  with  the  given  conditions.  Now  if  such  a 
change  be  made  as  to  give  another  function  consecutive  with  the 
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J>  j>  -£  p^    X 


first,  the  infinitely  small  change  which  the  first  undergoes  is  called 
its  variation,  and  the  corresponding  changes  of  the  variables  are 
their  variations. 

The  difference  between  the  terms  "  difierential"  and  "  variation," 
■will  be  made  more  plain  by  geometrical  illustration. 

Let  BC  be  any  curve,  a  function  of  x  and  y,  of  \\  hich  M  and  M' 
are  any  two  consecutive  points,  the  co-ordinates  of  M  being  x  and 
y.     Now  if  the  constants  which  deter- 
mine the  curve  be  changed  in  any  way 
so  as  to  give  a  different  curve  B'C,  in- 
finitely near  to  BC,  and  so  that  the 
points  M  and   W  shall  take  the  posi- 
tions m  and  m',  Pp  will  be  the  variation 
of  X  and  »iS  the  variation  of  y,  while 
PP'   is  the  differential  of  x  and  M'Q  the  differential  of  y.  Art. 
(91). 

The  conditions  under  which  the  variation  is  made,  may  be  such 
that  one  of  the  variables  will  have  no  variation  ;  and  when  this  is 
the  case,  the  operations  to  be  performed  will  be  much  simphfied : 
I  ^  Thus,  if  it  be  required  that  the   points 

M  and  M'  shall  be  found  in  lines  parallel 
to  the  axis  of  Y  at  m  and  tw'.  Mm  will 
be  the  variation  of  y,  while  x  has  no  va- 
riation ;  the  differentials  of  x  and  y  being 
PP'  and  M'Q  as  before. 
As  the  differential  is  denoted  by  the  symbol  d,  the  Greek  char- 
acter 8  is  used  to  denote  the  variation,  and  from  the  illustrations 
just  given,  it  appears  that  while  the  former  symbol  denotes  the 
changes  which  take  place  in  pjussing  from  one  point  to  another  of 
the  same  curve  the  latter  is  used  for  a  very  different  purpose,  to 
denote  the  changes  in  passing  from  points  of  one  curve  to  the  cor- 
respondmg  points  of  another  infinitely  near  to  it. 


V  X 


CALCULUS    OP   VARIATIONS.  327 

228.  From  the  nature  of  the  term  as  above  explained,  we  eee 
that  to  obtain  the  variation  of  any  function  of  x,  y,  z,  <fec.,  we  have 
only  to  put  for  x,  y,  z,  &c.,  x  +  6x,  y  +  6y,  &c.,  and  then  take, 
as  in  the  Differential  Calculus,  Art.  (49),  those  terms  of  the  devel- 
opment which  are  of  the  first  degree  with  reference  to  the  varia- 
tions of  the  variables  :  Or,  since  the  development  may  be  made 
precisely  as  in  Art.  (51),  by  substituting  6x,  6y,  <fec.,  for  A,  k,  etc., 
it  is  plain  that  we  shall  have 

J.         dUf        dUf         dUf         , 

ou  =  — dx  -j dy  -\ oz  -\-  <fcc. 

dx  dy  dz 

It  is  also  plain  that  the  principles  contained  in  articles  (13)  and 
(15),  as  also  the  particular  rules  demonstrated  in  articles  (18)  and 
(25),  are  equally  applicable  to  variations. 


229.  In  the  function 

«=/(^) (1), 

let  us  substitute  x  +  hx  for  a;,  and  denote  the  new  function  by 
f\x) ;  then  by  the  definition.  Art.  (227), 

5u=/'(x)-/(x) (2), 

and  since  from  the  relation  expressed  in  equation  (1),  a;  is  a  func- 
tion of  «,  the  second  member  of  equation  (2)  will  be  a  function  of 
u,  and  we  may  write 

hu  —  (p(tt) (3). 

If  in  this  equation  we  put  for  u,  m  +  rf«  =  «',  we  shall  have 

5«'  =  <p(u'); 

subtracting  equation  (3) 
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8u'  —  8u  =  <p(m')  —  <p(«)  =  <^(m)  =  <^5w. 
But 

U'  —    U   :=   du, 

and  taking  the  variations,  Arts.  (13)  and  (18),  we  have 

Su'  —  Su  =  Sdw, 
hence 

Sdu  =  dSu (4). 

That  is;  the  variation  of  the  differential  of  a  function^  is  equal 
to  the  differential  of  its  variation  :  Or  when  both  of  the  symbols 
d  and  5  are  prefixed  to  a  function,  the  order  in  which  they  are 
written,  or  in  which  the  operations  indicated  are  performed,  can  be 
changed  at  pleasure  without  affecting  the  result. 

The  principle  above  enunciated  is  true  for  any  order  of  the  dif- 
ferential ;  for  if  in  equation  (4)  we  put  du  for  t/,  we  have 

6d{dii)  =  dSdu        or         5(?u  =  dd6u  =  d^Su. 

K  in  the  last  equation  we  put  du  for  u,  we  have 

Sd'^du)  =  d'Sdu,         or         Sd^u  =  d^Su, 

and  so  on ;  hence  we  may  conclude  that, 

Sd"u  =  d'Su . 

230.  Let  t>  be  any  differential  of  a  function  of  z,  and  place 

fv  =  r',  then  dv'  =  v, 

Sdv"  =  it»,  or  d6t/  =  6v, 
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and  by  integration 

Sv'  =fSv,  or  6fv  =fSv. 

The  principles  demonstrated  in  this  and  the  preceding  article, 
arc  evidently  true  for  functions  of  any  number  of  variables ;  since 
the  variation  of  the  differential  of  such  a  function  is  but  the  sum 
of  the  partial  variations,  and  the  converse. 


231.  In  order  to  consider  the  subject  of  variations  in  its  most 
general  sense,  when  applied  to  differential  expressions,  we  must 
regard  the  differentials  of  all  the  variables  as  variable,  as  well  as 
the  variables  themselves.  In  this  sense,  if  m  be  a  function  con- 
taining X,  y,  and  their  successive  differentials,  we  shall  have, 
Art.  (228), 

6u  =  USx  +  M'ddx  +  W'Sd^x  +  &c. 

(1). 

+N6y  +  W6di/  +  N"(Ji*y  +  &c. 

in  which  M,  M,'  M"  <fec.  are  the  partial  differential  coeflScients  of 
u  taken  with  respect  to  ar,  dx,  d^x,  kc. ;  and  N,  N',  N"  Ac,  the 
corresponding  ones  taken  with  respect  to  y,  dy^  i^y^  <fec. ;  and  if 
this  expression  be  first  extended  to  any  number  of  variables,  by 
adding  for  each  an  expression  of  the  form 

M^x  +  '^VUx  +  Whd?x  +  &c 

it  may  then  be  made  to  give  every  particular  case  which  can 
arise,  by  making  the  particular  suppositions  upon  dx,  (Px,  dy, 
d'y,  &c.,  which  the  case  requires. 

We  often  meet  with  differential  expressions  containing  only  the 

vari.ibles  x.v,    :/■  =  p,  3-3  =  ?,  &c.     If  we  denote  such  expression 
dx  oar 

by  V,  we  shall  have,  as  in  Art.  (228), 
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Sv  =  USx  +  N5y  +  N'5p  +  N'%  +  &c (2). 

And  if  this  expression  be  taken  in  its  most  general  sense,  dx  must 
be  regarded  as  variable,  in  which  case  we  put  for  6p,  Sq,  <fec.,  their 
values  obtained  as  in  Art.  (24),  viz., 

dy       dxSdy  —  dySdx        dSy  —  pdSx 
dx  dx^  dx 

dp       dxSdp  —  dpSdx dS])  —  qd8x 

dx  ds?  dx 

If  dx  be  regarded  as  constant,  equation  (2)  is  under  its  most 
simple  form. 


232.  If  M  be  still  regarded  in  its  most  general  sense,  we  have, 
Art.  (230), 

and  by  the  preceding  article, 

fSu  =  f{MSx  +  W8dx  +  W'Sd'x  +  <fec.) 

(1). 

+Jl'NSy  +  ^'Sdy  +  lif'Sd'y  +  &c.) 

By  the  application  of  the  rule  for  integrating  by  parts,  we  find 

fM'Sdx  =fU'dSx  =  M'^x  —fdM'Sx; 

fWSd^x  =fWd^Sx  =  M"dSx  -fdW'd^x 

=  WdSx  —  dM"Sx  +fdm"ox; 

/W'Sd'x  =fW"d?Sx  =  Wd^x  —fdW"d?8x 

=  M"'rf«(Jx  —  dM.>"d8x  +fd^W"dSx 

=  M"'(ffo  -  dh^"'d8x  +  dm"'6x  -Jd?W"Sx. 
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Also 

fWSdhj  —  WdSy  -  dWSy  +/rf»N'% ; 
fW"8d?y  =  N"'6f6y  —  dN"'d^jy  +  d»N"'6i/  -/(PN'"Sy. 

Observing  that  the  second  member  of  equation  (1)  is  equal  to  the 
sum  of  the  integrals  of  the  terms  taken  separately,  and  substituting 
the  above  values,  we  obtain, 

fSu  =  (M'  —  dM"  +  d^M'"  —  &c.)  Sx  +  (M"  -  dM'"  +  <fec.)  d6x 

+  (M'"  — &c )d'Sx  +  &c 

+(X'  -  rfX"  +  cTN '"-  &c.)Sy  +  (N"  -  rfN'"  +  &c.)  dSy 

+  (X"'  — <fec )d*8y  +  &c 

-{-f{M  —  dM.'+dm"-d^},["'-\-&c.)Sx 

" (2). 

+/(N  -  dX'  +  rf^N"  -  d?^'"  +  &c.)  8y. 

By  examining  the  above  expression,  it  will  be  seen  that  there 
is  no  term  under  the  sign  J"  which  contains  the  symbols  d  and  S 
applied  the  one  to  the  other;  and  also  that  the  parts  containing 
Sx  are  exactly  similar  to  those  containing  5y.  ITie  formula 
may  therefore  be  extended  to  any  number  of  variables,  by 
adding  for  each  new  variable  similar  parts  containing  its  variation. 


233.  It  should  be  remarked,  that  if  the  multipliers  of  Sx  and 
Sy  following  the  sign  /,  in  equation  (2)  of  the  preceding  article, 
are  both  equal  to  zero ;  fSu  will  be  complete,  or  Su  will  be  the 
differential  of  some  function.     But  in  the  exj)ression 

J^u  =  Sfu 
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it  is  exident  that  if  fu  contain  any  terms  which  can  not  be  freed 
from  the  sign^,  Sfu  must  contain  the  variations  of  these  terms 
still  under  the  sign,  and  fSu  can  not  be  complete.  Hence  if  ou  is 
a  dilFerential,  u  itself  must  be  so.  And  conversely ;  for  if  fu  is 
entirely  freed  from  the  signy,  then  (5/m  can  not  contain  this  sign, 
and  its  equal  fSu  must  be  complete,  or  5m  be  a  differential. 
Hence  if  the  conditions 

M  -  dM'  +  dW  —  (fee.  =  0 

N  -  dN'  +  d^N"  -  &c.  =  0, 

are  satisfied,  u  will  be  the  differential  of  some  function,  which  may 
be  obtained  by  integration. 

234.  Let  us  now  take  the  expression  yVc^a;,  in  which  v,  as  in  Art. 
(231),  is  a  function  of  x,  y,  p,  q,  &c.,  we  have.  Arts.  (19)  and  (127), 

Sfvdx  ^  fS{vdx)  =J'vSdx  +  fdx8v. 

But,  Art.  (140), 

fv6dx  =  fvd^x  =  vSx  —  fdvhx ;   . 

hence 

Sfvdx  =  v5x  -\-  f{dx5v  —  dv6x) (1). 

Substituting  in  that  part  of  the  second  member  which  follows 
the  signy^  the  values  of  dv  and  Sv,  Arts.  (51)  and  (231), 

dv  =  Mdx  4-  ^dy  +  Wdp  +  Wdq  +  &c. ; 
8v  =  Mdx  +  N5y  +  WSp  +  WSq  +  &c. ; 
we  have 
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dxSv  —  dvSx  =  N((ic6y  —  di/Sx)  +  IS^dxSp  —  dpSx) 

+  W{dxSq  —  dqSx)  +  «kc (2). 

Since  dy  =  j)dx,  we  have 

Ar6y  —  di/Sx  =  dx((Jy  —  pSx)  =  wrfz, 
by  making  Sy  —  pSx  =  w. 

Also,  if  for  Sp  we  put  its  value,  Art.  (231),  we  have 
dxSp  —  dpSx  =  dSj/  —  pdSx  —  dpSx  =  d{6y  —  pSx)  =  du. 

Kin  this  last  expression  we  put  p  for  y,  and  j  for^,  and  recol- 
lect that     q  z=  —,     we  have 
dx 

dxSq  -  dy^5x  =  d{8p  -  qSx)  =  J^dxSp-dpSx\  ^  ^ /rfc.\ 

Substituting  these  values  in  equation  (2),  and  prefixing  the  sign 
/,  we  have 

f{dx5v  -  ddx)=/^c^dx  ^fS'du  +/^"df^  +  &c (3). 

Again  by  Art.  (140), 

jm'du  =  N'u  —   r^udz, 

dx  dx       J   dx 

dx       dx        ^Jdx\dxJ^ 

Now  substituting  these  expressions  in  (3),  and  the  rest' It  in  (1), 
we  obtain 


334  CALCULUS    OF    VARIATIONS. 

Bfvdx  =  vSx  +  (w  -   ^^"    +  &c\}  +  (N"  -  &c.)  ^  +&C. 
\  dx  J  dx 

If  we  now  put  for  u  its  value  Sy  —  pdx,  the  part  affected  with 
the  signy  will  become 

/(N  _  ^  +  &c.)dx^.!/  -  /{S  -  —  +  &c.)pdxSx. 
dx  dx 


From  which  we  see  that,  in  this  case,  the  coefficients  of  Sx  and 
Sy  have  such  a  relation  that  if  one  becomes  equal  to  zero  the  other 
will. 


235.  The  principal,  and  far  the  most  important  application  of 
variations,  is  to  the  determination  of  the  maxima  and  minima  of 
indeterminate  integrals,  that  is,  of  integral  expressions  of  the  form 

/  Vdx-  +  di/',  f-sy^dx <fec., 

containing  x,  y,  «fec.,  and  their  differentials,  in  which  the  relation 
between  the  variables  is  entirely  unknown.  Thus,  if  it  be  required 
to  determine  the  relation  between  x  and  y,  in  order  that  /iey"dx 
taken  under  certain  conditions,  shall  be  a  maximum  or  minimum, 
the  problem  is  one  not  capable  of  solution  by  the  ordinary  method 
of  article  (66),  since  the  principles  there  developed  require  the 
form  of  the  function  to  which  they  are  to  be  applied,  and  the  con- 
stants which  enter  it,  to  be  given  ;  whereas  the  object  now  pro- 
posed, is  to  ascertain  what  this  form  and  these  constants  must  be, 
in  order  that  the  expression,  when  subjected  to  the  given  condi- 
tions, shall  be  a  maximum  or  minimum.  Questions  of  this  kind 
are  readily  solved  by  the  aid  of  variations. 
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230.  I^'t  u  ue  a  function  of  the  nature  discussed  in  Art.  (231), 
and  suppose  x,  dx,  y,  dy,  &c.,  to  be  increased  by  their  variations, 
-  and  let  the  difference  between  the  corresponding  function  u'  and  tt 
be  developed,  which  is  done  at  once,  by  putting  ^x,  8y,  <Wx,  Ac, 
for  /i,  k,  /,  &c.,  in  the  development  of  Art.  (61),  we  shall  thus 
obtain 

u'  —u  =  mx  +  N(5y  +  Wddx  +  WSdy  +  <fec., 

■  plus  a  term  of  the  second  degree  with  respect  to  6x,  Sy,  «kc. ;  plus 
other  terms. 

By  the  same  course  of  reasoning  as  that  contained  in  Art.  (74), 
we  see  that  u  can  be  neither  greater  nor  less  than  u',  for  all  values 
of  fo,  %,  &c.,  unless  the  term,  of  the  first  degree  with  reference  to 
these  variations,  is  equal  to  zero.  But  this  term,  Art.  (231),  is  the 
\  ariation  of  u  :  Hence  in  order  that  u  he  a  maximum  or  mini- 
mum, 6u  must  he  equal  to  zero. 

If  the  conditions  which  make  the  variation  of  u  equal  to  zero, 
make  the  term  of  the  second  degree,  in  the  above  development, 
positive,  for  all  values  of  <Jx,  5y,  &c.,  u  will  be  a  minimum  ;  if  ncga- 
\  e,  u  will  be  a  maximum.  The  discussion  of  the  various  circum- 
-raiices  in  which  this  term  will  not  change  its  sign,  is  of  too  com- 
[ilicated  a  nature,  and  likely  to  lead  too  far,  for  an  elementary  trea? 
tise.  Neither  is  it  necessary,  in  general,  as  we  shiill  be  able,  from 
the  nature  of  nearly  every  case,  to  determine  without  a  reference 
to  this  second  terra,  whether  we  have  a  maximum  or  minimum. 

23*7.  In  the  application  of  the  foregoing  principles  to  the  inde- 
terminate integrals  referred  to  in  Art.  (235),  it  may  at  first  be  re- 
marked, that  if  the  integral  be  indefinite,  Art.  (132),  from  its  nature 
it  can  have  no  maximum  nor  minimum.  The  application  can  then 
only  be  made  to  definite  integrals,  or  those  which  are  taken  be- 
tween some  well  defined  limits. 

If  then,  it  bo  ro<|uiri>d  tliaty«  l>e  a  maximum  or  minimum,  we 
may  write  the  variation  of /w.  Art.  (232),  thus. 
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Sfu  =^  f5u  =  mSx  +  nSy  +  m'Sdx  +  n'Sdy  +  «fec., 
+  /{Mx  +  k'8y) (1), 

and  this  when  taken  between  the  prescribed  limits  must  be  equal 
to  zero. 

We  have  seen,  Art.  (233),  that  this  expression  can  not  be  in- 
tegrated unless  the  quantity  following  the  sign  yis  equal  to  zero: 
That  is,  there  can  be  no  integral  to  be  taken  between  limits,  and 
of  course,  no  maximum  nor  minimum.  We  must  then  have  for 
the  fiist  condition 

kSx  +  k'Sy  =  0 (2), 

and  since,  in  general,  this  must  be  so  for  all  values  of  Sx  and  Sy, 
which  are  independent  of  each  other,  we  must  also  have 

k  =  0  and  ^'  =  0 

or.  Art  (232), 

M  —  cTM'  +  (PW  -  &c.  =  0 

(3). 

N  —  dN'  +  rf^N"  -  &c.  =  0 

Again  ;  if  we  denote  by  I  and  I'  the  results  obtained  by  substitu- 
ting the  limits  in  succession,  in  the  remaining  part  of  equation  (1), 
we  must  have  for  a  second  condition, 

I'  -1  =  0 (4). 

Should  there  be  more  than  two  variables  in  the  function  u,  the 
quantity  following  the  sign  f  in  equation  (1),  will  consist  of  as 
many  terms  as  there  are  variables,  each  of  which,  if  the  variations 
are  independent  of  each  other,  must  be  placed  equal  to  zero,  and 
will  thus  give  an  equation  expressing  a  relation  between  these 
variables  and  their  differentials. 
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If,  however,  the  conditions  under  which  the  variations  are  made 
are  such  as  to  render  these  variations  in  any  way  dependent,  we 
shall  be  able,  by  means  of  the  equations  which  express  these  con- 
ditions, to  eliminate  from  equation  (1),  one  or  more  of  these 
variations ;  then  by  placing  the  coefiicients  of  those  whicli  remain 
under  the  sign  f,  equal  to  zero,  we  shall  have  a  system  of  equa- 
tions from  whidi  we  may  determine  the  nature  and  extent  of  the 
required  function.  The  system  of  equations  (3)  will,  in  every 
case,  express  the  relation  which  must  exist  between  the  variables 
and  their  differentials,  in  order  that  the  function  shall  be  a  maxi- 
mum or  minimum,  but  they  nuist  be  subjected  to  the  conditions 
deduced  from  the  equation 

r  -  Z  =  0, 

which  can,  of  course,  contain  no  variables  except  those  which  belong 
exclusively  to  the  limits. 

Where  u  is  under  the  form  vdx,  it  has  been  seen,  Art.  (234), 
that  the  two  equations  (3)  will  both  be  satisfied,  if  one  uu  They 
will  therefore  give  but  one  independent  equation. 

The  solution  and  discussion  of  the  following  problems  will  serre 
to  illustrate  and  more  fully  develope  the  preceding  principles. 


238.  Problem  1.  — Required  the  natvre  of  the  shortest  line 
joining  two  given  points  in  a  plane. 

Let  a/,  y',  and  ar",  y",  be  the  co-ordinates  of  the  points.  The 
general  expression  for  the  length  of  the  line,  Art.  (197),  is 


Taking  the  variation  of  this,  we  have 


43 
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which  upon  comparison  with  equation  (1),  Art.  (231),  gives 
M  =  o,        N  =  0,        M'=|,       N'  =  |. 

and  all  the  other  terms  equal  to  zero.     Hence  equations  (3),  of 
the  preceding  article,  become 

whence  by  integration, 

dx  _  ^y  _  , 

dz  dz 

Eliminating  dz  and  integrating  again,  we  have 

c' 
dy  ■=  -  dx  =^  adx,         y  =z  ax  -\-  h (1), 

which  gives  the  required  relation  between  y  and  x,  and  indicates 
that  the  line  must  be  straight. 

The  first  part  of  equation  (2),  Art.  (232),  becomes 

WSx  +  N%. 

Since  in  this  case  the  limits  x'  y'  and  x/'  y"  are  absolutely  fixed, 
we  must  have  5a:',  8y',  &c.,  equal  to  zero,  which  being  substituted 
in  the  above  expression  give 

M'ia/  +  W6y'  =  0        W6x"  +  N%"  =  0, 

whence  Fesufts  the  fulfilment  of  the  second  condition 
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and  it  remains  only  to  determine  the  constants  a  and  b,  in 
equation  (1),  on  condition  that  the  line  shall  pass  through  the 
two  given  points. 


239.  Prohlem  2.  Required  the  shortest  line  that  can  be 
drawn  from  one  given  curve  to  another. 

Let 

y  =f{x)  and  y  =/(«) 

be  the  equations  of  the  curves,  their  differential  equations  being 

dy  =  p'dx  dy  =  p"dx (1). 

As  in  the  preceding  problem,  we  have 

z  =/Vd3^  +  df        ^f'^  =  f(T^^-^%^^y)^ 

from  which  is  deduced,  precisely  as  before,  the  equation  of  the 
required  line 

y  =  ax-if-  h (2). 

But  since  the  ends  of  this  line  must  be  in  the  given  curves,  the 
variations  of  x  and  y,  at  the  limits,  must  be  confined  to  these 
curves,  that  is,  8y',  Sx',  Sy'\  Sx"  must  be  the  same  as  dy  and  dx 
in  equations  (1),  whence 

Sy*  =  p'Sx  Sy"  =  p"6x". 

Substituting  these,  in  succession,  in  the  first  part  of  equation  (2), 
Art.  (232),  and  subtracting  the  results,  we  must  have 
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\dz'  ^  dz'^  J  \dz"  ^  dz"^  J  ' 

and  sinee  this  contains  two  independent  variations,  it  can  only  be 
satisfied  hj  making  tke  coefficients  separately  equal  to  zero  ;  hence 

dx'  +  dy'p  =  0  rfa/*  +  dy"p'  =  0, 

whence 

dy'  _         1  dy"  _         1 

dx*  p'  dx"  p" 

But  these  are  the  equations  of  condition  that  the  required  line 
shall  be  normal  to  both  curves  at  the  points  {x'  y'),  (x"  y"),  res- 
pectively, Art.  (81). 

In  order  to  determine  the  constants  a  and  b  in  equation  (2),  we 
must  first  find  the  values  of  a:',  y',  x",  y",  on  condition  that  the 
normal  to  the  first  curve  at  the  point  (x',  y')  shall  also  be  normal  to 
the  second  at  the  point  (x",  y"),  and  then  cause  the  line  to  pass 
through  these  points. 

240.  Prohlem  3. — Required  the  shortest  line,  on  the  surface  of 
a  sphere,  joining  two  given  points  of  the  surface. 

Let  the  equation  of  the  sphere  be 

4^  +  y^+z^=R^ (1). 

The  general  expression  for  the  length  of  a  line  joining  the  two 
points  will  be.  Art.  (91), 

w  =  fVdx"  +  df  +  d2», 
the  variation  of  which  is 
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whence,  by  adding  an  equation  containing  6x  to  those  of  Art. 
(233),  and  comparing,  we  find 

M'  =  —         N'  =  ^         P'  =  ^ 
dw  dw  dw ' 

and  thence  the  first  condition  required  in  Art.  (237), 

<fe>-''(l> +  <£>  =  « (^)- 

But  in  this  case  the  variations  must  be  confined  to  the  sur&oe 
of  the  sphere,  that  is,  taking  the  variation  of  equation  (1),  we  must 
have 

2x5x  +  2t/8i/  +  2z5z  =  0. 

Combining  this  with  equation  (2),  and  eliminating  Sz,  we  obtain 

which,  containing  two  independent  variations,  gives 

[dw  J  [dwj~  [dwj  \dwj 

Now  if  we  regard  dw  as  constant,  these  equations  become 
zd?x  —  xd^z  =  0  vPy  —  yd?z  =  0, 

from  which  we  deduce 

xd^y  —  yd^x  =  0. 
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Integrating  the  last  three  equations,  we  hare 

zdx  —  oodz  =  a,         zdy  —  ydz  =■  b,         xdy  —  ydx  =  c. 

Multiplying  the  first  by  y,  the  second  by  —  x,  the  third  by  z, 
and  adding,  we  obtain 

ay  —  Ix  -\-  cz  =  0 (3), 

which  is  the  equation  of  a  plane  passing  through  the  centre  of  the 
sphere.  The  required  curve  must  lie  in  this  plane,  and  therefore 
is  the  arc  of  a  great  circle. 

The  hmits  in  this  case,  as  in  problem  1,  being  absolutely  fixed, 
we  have  at  once,  as  in  that  problem,  the  fulfilment  of  the  second 
condition 

?  -  /  =  0. 
Equation  (3),  may  be  put  under  the  form 

— y X  -f-  z  =  0,  or         a'y  —  6'a;  +  2;  =  0, 

c  c 

and  the  constants  a'  and  V  determined,  by  cau^g  the  plane  to 
pass  through  the  given  points. 

241.  In  many  cases  where  there  are  conditions  confining  the 
variations,  whether  at  the  limits  or  not,  the  method  of  reducing 
the  number  of  independent  variations  explained  in  Art.  (237)  and 
pursued  in  Arts.  (239-40),  will  be  found  of  very  diflScult  applica- 
tion. In  all  these  cases  the  following  less  direct,  but  very  elegant 
method  may  be  used.     Let 

r  =  0  »  =  0  <kc. 

be  the  equations  between  «,  v>  <fcc->  expressing  the  conditions 
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to  which  the  variations  are  subject ;  then  at  the  same  time  that 
we  have 

a/«  =  o, 

we  must  also  have 

Sr  =  0  5»  =  0,       <kc^ 

or  denoting  by  c,  c',  &c^  arbitrary  constants,  we  must  have  the 

equation 

Sfu  +  cSr  +  c'Ss  +  (fee.  =  0. (1) 

for  all  values  of  the  variations  of  ar,  y,  &c.  Placing  the  coeffidento 
of  these  variations  separately  equal  to  zero,  we  obtain  equations 
from  which  we  can  eliminate  the  constants  c,  c',  &c~,  and  thus 
deduce  an  equation  or  equations  which  will  express  the  proper 
relation  between  x,  y,  &c.     As  an  illustration  let  us  take, 

Problem,  4. — Required  the  nature  of  the  line,  of  a  given  length, 
joining  two  points,  which  with  the  ordinates  of  the  points  and 
axis  of  X,  will  inclose  the  greatest  area.  In  this  case  we  have, 
Art.  (203) 

*/«  =  ^fydx, 

and  since  the  length  of  the  arc  between  the  limits  is  to  be  constant, 
the  variations  must  be  subject  to  the  condition 

fdx  =fVd:^  +  df  =  o; 

hence 

SfVcUe"  +  df  =r  0. 

Equation  (1)  will  then  become 
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^fydx  +  djy/d£  +  d/  =  0, 
or  putting  for  the  variations  their  values,  we  have   ' 

CLbix  +  (My  +  e^^tf^^^  =  0. 

Comparing  this  with  equation  (1),  Art.  (231),  we  see  that 
M  =  0,      M'  =  y  +  c^,      N  =  rfx,    N'=:C^, 
and  these  being  substituted  in  equations  (3),  of  Art.  (237),  give 

and  by  integrating 

dx       ^  dy       ,, 

"  ^     dz  dx 

Eliminating  c  fix>m  these  two  equations,  we  obtain 

djf  X  —  h' 

dx  y  —  h 

which  is  evidently  the  differential  equation  of  a  circle  whose 
equation  is,  (Art.  98), 

(y  -  *)'  +  (^  -  vf  =  R», 

h,  y  and  R  being  arbitrary  constants,  which  must  be  determined  on 
condition  that  the  circle  pass  through  the  two  given  points,  and 
that  the  included  arc  be  of  the  given  length. 


p 


BINDING  SECT.  JUN  27  1973 


PLEASE  DO  NOT  REMOVE 
CARDS  OR  SLIPS  FROM  THIS  POCKET 


UNIVERSITY  OF  TORONTO  LIBRARY 


QA  Church,  Albert  Ensign         ^^ 

303  Elements  of  the  different- 

C56  ial  and  integral  calcidus 


Physical  &■ 
^plied  Sci. 


